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Abstract
This article proposes use of extruded compound materials with optimized resistant cross-sections as an alternative, in this case, seeking the maximum
energy density as a design criterion. The advantage of this proposal is that it
extends the life cycle and decreases fatigue issues.

Keywords
Pure Bending, Energy Storage, Composite Material, Extruded Cross-Section,
Design Optimization

1. Introduction
Traditionally, girders subjected to pure bending have been optimized based on
either the material or the geometry of the resistant cross-section. Normally, the
resistant cross-section in IPN/UPN sections or in sandwich panels is optimized.
In regard to the materials, unidirectional compound materials in which the allowable compression stress is approximately half the allowable tensile stress may
be used. This type of material may be used in pure bending, but use in combined
load states may cause shear issues and loss of properties in the fiber’s transversal
length. In regard to the resistant cross-section, different studies have been done
on the influence of the type of cross-section with design criteria such as the resistance or energy storage.
The classic optimization of girders subjected to bending has traditionally
started with a rectangular cross-section. The classic optimization criterion is the
maximum allowable stress on all of the fibers of the resistant cross-section [1] [2]
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and [3]. There are two possible design alternatives, one of which is the optimization of the material of the resistant cross-section and the other the shape of the
cross-section itself [4]. This article will take into account both this criterion as
well as the stored energy generated by the bending of the girder.
On one hand, the use of new composite materials, with a maximum allowable
stress and minimal Young’s Modulus, makes it possible to optimize the first one of
these variables in the material to be used [5]. On the other hand, the optimization
of the second design variable, the geometry of the resistant cross-section, has classically been achieved by optimizing the central part of the resistant cross-section,
as it is subjected to less stress, under bending loads. The optimization can be
achieved with IPN/UPN profiles [6] [7] and [8], optimization of the central parts
of the profiles [9] [10] [11] [12] and [13], or by using sandwich structures with
different materials and mechanical properties in their layers [14] and [15].
This article presents both solutions, with use of a monolithic extruded crosssection made of compound materials, as will be shown in the further development below. There are few references regarding this manufacturing process and
most refer to the wood industry [16] [17] and [18]. Very few references were
found on fibers with strong mechanical properties, such as the unidirectional fiberglass and carbon fibers that are proposed.
In addition, the girder bending tests can be done using three-point or fourpoint test machines or special modifications to them [19]. The final goal of all of
these is to test pure bending, but these types of tests limit the pure bending zone
in one way or another. The girder’s useful length of pure bending is limited by
external effects such as shear. There are specific test machines and tests that
subject 100% of the test sample to pure bending [19]. The type of machine that is
used is unimportant for the development of this work; it is assumed that pure
bending is applied along the entire length.

2. Optimization of Energy Storage by the Beam
The first step in this process consists of redesigning the rectangular monolithic
cross-section that is used, in such a way as to increase the energy density. This
objective can be achieved easily by making all of the sections work at 100% of
their capacity; in other words, the allowable compression stress of the material is
achieved on the skins furthest from the neutral fiber. This is the case because for
a cross-section made up of a single material, no matter how much the position of
the neutral fiber is changed, this value is always reached before the admissible
tensile stress. Once the first of the aforementioned stresses has been achieved,
the objective will therefore be to maximize the second as much as possible.
The base data for the pure bending study of the girder will be the change of
curvature, torque, and the characteristics of the material. The resistant crosssection of the girder can be calculated (Equations (1)-(3)).

M
∆ϕ =
E ∗ IZ
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σ admC =
=
IZ

M ∗e 2
IZ

(2)

1
b ∗ e3
12

(3)

The energy stored in the girder can then be calculated with this data (Equation (4)). The energy density is calculated by using the aforementioned equations and dividing by the weight of the girder.
U = ∫∫∫

1σ2
dV
2 E

(4)

σ
 (e 2)
2 ∗  admC 
2
e
2
U
1 σ admC

 6E
= =
P
ρ ∗e
6 ρ∗E
2

3

(5)

The increase in energy density with a single material can be achieved by increasing the thickness of the compression zone so that the position of the neutral
fiber is lowered because there is more material below it. The allowable stress in
the traction zone can therefore be increased. The figure below shows a diagram
of the proposed cross-section (Figure 1).
The torque, change of curvature, and material are considered to be known.
The inertia value can be obtained using Equation (1). The inertia is used to calculate the distances from the neutral fiber to the skins with the most tensile and
compression load so that both are working at 100% of their capacity.

hT max =

I Z ∗ σ admT
M

(6)

hC max =

I Z ∗ σ admC
M

(7)

In addition to these, the equations that determine the position the cross-section’s
neutral fiber and calculate its inertia are proposed.

 e2 
e

eT +  T + eC  + n  C 
 2

 2 
yG =
eT + n ∗ ec
1
I Z = b ∗  eT3 + eT
 12


2

(8)

eT
n 3
 eC



 ec + 2 − yG  + 12 eC + n ∗ eC  2 − yG 





2






(9)

Figure 1. Base diagram of the proposed resistant cross-section.
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In general, in these materials, the maximum tensile stress is greater than the
maximum compression stress. In order for the compression skin to work at
100%, the following must be true:

yG = hmax C

(10)

If the traction skin is to work at its maximum capacity, the following must also be true:

eT = hmax C + hT max − eC

(11)

There are therefore more equations (Equations (4)-(11)) than unknowns at
this point in the design process. Using only the restriction that maximizes the
admissible compression stress seems logical. Values are given to the thickness of
the zone with width b (eT) and to the width factor (n) (Figure 1). This generates
the value of the thickness of the zone with width multiplied by a factor of n (eC)
(Equations (8)-(10)):

( hmax C ∗ n − eT ) ± ( eT − hmax C ∗ n )
eC =

2

2

 n  e
− 4    T − hmax C ∗ eT 
 2  2


n

(12)

Of the two possible values generated by solving the quadratic equation, only
those in which the square root is found by adding have a physical value, because
negative thicknesses would be obtained if this was done by subtraction.
The width of the cross-section (b) can be obtained from Equation (9):

b=

2

IZ

e3
e
e
e



+ eT  eC + T − yG  + n C + n ∗ eC  C − yG 
12
2
12
2




3
T

2

(13)

The final value of hT would be:

hT = eT + eC − hC max

(14)

Giving values to the traction thickness and the width factor, it is possible to
calculate the energy density per unit of weight (Equation ((4), (5))), which in
this particular case can be written
2
3
 σ admT   hT3 + n ∗ hC3 + ( n − 1) ( eC − hC ) 





6 ET
U  hmax T  

=
P
ρ ( eT + n ∗ eC )

(15)

3. Example of Design and Analysis of the Parametrization
eT − n
Resin epoxy and S2 glass fiber will be used because of their excellent mechanical
properties. The characteristics of both components are shown below. [Ashby,
2010]
• S2 glass fiber. Tensile strength = 4.89 × 109 Pa Young’s Modulus = 8.69 × 1010
Pa. Density = 2530 kg/m3.
• Gairesa epoxy resin. Tensile strength = 6.50 × 107 Pa Young’s Modulus = 1.30
DOI: 10.4236/wjm.2019.93004
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× 109 Pa. Density = 1200 kg/m3.
The characteristics of the resulting composite of 60% S2 glass fiber by weight
in an epoxy matrix are:
• Allowable tensile strength = 2.37 × 109 Pa.
• Allowable compression strength = 1.18 × 109 Pa.
• Young’s Modulus = 5.27 × 1010 Pa.
• Allowable tensile elongation: 4.5%.
• Density = 1998 kg/m3.
A change of curvature of and a torque of M = 6667 N∙m will be considered;
for a width factor of n = 2. Table 1 shows the results obtained for the thickness
of the traction skin [20] and [21].
The position of the neutral fiber is such that the stress on the skin that is experiencing greater compression load always matches the admissible value; the difference between the different cases is the thickness of the zone of the section
with the narrowest width. Although the position of the neutral fiber and the inertia of the cross-section coincide in all cases, the energy density varies. The row
highlighted in green contains the dimensions and characteristics of the optimized monolithic cross-section. The maximum stress does not coincide with the
maximum energy density, because it reaches a point at which even though the
stress in the traction zone begins to decrease, the total thickness of the crosssection also decreases; the traction stress that is achieved is very close to the
maximum. This decrease in thickness offsets the drop in stress and the energy
density therefore increases until it reaches the optimum cross-section with respect
Table 1. Resistant cross-section design table for a fixed change of curvature, applied torque, and width factor).
eT (m)
1.02 × 10

eC (m)
−02

1.02 × 10

Fibra neutra (m)
−02

1.02 × 10

−02

hC (m)
1.02 × 10

hT (m)
−02

1.02 × 10

b (m)
8.09 × 10

−02

IZ (m4)
−02

5.75 × 10

−08

σmaxT (Pa)

σmaxC (Pa)

1.18 × 10

1.18 × 10

09

U/P (Wh/kg)

09

6.17 × 10−01

7.00 × 10−03 1.63 × 10−02

1.02 × 10−02

1.02 × 10−02

1.31 × 10−02

3.74 × 10−02

5.75 × 10−08

1.52 × 1009

1.18 × 1009

6.87 × 10−01

8.00 × 10−03 1.56 × 10−02

1.02 × 10−02

1.02 × 10−02

1.34 × 10−02

3.67 × 10−02

5.75 × 10−08

1.55 × 1009

1.18 × 1009

7.07 × 10−01

9.00 × 10−03 1.49 × 10−02

1.02 × 10−02

1.02 × 10−02

1.37 × 10−02

3.60 × 10−02

5.75 × 10−08

1.58 × 1009

1.18 × 1009

7.30 × 10−01

1.00 × 10−02 1.41 × 10−02

1.02 × 10−02

1.02 × 10−02

1.39 × 10−02

3.53 × 10−02

5.75 × 10−08

1.61 × 1009

1.18 × 1009

7.54 × 10−01

1.10 × 10−02 1.33 × 10−02

1.02 × 10−02

1.02 × 10−02

1.41 × 10−02

3.47 × 10−02

5.75 × 10−08

1.64 × 1009

1.18 × 1009

7.80 × 10−01

1.20 × 10−02 1.25 × 10−02

1.02 × 10−02

1.02 × 10−02

1.43 × 10−02

3.42 × 10−02

5.75 × 10−08

1.65 × 1009

1.18 × 1009

8.07 × 10−01

1.30 × 10−02 1.16 × 10−02

1.02 × 10−02

1.02 × 10−02

1.44 × 10−02

3.37 × 10−02

5.75 × 10−08

1.67 × 1009

1.18 × 1009

8.34 × 10−01

1.40 × 10−02 1.07 × 10−02

1.02 × 10−02

1.02 × 10−02

1.44 × 10−02

3.35 × 10−02

5.75 × 10−08

1.67 × 1009

1.18 × 1009

8.61 × 10−01

1.50 × 10−02 9.66 × 10−03

1.02 × 10−02

1.02 × 10−02

1.44 × 10−02

3.35 × 10−02

5.75 × 10−08

1.67 × 1009

1.18 × 1009

8.86 × 10−01

1.60 × 10−02 8.58 × 10−03

1.02 × 10−02

1.02 × 10−02

1.44 × 10−02

3.39 × 10−02

5.75 × 10−08

1.66 × 1009

1.18 × 1009

9.07 × 10−01

1.70 × 10−02 7.39 × 10−03

1.02 × 10−02

1.02 × 10−02

1.42 × 10−02

3.48 × 10−02

5.75 × 10−08

1.64 × 1009

1.18 × 1009

9.22 × 10−01

1.80 × 10−02 6.06 × 10−03

1.02 × 10−02

1.02 × 10−02

1.38 × 10−02

3.66 × 10−02

5.75 × 10−08

1.60 × 1009

1.18 × 1009

9.24 × 10−01

1.90 × 10−02 4.49 × 10−03

1.02 × 10−02

1.02 × 10−02

1.33 × 10−02

4.03 × 10−02

5.75 × 10−08

1.54 × 1009

1.18 × 1009

9.04 × 10−01

2.00 × 10−02 2.33 × 10−03

1.02 × 10−02

1.02E−02

1.21 × 10−02

5.05 × 10−02

5.75 × 10−08

1.40 × 1009

1.18 × 1009

8.19 × 10−01
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to energy storage (highlighted in yellow in the table above). Beyond that maximum value, the energy density value begins to decrease.
The energy density that could theoretically be reached with this cross-section
is 0.924 Wh/kg, resulting in an increase of approximately 50% with respect to
the optimized rectangular cross-section [20] and [21].
Once this base design has been completed, it is important to note that although for larger widths in the lower zone of the cross-section, the increase in
energy density that is generated does not compensate for the increased complexity of the cross-section.

4. Optimization of the Base Design
The design above could generate some manufacturing difficulties, such as the
appearance of stress concentrators, despite the inclusion of fillet radii. To avoid
all of these problems, the simplest solution consists of softening the transition
between the two zones of the cross-section to avoid sudden changes in the lines
of force. It is important to be careful because when this change is made, both the
position of the neutral fiber and the value of the moment of geometric inertia
that were calculated in the theoretical model will change. The changes that are
made must be offset by adding or removing material in the corresponding zones.
This can be done iteratively using existing CAD programs, because they quickly
return the aforementioned two values.
In addition, near the neutral fiber, there is a region of material that is hardly
working, and will therefore not store energy; its only contribution is to add
weight to the unit, reducing the energy density. To attempt to prevent this, several holes can be drilled in this zone; with an adequate diameter, the impact that
they will have on the position of the neutral fiber and the moment of inertia of
the cross-section will be minimal. The design in Figure 2 is modified, Figure 3,
with these two design criteria.
For this design, the following values are obtained for the position of the neutral fiber yG = 10.45 mm (with respect to the furthest fiber in the traction zone)
and for the moment of geometric inertia IZ = 5.81 × 10−8 m4. The variation in

Figure 2. First optimization of the extruded resistant cross-section.
DOI: 10.4236/wjm.2019.93004
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these values is minimal with respect to the equivalents in the initial design (yG =
10.45 mm; IZ = 5.75 × 10−8 m4). The other principal dimensions of the cross-section
are shown in Figure 3.
With these dimensions, the process for calculating the energy density is the
same as the one described in the previous section; however, due to the fact that
extending the integral to the defined area is overly complicated, it will be divided
into single areas so that the calculation is simpler and there is minimal error.
The energy density of each one of the areas into which the cross-section is divided is calculated. For any prism element (height dy, width dx and length dz),
the integral of the energy density can be written as

1σ2
=
=
U ∫∫∫
dV
2 E
2

2

1  σ admT 
∫∫∫ 2 E  h y  dxdydz
 T max 

σ
 Z∗X
=  admT 
 hT max  2 E

b

∫ y dy
2

(16)

a

2

σ
 Z∗X 3 b
 y 
=  admT 
a
 hT max  6 E
This formula can be applied specifically to each one of the areas defined previously (Figure 4). Note that X now refers to the specific width of each one, and

Z is any generic length.

Figure 3. Second optimization of the extruded resistant cross-section.

Figure 4. Zone division for the calculation of the second extruded resistant cross-section.
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Area 1: zone under traction with maximum energy storage.
2

3
σ
 Z ∗ b1 
3
φ
 
=
U1  admT 
∗  ( eT − yG ) −  + d1 − yG  
2
 
 hT max  6 E 

(17)

Area 2: zone under compression.
2

(

σ
 Z ∗ b2
3
U 2  admT 
=
∗ yG3 − ( yG − eC )
 hT max  6 E

)

(18)

Areas 4 and 5: zone under traction and compression.
2

3
σ
 Z ∗ ( d2 − φ )   φ
3

=
∗   + d1 − yG  + ( yG − eC ) 
U 4  admT 


6E

 hT max 
 2


2

σ
 Z ∗ b3
=
U 5  admT 
 hT max  6 E

3
φ
3

∗   + d1 − yG  + ( yG − eC ) 
 2





(19)

(20)

Area 3:
This area does not correspond to any area in the cross-section; however, the
rectangle that defines its diagonal is divided, resulting in two right triangles.
Area 3 can be approximated by the area of a triangle.
With the neutral fiber positioned practically in the center of the rectangle, the
stress distribution is virtually identical in both triangles. The energy accumulated by the cross-section is considered to correspond to half of the energy that
the rectangle would store.

σ
 Z ∗ ( b2 − 2 ∗ b3 − 3 ∗ φ − 2 ∗ ( d 2 − φ ) )
U 3 =  admT 
12 E
 hT max 
2

3
φ
3

∗   + d1 − yG  + ( yG − eC ) 
 2





(21)

The total energy density by volume units will be:
U U1 + U 2 + 2 (U 3 + U 4 + U 5 )
=
P
A∗ Z ∗ ρ

(22)

For the specific case of Figure 3, Figure 4 and Figure 5, and the materials described above, there is a measured area with the CAD program of A = 1027.64 mm2.
And adjusting the rest of the variables, the following energy density is obtained:

Figure 5. Details of the linearized calculation and error made.
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U
= 0.977 Wh kg.
P

5. Design Optimized for Life under Fatigue
The previous design was prepared taking the admissible stresses of the girder
material into account. This made it possible to take maximum advantage of the
material’s capacity for energy storage. However, the girder fatigue was not analyzed.
For the S2 glass fiber used in the design, maximum tensile stresses of 965 MPa
could be reached, so the life span of the material is 10,000 cycles (data specified
by the manufacturer). While the life span may be reduced by up to 200 cycles if
working at the admissible stress. The operating tensile stress used was 965 MPa
and under compression, approximately half, 537 MPa. The reduction of the operating stress causes an increase in the height of the cross-section and a decrease
in energy density.
The data in Table 2 was generated under these considerations and with the
previous design, with the first row of the table corresponding to the case of a
rectangular monolithic cross-section.
Using the original design data, the energy density drops drastically and the
height of the cross-section also increases. If the change of curvature is increased,
the height the curvature increases, which means that this volume must be reduced. However, this would in turn cause an increase in the thickness.
A parametric analysis is therefore required to see the influence of the different
design parameters on the dimensions and the energy stored in the girder. In regard to the materials, the use of a fiber with better fatigue properties is also studied, as is the case of the HST carbon fiber, which reaches a maximum tensile
strength of 1.25 GPa and compression strength of 1 GPa, for a life span of 10,000
cycles.
Figures 6-8 show that the best option would be to select a cross-section with
the smallest change of curvature possible because this is the one that will occupy
the least space. They also show that the use of carbon fiber generates energy
densities that are slightly higher than with glass fiber.
The drawback of using narrower cross-sections is that their thickness will be
greater and energy density will increase, due to the fact that the outer fibers are
further from the neutral fiber.
The energy density increases as the thickness of the traction skin increases
Table 2. Design alternatives for the resistant cross-section based on fatigue and life cycle criteria.
eT (m)

eC (m)

hC (m)

hT (m)

b (m)

I check

σmaxT (Pa)

σmaxC (Pa)

U/P (Wh/kg)

eT (m)

4.63 × 10−03

4.63 × 10−03

4.63 × 10−03

4.63 × 10−03

2.17

1.44 × 10−07

5.37 × 1008

5.37 × 1008

1.27 × 10−01

4.63 × 10−03

3.00 × 10−03

7.52 × 10−03

4.63 × 10−03

5.88 × 10−03

1.01

1.44 × 10−07

6.82 × 1008

5.37 × 1008

1.40 × 10−01

3.00 × 10−03

4.00 × 10−03

6.81 × 10−03

4.63 × 10−03

6.18 × 10−03

9.69 × 10−01

1.44 × 10−07

7.16 × 1008

5.37 × 1008

1.49 × 10−01

4.00 × 10−03

9.00 × 10−03

1.24 × 10−03

4.63 × 10−03

5.61 × 10−03

1.28

1.44 × 10−07

6.50 × 1008

5.37 × 1008

1.73 × 10−01

9.00 × 10−03
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Figure 6. Evolution of energy per unit of volume with the change of curvature and width.

Figure 7. Evolution of the thickness of the traction zone with the change in curvature and width.
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Figure 8. Evolution of energy per unit of volume with the change of curvature and width of the traction zone.

(and similarly, the thickness of the compression skin), until it reaches point at
which the weight contributed by the material has a greater impact than the increase in admissible stress, which means that a point of inflection is reached, after which energy density decreases.

6. Validation of the Designs Using FEM Simulations
The decision was made to carry out finite element simulations [22] under pure
bending to verify that the stresses achieved on the most heavily loaded skins of
the cross-section coincide with those in the theoretical model.
The maximum tensile stresses on the upper skin of the girder are around 1.61
GPa; versus the theoretical value of 1.60 GPa, which indicates minimal error
(Figure 9(a)). In regard to the stresses on the compression skin furthest from
the neutral fiber; these values reach values of around −1.14 GPa, when the design
stress is −1.18 GPa (Figure 9(b)). The stresses predicted during the design
process are therefore achieved, and consequently, practically all of the expected
energy is stored.

7. Conclusions
A cross-section has been developed as an alternative to sandwich panels, to be
manufactured using pultrusion techniques, thus avoiding the problems caused
DOI: 10.4236/wjm.2019.93004
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Figure 9. Stress state of under pure bending on the traction skin.

by the use of foam. The energy density of the new cross-section, working close to
the allowable stress is approximately 1 Wh/kg, which does not represent a significant loss with respect to the value generated by the equivalent sandwich
board (1.40 Wh/kg) in comparison with the advantages generated by the new
design.
However, the life span of a girder with this cross-section under fatigue may be
short. To guarantee a life span of 10,000 cycles, the energy density of the crosssection is reduced to 0.226 Wh/kg, which means that while it is an alternative to
sandwich panels for the reasons mentioned above, it will not be an alternative in
terms of energy storage, because it can reach a value of approximately 0.636 Wh/kg.
A compromise can be reached between fatigue life span and quantity of stored
energy, adjusting the stress to which the girder is subjected, and therefore the
DOI: 10.4236/wjm.2019.93004
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dimensions of the girder.
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