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Abstract 

This study was aimed to analyze how students’ mathematical ideas emerged 
through a flow of lesson in mathematics classroom using Lesson Study and Open 
Approach. A context of the study was the Open Approach as a teaching approach 
and the Lesson Study as a way to improve the quality of teaching (Inprasitha, 
2015a). The flow of lesson, likewise, is considered to be a tool for accessing to stu-
dents’ ideas when the students are involved in problem solving and connection be-
tween students’ real world and mathematical world (Inprasitha, 2017b). 
Ethnographic study was employed as a research methodology in this qualitative 
study by using a participative research design to form a lesson study team for colla-
borative designing of lesson plans guided by Thai version of Japanese mathematics 
textbooks. Research results were shown that the students’ mathematical ideas 
emerged, through the flow of lesson, when the students’ ideas of a problem solving 
were mathematized as follows: 1) the mathematical ideas were extended through 
representations of real world, 2) the mathematical ideas were extended and genera-
lized through semi-concrete aids, and 3) the mathematical ideas were generalized 
through representations of mathematical world. The processes of mathematization 
(Isoda & Katagiri, 2012), furthermore, were accomplished when the students’ ma-
thematical ideas become “how to” or tools for learning for the next lessons. 
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1. Introduction 

A concept of a new teaching practice relies on a new didactic triangle that 
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changes a definition of learning entirely from a traditional didactic triangle in 
which components are teacher, student, and content. These components are re-
flected through a traditional teaching practice; the teacher passes on the contents to 
the students, and the students just memorize such knowledge. While the compo-
nents of the new didactic triangle are teaching process, learning process, and think-
ing process. These components are related to the students’ ideas used for accessing 
the students’ learning or thinking processes (Inprasitha, 2017a, 2017b, 2018). 

In Thai context, Inprasitha has proposed two innovations; Lesson Study and 
Open Approach, for changing a paradigm teaching practices of teachers and im-
proving the teaching practices consecutively (Inprasitha et al., 2003, 2007). The 
Open Approach emphasizes on individual differences, especially differences in 
each students’ thinking, composed of 4 phases: 1) Posing Open-ended Problem, 
2) Students’ Self-leaning, 3) Whole Class Discussion and Comparison, and 4) 
Summarize through Connecting Students’ Mathematical Ideas Emerged in Class-
room. The Lesson Study, besides, emphasizes on improving collaborative working 
of teachers for improving and developing the Open Approach directly, composed 
of 3 steps: 1) Collaboratively Design Research Lesson (Plan), 2) Collaboratively 
Observe Research Lesson (Do), and 3) Collaboratively Reflect on Teaching Prac-
tice (See) (Inprasitha, 2011, 2015a, 2015b). These two innovations are incorpo-
rated in the second step of the Lesson Study, as illustrated in Figure 1. 

A classroom using the Lesson Study and Open Approach is a mathematics 
classroom where teachers use the Open Approach as a teaching approach and 
use the Lesson Study as a way to improve the teaching approach (Inprasitha, 
2015a). Moreover, these could be done in a real classroom context, and chal-
lenging in working along the Lesson Study is identifying changes for students’ 
learning improvement and interchange knowledge and problems with other 
teachers (Loipha & Inprasitha, 2004; Inprasitha, 2014). The students, in addition,  

 

 
Figure 1. Open approach incorporated in lesson study (Inprasitha, 2010, 2011). 
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could learn from sharing their ideas together. These ideas are derived from their 
own views along the problem situations and solving. In consequence of a prin-
ciple of this classroom is accessing the students’ ideas from the problem solving. 
Also, a lesson study team, which is composed of teachers who collaboratively 
plan, do, and see along the steps of the Lesson Study, would increasingly access 
and learn from the students’ ideas in various ways (Inprasitha, 2011, 2015a). 
These are due to the subject matters of this classroom are students’ ideas 
(Inprasitha, 2017b), which are different from a traditional classroom where the 
subject matters are other aspects. 

Likewise, a new school mathematics has been increasingly called for in mathe-
matics classroom, for instance, connection between out-of-school mathematics 
and school mathematics, adaptation of school mathematics in daily life of stu-
dents, and also adaptation of out-of-school mathematics to make sense about 
school mathematics (de Abreu, 1995; National Council of Teachers of Mathemat-
ics [NCTM], 2000; Inprasitha, 2004, 2017b). This topic has been also mentioned in 
the 13th International Congress in Mathematical Education (ICME-13) (Gueudet, 
diSessa, & Verschaffel, 2016). As a result, there are so extremely interests in ma-
thematics educators. Connection of out-of-school mathematics and school ma-
thematics, whereby, is due to enhancing the students’ ideas in mathematical prob-
lem solving (Isoda, 2010). 

Even though, there are constant requests about the connection of those ma-
thematics, but there is nothing obviously in practices for a mathematics class-
room. Therefore, a “Flow of Lesson” has been coined by Inprasitha (2017b), in 
order to connect students’ real world and mathematical world, composed of 
three components; 1) Representations of real world 2) Semi-concrete aids 3) Re-
presentations of mathematical world. As a result, the students’ ideas are accessi-
ble, and teachers use this tool for working together along the steps of the Lesson 
Study. Furthermore, in the mathematics classroom using the Lesson Study and 
the Open Approach, the flow of lesson has been applied for accessing the stu-
dents’ ideas. In addition, mathematization, in which is a process of making sense 
of mathematics when the students are involving problem solving, is finally em-
ployed to visualize the students’ mathematical ideas. In other words, the stu-
dents’ ideas become students’ mathematical ideas by extension and generaliza-
tion. Furthermore, the mathematization composed of two components: 1) ex-
tension is a process of gradual changing from the students’ ideas of problem 
solving to the ideas in which being more extensive, and 2) generalization is a 
process of gradual changing from the students’ ideas of problem solving to the 
ideas in which being more complicated and could be adapted in common man-
ners (Isoda & Katagiri, 2012; Inprasitha & Isoda, 2010, 2011). 

As a result of how to access the students’ mathematical ideas, this research 
would search for an enlightenment to teachers’ comprehension of emerging of 
the students’ mathematical ideas through the flow of lesson in the mathematics 
classroom using the Lesson Study and Open Approach. 
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2. Research Objective 

This study was aimed to analyze how students’ mathematical ideas are emerged 
through a flow of lesson in the context of a mathematics classroom using the 
Lesson Study and Open Approach. These would support the teachers’ compre-
hension about the emergence of the students’ mathematical ideas by using the 
flow of lesson in which is the tool for the teachers to access the students’ ma-
thematical ideas. 

3. Research Methodology 

This research was a qualitative study and employed an ethnographic study as a 
research methodology in which the author-researcher participated as a member 
of a lesson study team. The lesson study team was composed of five members: 

1) two in-service teachers who had been collaboratively working with pre-service 
to use the Lesson Study and Open Approach since 2009 academic year, 

2) two pre-service teachers who were fifth-year students of the bachelor program 
in Mathematics Education, Faculty of Education, Khon Kaen University and had 
been collaboratively working with in-service teachers in the school for a year, and 

3) the researcher, who had been a researcher assistant of the Center for Research 
in Mathematics Education, Khon Kaen University from 2009-2015 academic year. 

This research was accomplished by a participatory research design in which 
the lesson study team collaboratively worked along the steps of the Lesson Study, 
details as follows: 

1) collaboratively designed the lesson plans focusing on where the students’ 
ideas could be emerged by using the flow of lesson, 

2) collaboratively observed the teaching practices focusing on how the stu-
dents’ ideas become the students’ mathematical ideas, and these teaching prac-
tices were taught by one member of the team, 

3) collaboratively reflected about the teaching practices focusing on how the 
students’ ideas were mathematized to be students’ mathematical ideas through 
the flow of lesson. 

3.1. Unit of Analysis 

This study was decided to use the flow of lesson (Inprasitha, 2017b) in the Open 
Approach as a unit of analysis to analyze how the students’ ideas were developed 
through the flow of lesson and were mathematized to be the students’ mathe-
matical ideas in the problem solving of the classroom using the Lesson Study 
and Open Approach, as following details. 

Flow of Lesson (Inprasitha, 2017b) is a step of mathematics lesson in which 
started from the students’ real world and connected to the students’ mathemati-
cal world. It is composed of three components: 

1) Representation of real world is a performance of using figure or other materials 
for communicating the students’ real experience related to problem situations, 

2) Semi-concrete aid is a performance of using relevant objects or concept re-
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lated to the students’ ideas emerged from the students’ understanding of prob-
lem situations and solving those problems, 

3) Representation of mathematical world is a performance of using numbers and 
symbols for communicating mathematics meaningfully related to the students’ ideas. 

3.2. Data Collection 

Data collection were done in grade 2 mathematics classroom in Thongchai Wit-
taya School, Lampang province, where located in the Northern of Thailand. This 
school has been participating in the Project of Students’ Mathematical Higher 
Thinking Development in Northeastern of Thailand. In addition, this school has 
been using the Open Approach and the Lesson Study since 2009 academic year. 
Processes of data collection were started from 2016 academic year in which the 
researcher was in the school to collaboratively observed the students’ mathemat-
ical learning in classroom with the in-service teachers and collaboratively re-
flected about the students’ ideas emerged in the mathematics classroom. The 
data were done in 2017 academic year. In the 2017 academic year, there were all 
8 second graders and these students were a targeted group. 

The lesson study team collaboratively worked in a weekly cycle along steps of 
the Lesson Study, while the phases of the Open Approach are taken place in the 
second step (Inprasitha, 2010, 2011), and was guided by the project mathematics 
textbook-Thai version of Japanese mathematics textbooks, in the teaching prac-
tice of the Length (1) learning unit (Inprasitha & Isoda, 2011). 

The data were collected from the targeted group by these following research 
materials: 

1) video-audio recording used while the ongoing processes of learning in classroom, 
2) field note taken by the lesson study team except the teacher, and noted fo-

cusing on the students’ ideas occurred from the problem solving and how they 
became the students’ mathematical ideas, and 

3) video-audio recording used while students were interviewed after finishing 
the problem solving in the classroom for inquiring more information about the 
students’ ways of solving the problems. 

These materials were proceeded under permission of those students who were 
the targeted group, in the processes of data collection that were done along 9 
consecutive lesson plans. These lesson plans were conduced to establish a new 
how to or tool for learning of the next lessons. 

These collected data were led to the data were used to analyze: 1) protocol of 
the students’ problem solving and the students’ interviews in which prescribed 
from video-audio tapes and 2) evidences of students’ ideas in which prescribed 
from the field notes and students’ written works. Lastly, they were triangulated 
to consider the students’ mathematical ideas. 

3.3. Data Analysis 

Data analysis were relied on protocol analysis triangulated with field notes, stu-
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dents’ written works, and protocol of the students’ interviews, in according to 
two conceptual frameworks; Flow of Lesson (Inprasitha, 2017b) and Mathema-
tization (Isoda & Katagiri, 2012). 

4. Results 

Research results were shown from empirical evidences collected from the ma-
thematics classroom using the Lesson Study and Open Approach that the stu-
dents’ mathematical ideas emerged when the students’ ideas of a mathematical 
problem solving were mathematized by extension or generalization through the 
flow of lesson. As the first lesson, for example, the students’ ideas were analyzed 
to find how the students’ mathematical ideas emerged through the flow of les-
son, as following details. 

4.1. Students’ Mathematical Ideas Were Extended  
through Representations of Real World 

After the students found a problem in indicating of which clay-sculpted snake 
(they had sculpted) is longer, they firstly had an idea to use her hands and body 
as a measure tool of length by using her spreading hands and use her body by lay 
down along a length of the snakes, respectively. Then they were asked to com-
pare the length of other clay-sculpted snakes by not moving. Then, they had rea-
lized that the measure tool should cover along the length after her hands and 
body could not cover all the length of the snakes. In this case, the hands and 
body were treated as the representation of real world, and the students used 
them for extension. 

Therefore, the students had extended from the ideas of using the hands and 
body to puzzles and rulers in which can cover along the length, as the measure 
unit used for measuring the length, shown in empirical evidence as following 
protocol and illustrated in Figure 2, Figure 3, & Figure 4, respectively. 

 
Item 79 Teacher: Let compare with a snake of your friend who sit beside you. How do you compare. 

Item 80 Student-1: Mine is short, student-3 is a winner. (Student-1 says after put her 
clay-sculpted snake beside student-3’s clay-sculpted snake) 

Item 81 Teacher: Have you finish to compare with another one’s snake? For those who have 
been finish, please raise your hand. 

Item 82 Student-1: Student-3 is longer than mine. (Student-1 answers while she has raised her hand.) 

Item 83 Teacher: This group, which one is longer? 

Item 84 Student-8: Mine. 

Item 85 Teacher: Student-8’s snake is longer. This group, which one is longer? 

Item 86 Student-8: Equal. 

Item 87 Student-1: They’re equal (Student-1 answers after she came and saw comparison of 
student-8’s and student-7’s snakes.) 

Item 88 Teacher: It’s shorter or longer, or they’re equal. Let’s see 

Item 89 Student-1: Let make the snakes get closer. So, student-6’s snake is longer than stu-
dent-5’s snake. 
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Figure 2. The students tried to compare clay-sculpted snakes directly. 

 
Item 103 Teacher: Don’t lift them up and drag them away. How could you compare with others? 

Item 104 Student-1: I’ll use my hand to be measure tool, then try to compare. My hands are about 
this. 

Item 105 Teacher: What is your group’s snake will be used to compare? 

Item 106 Student-1: (Student-1 moves to compare with student-3’s snake after the teacher already 
asked) Let me use my hands to support you to compare. Ah, I will lay down. 
Wow, I’m equal to the snake. Teacher, it’s equal to me when I was laid down. 

Item 107 Student-2: Who do I have to compare with? 

Item 108 Teacher: Group of student-1 compares with group of student-2, and group of 
student-6 compares with group of student-8. 

Item 109 Student-1: Snake of student-3 is equal to me, from head to toe equally. I will lay my 
body down, let see if it’s equal to student-2’s snake. 

Item 110 Teacher: Really? What did you choose to be a measure tool? 

Item 111 Student-1: Use my body as the measure tool. 

Item 112 Teacher: Student-1 use your body as a measure tool. Let me see it again. (Student-1 lay 
down with a clay-sculpted snake of student-2 again) 
Everybody sees how the clay-sculpted snake be with the student-1, if it’s 
equal to student-1, or how? 

Item 113 Student-3: Student-1’ feet, it’s over her feet. 

Item 114 Teacher: It’s over her feet. How is about the clay-sculpted snake of student-3. 

Item 115 Student-1: It’s equal to me. 

 

 
Figure 3. The student tried to use her hands to be a measure tool for measuring length. 
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Figure 4. The student tried to use her body to be a measure tool for measuring length. 

4.2. Students’ Mathematical Ideas Were Extended and  
Generalized through Semi-Concrete Aids 

1) Students’ mathematical ideas were extended through semi-concrete aids 
After the students found a problem of the measure tool should be easily used 

to measure stuffs, they had an idea to use puzzles put along a length of the 
snakes as a measure tool of length. In this case, the puzzles were treated as the 
semi-concrete aids, and the students used them for extension. 

Therefore, they had extended the idea of from using the puzzles to the wood 
blocks in which are comfortable to measure and more stable than using the puz-
zles as the measure tool used for measuring the length. 

2) Students’ mathematical ideas were generalized through semi-concrete aids 
After the students found a problem of identifying a measure unit from the 

measure tool they used, they had an idea to use a number of tiles to be a measure 
unit and then they could show the differences between those clay-sculpted 
snakes they tried to compare in more mathematically. In this case, the wood 
blocks used in the measurement were treated as the semi-concrete aids, and the 
students used them for generalization. 

Therefore, the students had generalized the ideas of the number of the wood 
blocks they used firstly as measure tool, shown in empirical evidence as follow-
ing protocol and illustrated in Figure 5 & Figure 6. 

 
Item 202 Teacher: Are there anything else that isn’t the rulers? 

Item 203 Student-2: Puzzle! (Student-2 show the puzzles brought from stuffs placed besides the 
classroom) 

Item 204 Student-1: This one! Everyone brings blocks to line up 

Item 205 Teacher: Blocks. I’ll write it down. (Teacher write “blocks” on the board.) What else? 

Item 206 Student-1: We can use these squares. (Student-1 point out to the squares used to be a 
floor of the classroom) 

Item 207 Teacher: What’s we call the square? 

Item 208 Student-8 Tiles. 

Item 209 Teacher: Square of tiles, right? Are they equal? 

Item 210 Student-1: Try to put the snakes here. 
One, two, three, four. Four and a bit more is a length of this snake. 

Item 211 Teacher: Square of tiles. (Teacher write ‘square of tiles’ on the board.) 
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Figure 5. The students tried to use the puzzles to be a measure tool for measuring length. 

 

 
Figure 6. The students tried to use the rulers to be a measure tool for measuring length. 

4.3. Students’ Mathematical Ideas Were Generalized through  
Representations of Mathematical World 

After the students found a problem in identifying a measure unit, they had an 
idea to use the number of wood blocks as a measure unit. In this case, the num-
ber of wood blocks were treated as the representation of mathematical world, 
and the students used them for generalization. 

Therefore, the students had generalized the ideas of the number of the wood 
blocks they used as the arbitrary measure unit used for measuring the length, 
shown in empirical evidence as following protocol and illustrated in Figure 7. 

 
Item 215 Teacher: So, I want to know how many tiles will you get? 

Let’s see your own clay-sculpted snakes, how many tiles do you get when you 
compare a length of the snakes with the tiles? 

Item 216 Student-8 One, two, three, four. Four…but. 

Item 217 Student-7 How many? (Student-8 ask together with re-counting the tiles that her snake 
is laid on.) 

Item 218 Student-1 I have four, but Student-4 has four and a half, half more than midpoint and 
almost five. 

Item 219 Student-4 I’m almost five. 

Item 220 Student-1 If I could sculpt more than this, I will equal to Student-4. If Student-4 use my 
tale to connect her snake, it’ll be five. 
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Continued 

Item 221 Teacher: How many do you get, Student-2? 

Item 222 Student-2 Four tiles. 

Item 223 Student-1 One, two, three, four, five. Teacher, the snake of Student-2 is five. 

Item 224 Teacher: Try to count it carefully. 

Item 225 Student-2 One, two, three, four. 

Item 226 Student-1 Five 

Item 227 Teacher: What five? It reaches five, isn’t it? 

Item 228 Student-2 It isn’t reach five. It should be over this tile, it’ll be five. 

 

 
Figure 7. The students tried to use the square of tiles to be a measure tool for measuring 
length. 

 
The processes of extension and generalization were done when the ideas of the 

students gradually become “how to” or tool for learning (Inprasitha & Isoda, 
2010, 2011) of the students used to learn next mathematics lessons continuously. 
This lesson the arbitrary measure unit as the students’ mathematical ideas has 
become the “how to” when the students could use any stuffs to be the arbitrary 
measure unit of length with the same shape of such stuff. 

Overall, the Length (1) learning unit in which composed of 9 lesson plans, the 
students in classroom using the Lesson Study and Open Approach could pro-
duce the mathematical ideas through the flow of lesson as following Table 1. 

 
Table 1. Students’ mathematical ideas emerged through flow of lesson in mathematization in classroom using lesson study and 
open approach. 

Students’ Mathematical Ideas were Mathematized through Flow of Lesson 
Lessons 

1 2 3 4 5 6 7 8 9 

Students’ mathematical ideas were extended through representations of real world          

Students’ mathematical ideas were generalized through Representations of real world - - - - - - - - - 

Students’ mathematical ideas were extended through semi-concrete aids          

Students’ mathematical ideas were generalized through Semi-concrete aids          

Students’ mathematical ideas were extended through representations of mathematical world - - - - - - - - - 

Students’ mathematical ideas were generalized through representations of mathematical world          
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From the above mentions, there were not students’ mathematical ideas were 
generalized through representation of real world and were extended through 
representation of mathematical world appeared in the mathematical classroom 
when the students were involved in problem solving. These were due to the re-
presentation of real world will be almost used to connect to the students’ expe-
riences. It could be, as a result, hastily to be generalized to be students’ mathe-
matical ideas. Similarly, the representation of mathematical world in which 
closed to the students’ mathematical world. Therefore, it is quite complicated for 
the students to use the representation of mathematical world for extension. In 
other words, the components of the flow of lesson is a sequencing, starting from 
the representation of real world, developing through the semi-concrete aids, and 
connecting to the representation of mathematical world, respectively. 

5. Discussions and Concluding Remarks 

The results reflected from the evidences in mathematics classroom using the 
Lesson Study and Open Approach have shown that the flow of lesson could be as 
an assistance of the teachers who collaboratively plan, do (teach or observe), and 
see (reflect) together to comprehend the students’ ideas which were mathema-
tized in the students’ mathematical problem solving to reach how the students’ 
ideas gradually develop and then become the students’ mathematical ideas. 

In addition, Nunes, Schliemann & Carraher (1993), de Abreu (1995), Swanson 
& Williams (2014), and more, studied about a relationship of a school mathe-
matics and an outside school mathematics. These studies have the obvious re-
sults according to the activities used in the classroom which should be related to 
students’ experiences. This could help the students adapt their experiences to 
make sense of such activities. As a result, the students could develop the 
mathematical ideas from their own experiences in daily life. 

In conclusion, using extension and generalization (Isoda & Katagiri, 2012) to 
grasp the students’ mathematical ideas emerged through the flow of lesson 
(Inprasitha, 2017b) is advantaged to comprehend a goal of the lesson based on 
the students’ ideas. The teachers, subsequently, should utilize the flow of lesson 
to access the students’ ideas in planning the lessons, then teaching in according 
to the students’ ideas, and at the same time, observing the students’ ideas which 
emerged in the classroom. Finally, the teachers should use the mathematization 
as a lens to comprehend the students’ mathematical ideas for supporting the 
ideas to reach the goal of the lesson eventually. These conclusions are coherent 
to Harel (2004) who stated that students do not learn mathematics by merely 
presenting them with clear concept definitions in forms of axioms, definitions 
theorems and formal proofs, although formal concepts definitions may be an ul-
timate goal of mathematics learning. Furthermore, these conclusions are similar 
to Lakoff & Nunez (2000) who stated that these limitations play a crucial role in 
the students’ mathematization processes. 

Finally, these conclusions enlighten the teachers to comprehend how the flow 
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of lesson assists the teachers to recognize the students’ mathematical ideas dis-
tinctly. Also, the processes of extension and generalization were accomplished 
when the students’ mathematical ideas become “how to” or tool for learning of 
the next lessons. These are in accordant to Suriyon, Inprasitha & Sangaroon 
(2013) which stated that the teaching practice allowing students to create know-
ledge from learning how to solve problems by themselves led to forming “stu-
dents’ metacognitive strategies” or “how to” learn mathematics by themselves. 
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