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Abstract
Calibration of medical imaging systems that provide quantitative measures
relating to complex physiological flows is challenging. Physical test objects
available for the purpose either offer a known simple flow far removed from
the complexity of pathology (e.g. parabolic flow in a straight pipe) or complex
relevant flows in which the details of the flow behaviour are unknown. This
paper presents the ring vortex as a candidate for a complex flow phantom,
since it is marked by inherently complex flow features that are controllable,
predictable, reproducible and stable. These characteristics are demonstrated
by a combination of analytical, numerical (CFD) and experimental methods.
Together they provide a consistent perspective on ring vortex behaviour and
highlight qualities relevant to phantom design. Discussion of the results indicates that a liquid phantom based on the ring vortex may have merit as a
complex flow phantom for multimodal imaging. Furthermore, availability of
such a flow reference may also serve as a benchmark for quality assurance of
simulation methodologies.
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1. Introduction
This paper argues for a novel concept in medical imaging flow phantom design
based around the flow phenomenon known as the ring vortex. Relevant medical
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imaging technologies include Doppler ultrasound, and (contrast) angiography
techniques that involve planar X-ray, MRI and CT [1] [2] [3] [4]. Analysis of
physiological flows plays a fundamental role in diagnosis of numerous pathologies and for this reason it is important that flow-informed diagnosis is both sensitive and specific, based on flow-derived metrics that can reliably support clinical decision making [5] [6]. Flow phantoms provide a mechanism by which diagnostic performance of the imaging technology can be calibrated and evaluated.
In the context of numerical simulation, patient-specific analysis is often informed using both the geometry and the flow information obtained from imaging studies. Flow phantoms also offer a means by which high quality numerical
and experimental benchmark data can be provided to undertake Quality Assurance of simulation methodologies, as exemplified by the recent FDA critical path
initiative [7]. A well specified phantom can give confidence to interpretation of
flow data.
Flow related quantities obtained from imaging systems vary according to
scanner technology and performance. Assessment of the latter is recommended
through approved quality assurance and control processes1 [8] [9] that aim to
uncover nonconformity and identify deviations from product performance specification [10]. Evaluation of performance is typically made through the acquisition of images obtained using a test object specifically designed to provide consistent results. If the measured parameters differ greatly from reference values
(exceeding defined tolerances), then interpretation is compromised and may
discourage the imaging system from being used. Medical imaging phantoms are
constructed according to precise specifications that ensure consistent measurements for medical device evaluation/calibration. Ideally a flow phantom should
produce a known flow field and mimic the in vivo situation, including motion.
This is challenging, and in reality physical flow phantoms deliver either (i) a
complex flow (whose precise details are unknown) based on a rig whose flows
are physiologically relevant [11] [12], or (ii) a simple flow (or alternative [10])
that is explicitly known, designed specifically for scanner calibration/assessment
[13] [14] [15]. Arguably many current phantom designs implement flows that
bear little resemblance to the complex physiological and pathological flows encountered in the clinic (i.e. basic steady flows and/or pulsatile simple flows are
commonly implemented), and those that attempt greater complexity must accept many ambiguities in the flow environment. Such issues also have wider ramifications, since patient-specific computational fluid dynamics (CFD) may be
used to infer complex flows from image-derived geometries. However, the lack
of a gold standard reference in such conditions often limits the degree to which
inferred flow measures can be trusted, regardless of whether the flow is derived
from computational or image-based approaches.
We propose a new reference for complex flow imaging in the form of the ring
Quality Control (QC) refers to “part of quality management focused on fulfilling quality requirements”—ISO 9000 clause 3.2.10.
Quality Assurance (QA) refers to “a part of quality management focused on providing confidence
that quality requirements will be fulfilled”—ISO 9000 clause 3.2.11.
1

29

S. Ferrari et al.

vortex. This benchmark flow can be studied as a physical phantom for imaging
performance assessment, and may also be useful as a reference for quality assurance of computational approaches. It offers the capacity to produce known
complex flow features (velocity, acceleration, pulsatility, vorticity, etc.) that are
predictable, reproducible, controllable and stable. Consequently, practical experience of the ring vortex is described below and its suitability as a candidate for
an innovative complex flow phantom is discussed and presented.

1.1. What Is the Ring Vortex?
The ring vortex is a fundamental component of flow complexity and consists of
an annular vortex core that propagates perpendicular to the plane of the ring. It
is a natural phenomenon that is variously known as a “ring vortex”, “smoke
ring” or “toroidal vortex”. Ring vortices represent one of the most fundamental
phenomena in fluid dynamics. As described by Akhmetov “…a vortex ring is a
toroidal volume of vortical fluid moving in a surrounding medium at an approximately constant translational speed perpendicular to the ring plane. The
fluid motion is axisymmetric, and the vector of vorticity in the torus is directed
along the circles concentric with the circular axis of the torus. A certain volume
of the fluid which embraces the ring and looks like an ellipsoid flattened along
the direction of motion is moving together with the toroidal vortex ring. This
enclosed volume of fluid is called vortex atmosphere. Inside the vortex atmosphere the fluid is circulating along the closed streamlines encompassing the toroidal core of the vortex. Motion of the fluid surrounding the vortex atmosphere
resembles a pattern of flow without separation past a corresponding solid body.”
[16] (see the schematic stream functions of Table 1).
The vortex ring clearly offers vorticity, but because it is stable and can be controlled it also offers reproducibility, pulsatility, and can be produced in various
sizes, travelling at distinct velocities. These characteristics make it particularly
suitable as a candidate for a complex flow phantom. As an illustration of its predictability, reproducibility, controllability and stability, the following sections
present analytical and computational analyses of the ring vortex, as well as our
own experimental experiences with this phenomenon. Together they provide a
body of evidence, considered in the discussion section, which is used to evaluate
the suitability of this flow for calibration and performance evaluation of medical
imaging systems and benchmarking of computational simulations.

2. Methods
2.1. Analytical
The behaviour of the ring vortex can be generally described by solution of the
Navier-Stokes equations [17]. An incompressibility assumption simplifies the
description, but only under highly idealised and axisymmetric conditions is the
behaviour amenable to analytical solution [18]. The preferred description is in
terms of the stream function Ψ. It is natural to consider the ring vortex moving
at velocity v within a static free field, but the stream function solution changes
30
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Table 1. Analytical descriptions of ring vortex properties consistent with the Navier-Stokes equations.
Model (class)

Thin (Lamb) [22]
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Symbols: ρ is the fluid density; R is the ring radius; a is the core radius (see Figure 1); τ = R l where l is the diffusivity scale of the ring’s core; I1 is
the first-order modified Bessel function; 2F2 is the generalized hypergeometric function.

the frame of reference so that the ring is static as the free field passes at velocity
-v. Broadly speaking the analytical solutions can be characterised according to
three particular idealizations, namely:
• spherical vortex ring—Hill [19] describes a steady state solution that assumes
steady flow (inviscid) and uniform distribution of vorticity inside a sphere
(vortex atmosphere) of radius a.
• thick vortex ring—such solutions are identified by a larger core radius to ring
radius ratio (Limit as a/R → 2 ; see Figure 1). These ideal models (e.g.
Norbury-Fraenkel [20] [21], Kaplanski-Rudi [22]) begin by assuming a certain distribution of vorticity (linear, Gaussian). By matching the values of the
integrals of motion of the swept volume to the corresponding values of the
vortex ring, analytical expressions can be obtained.
• thin vortex ring—in contrast to the above, the thin ring approximation is
characterised by a smaller core radius to ring radius ratio (Limit as a/R → 0)
(Lamb [23]). This assumes constant vorticity inside the vortex core, enabling
an analytical expression for the stream function inside the ring cross-section
to be obtained.
Key characteristics are expressed analytically in Table 1. According to Saffman [24] ring core radius (a) is a function of the impulse (characterised by a
temporal parameter T) used to generate the ring;
a = 4vT

(1)
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Figure 1. Typical features of ring vortex generation. A slug of fluid is propelled through an orifice (stroke
length L, stroke time T) and the fluid “rolls up” to create a torus of vorticity that detaches from the wall and
propagates as a ring vortex with velocity v. The ring radius R is derived from the radial coordinate of the
vortex center, identified with the maximum in the distribution of vorticity (approximately Gaussian). The
core radius a is derived from the distribution of vorticity, defining the core as the region where the norma-

ω
≥ 0.05 [25].
ωmax

ω
lized vorticity=

and ring radius (R) is related to the impulsive volume of fluid used to generate
the vortex (characterised by a length parameter L)2:
1

 3R 2 L  3
R = 0 
 4 

(2)

These are important relationships that offer insights to ring vortex behaviour,
with implications for physical phantom design.

2.2. Experimental
The analytical descriptions presented do not include any concept of ring vortex
creation—the mathematics describes only the fluid dynamics once the ring has
been generated. Experimental studies require a mechanism to create the vortex
and this involves propelling a slug of fluid through an orifice. Figure 1 illustrates
this process. The ejected fluid is compelled to swirl around the orifice geometry
to create a torus of vorticity that subsequently detaches from the wall and propagates through the free field. The geometry of the generator is cylindrically
symmetric, although the wall angle θ does not need to be 90 degrees (the experimental results presented in this paper use a wall angle of 45 degrees). In this
study (Figure 2) a single one-half cycle of a low frequency sinusoidal oscillation
(10 Hz) was coupled by way of an audio amplifier [Adafruit 20 W Stereo Audio
The presented formula applies to the non-spherical vortex. The radius according to the Hill model

2

is R = a
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Figure 2. Schematic of the experimental system used in this study. A loud speaker (woofer) provided the mechanism for fluid slug
ejection through a vortex formation chamber created with a 3D printer. A signal generator controlled displacement of the speaker
using an audio amplifier. Smoke ring visualisation used a commercially available fluid consisting of a water/glycerol mixture vaporized with a mini smoke/fog machine. The ring propagated along a path enclosed by a large transparent tunnel—an attempt to
minimise atmospheric disturbances.

Amplifier MAX9744 (USA)] to the displacing membrane of a loud speaker
[Monacor SP-45/8 (Germany)] to propel a slug of fluid through an orifice with
subsequent ring vortex creation and propagation.
For proof of concept purposes the experiment was performed in air, with the
smoke filled generator chamber producing a visible smoke ring that was captured by video camera at 30 frames per second. With an orifice diameter of 1
centimetre, rings were generated at Reynolds numbers of 500, 1000 and 2000 in
the orifice throat. Post processing of the digital video stream enabled salient features of the ring to be measured. Ring size and velocity were used to create plots
of vortex behaviour as a function of time and distance.

2.3. Computational
The experimental system detailed above was simulated using a computational
description. ANSYS Fluent [ANSYS Fluent 16.1 (Canonsburg, PA, USA)] was
used to investigate the behaviour of the vortex ring, avoiding the idealisation
constraints associated with the analytical formulation (see Figure 3).
The geometry modelled was a 2D axisymmetric domain from the vortex generator extending 50 cm in the direction of propagation of the vortex and 10 cm
from the symmetry axis in the radial direction to represent the free field region.
These axial and radial extents of the computational domain were chosen to be
large enough to observe the propagation of the vortex ring over an extended
distance (i.e. protracted time period) and to prevent the lateral and downstream
pressure boundary conditions from affecting the dynamics of the propagating
ring. A structured, mapped mesh of quadrilateral elements was employed, biased
in the radial direction to obtain a high density of elements close to the symmetry
axis, where the greatest velocity gradients would be located. Preliminary sensitivity tests were performed to determine appropriate mesh and time step size to
provide acceptable numerical accuracy. Optimal values were 6.25 × 10−4 m for
the mean size of the mesh elements and 1 × 10−3 s for the time step size. Residuals of 0.1% offered a satisfactory threshold for effective computation.
Boundary conditions included simulation of the ring vortex generator speaker
33
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Figure 3. Example CFD solutions (2D, axisymmetric) demonstrating generation and propagation of a ring vortex at Re = 2000. A
slug of fluid expelled from the narrow channel at the left of the domain proceeds as a vortex ring that propagates to the right. The
images plot vorticity, illustrating complex but stable and predictable flow features.

membrane, with the aim of reproducing the experimental conditions of the
speaker displacement. The time dependent uniform inlet velocity (normal to the
boundary) was of the form
U = U 0 cos ( wt ) for t ≤ T * 4

(3)

U = 0 ( zero velocity ) for t > T * 4

(4)

where t represents time and w refers to the angular frequency of membrane oscillation with period T * . A no-slip condition was imposed on the internal and
external surface of the vortex generator cavity, and zero gauge-pressure was
present on all the other boundaries (free field). The initial condition for the velocity vector field was zero everywhere in the domain. Time to compute flows
over a subsequent 1 second period on a 3.5 GHz PC (6 cores) was 4 hours.

3. Results
Figure 4 compares results obtained using the experimental and computational
approaches to assess the dynamics of vortex motion within the domain. Experimental results are shown in Figure 4(a), Figure 4(c), Figure 4(e), Figure 4(g)
and computational results are shown in Figure 4(b), Figure 4(d), Figure 4(f),
Figure 4(h). Figure 4(a) and Figure 4(b) report the position of the ring as a
function of time, the ring size (2R + 2a) versus time is shown in Figure 4(c) and
Figure 4(d) with the change in ring velocity over time shown in Figure 4(e) and
Figure 4(f). The curves derived from CFD data in Figure 4(d) and Figure 4(f)
are not smooth as a result of spatial discretization. Finer meshes produce
smoother curves at the cost of increased computing time.
The analytical solutions suggest simple relationships between ring size, velocity, time and position as follows;
• ring velocity varies with the reciprocal of time
34
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Figure 4. Experimental and computational results relating to ring vortex position, size, and velocity. The graphs on the left hand of the
page present experimentally measured data. The graphs on the right show directly comparable data obtained by numerical simulation.
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• ring velocity varies exponentially with distance
• ring size can be expected to grow linearly with propagation time
Figure 4(g) and Figure 4(h) illustrate expected linear behaviour (log(velocity)
plot), whereas Figure 5 presents the results of multiple experimental tests to clarify reproducibility of the ring vortex propagation. All experimental data was
captured under the same experimental conditions. These plots show good
agreement with the theoretical predictions and the reproducibility is encouraging. Repeated experimental trials typically produced identical ring behaviour to
within 10%.

Figure 5. Results illustrating reproducibility of ring vortex behaviour with multiple repeated experiments. Each vortex is represented by a different marker shape: ring 1 - o;
ring 2 -•; ring 3 -◊; ring 4 -∆; ring 5 -. Figure 5(a) and Figure 5(b) plot ring velocity
and ring size.
36
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4. Discussion
4.1. Agreement between Experimental and Computational Behavior
The results reported in this study encourage use of the ring vortex as a complex
flow benchmark for imaging. Notably the analytical, experimental and computational analyses of ring vortex behaviour are all in agreement. Key features of the
flow which are well reproduced include:
• Ring diameter (2R) is dependent on swept volume of the piston (i.e. volume
of the slug of displaced fluid)
• Ring core diameter (2a) is dependent on the velocity/energy of the slug of
displaced fluid
• Ring velocity is dependent on slug velocity
• Ring velocity decays approximately exponentially with distance (R2 ≈ 0.99)
The numerical simulations are particularly helpful in confirming that most of
the fluid volume displaced by the piston ( πD 2 L 4 ) is transported into the ring
annulus ( ≈ 2πR ⋅ πa 2 ). A small proportion remains close to the central axis of
the orifice channel (i.e. it remains separate from the core) and, by virtue of inertia, this proportion increases at higher Reynolds numbers (i.e. higher slug velocities). Consequently for a given volume of displaced fluid the core radius decreases for higher displacement velocities. Ring size (R) grows steadily with piston displacement (L) and the kinetic energy of the displaced fluid is largely converted into angular momentum to create the vorticity of the ring core. It is this
that draws the ring through the fluid as it detaches from the wall. Consequently,
the velocity of the piston determines the velocity of the ring. It was Reynolds
[26] who first observed that, contrary to Kelvin’s inviscid description [27], the
volume of the vortex ring atmosphere continually increases due to entrainment
of external fluid and its velocity decreases because its momentum has to be
shared with a greater mass of fluid. Laminar shear combined with viscous losses
is also an important mechanism for dissipation—energy is lost from the ring,
vorticity is reduced, the ring slows and eventually breaks up. A trailing wake
along the central axis of the ring is another feature of its propagation. This becomes increasingly evident and disturbed at high (Reynolds) ring velocities and
is a symptom of ring instability, losses and break up.
Experimental results have been presented for Re = 2000 because the fluid behaviour in this regime (transitional within the throat of the orifice) can be expected to demonstrate greater instabilities/complexities than at Re = 1000 or Re
= 500. Results at Re = 2000 tend to improve at lower Reynolds number, also
confirmed by the CFD data shown in Figure 4(b), Figure 4(d), and Figure 4(f).
Furthermore, Re = 2000 is consistent with blood flow in human vessels in the
presence of pathologies like stenosis [28]. It is also the Reynolds number suggested by the standard EN 61685-IEC 61685:2001 for the design of a flow test
object for Doppler Ultrasound [9].

4.2. CFD Model Assessment
As an additional assessment of the validity of our computational approach, an
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investigation involving reproduction and comparison with the work of Danaila
and Hélie [29] was undertaken. This work considers the influence of the stroke
ratio (i.e. stroke length L) and orifice diameter (D), on the main characteristics
(e.g. topology, dynamics) of laminar vortex rings. Assessment of fidelity included our own independent computation of translational speed and determination of core radius. The former was estimated by tracking the position of the
vortex centre, according to the definition given by Helmholtz [30], whilst the
latter was quantified according to the definition given by Saffman [31]. Our
analyses agreed with Danaila and Hélie to within 1%.

4.3. Application in Medical Imaging Assessment and Simulation
Behaviour
It is important to recognise that flow phantoms set the standards against which
scanner performance is judged, which by implication influences the diagnostic
thresholds that are used to manage the patient treatment pathway. Consequently, poorly calibrated imaging systems adversely impact patient management, although there are no accepted, general imaging, independent standards for complex flow.
The ring vortex represents a reference flow that is both well understood yet
complex, with direct physiological significance (ring vortices are reported to be a
feature of ventricular action and are also associated with valve function [32]).
The work of Toger et al. [33] is a rare example in which a ring vortex was used to
validate 4DMRI interpretation of a specific cardiac flow. More widely (and more
importantly), the ring vortex offers a controlled selection of complex flow features that are fundamental to any disturbed physiological flow. In the context of
a phantom, desirable properties are:
• Predictability (within specified tolerances, the flow can be known at every
point in space and time)
• Reproducibility (the flow is repeatable, it does the same thing every time)
• Controllability (the flow characteristics can be varied in a controlled fashion)
• Stability (the flow is robust and easy to produce; resistant to disturbances)
Critique of the vortex analyses presented here identifies that the analytical solutions are highly idealised, with assumptions that limit the relevance of their
solutions to real world problems (e.g. phantoms). Nonetheless they do offer insight into ring vortex behaviour and are invaluable as a validation tool for numerical analyses (CFD). When the CFD is applied to real experimental geometries, it becomes a predictive tool suited to phantom design and its subsequent
operation. Of course the assumptions associated with CFD modelling may not
translate to effective description of actual ring vortex behaviour, but our experiments show otherwise—despite the proof of concept nature of these experiments
undertaken in air—indicating correlation between theory and experimental behaviours. The vortex in air was chosen since construction of an air based system
was cheap and effective. However, this does not come without compromises—
neutral buoyancy of the visible smoke was lacking; the propagating ring was sen38
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sitive to air currents within its environment despite being enclosed by a tunnel;
smoke ring visibility was limited etc. Nonetheless encouraging controllability,
predictability, reproducibility and stability of this complex flow was obtained,
and there is good reason to anticipate much improved performance in a better
controlled and more refined liquid environment. This opens numerous opportunities for flow phantom development, including the potential for a liquid-based programmable unit capable of delivering repeatable, precomputed
complex flows to MRI, ultrasound and CT. A test object such as this could be
used to generate cyclic flow features, produce accelerating behaviour consistent
with pulsatility, or to deliver precise repeatable eddy formations by virtue of vorticity. All of this can be achieved in a reproducible manner consistent with previously established characterisation (from both theory and experiment). An aspirational goal would be the creation of a system that would present full field,
dynamic and complex known flows at known tolerances to aid diagnostic interpretation of flow imaging data from existing medical imaging systems and to
support novel imaging hardware and software design.
In the wider context of CFD benchmarking, the flexibility of such a flow
phantom also has the potential to exercise and quantify the predictive capabilities (to within defined tolerances) of existing and novel computational approaches, particularly for flows at higher Reynolds numbers where laminar approximations may be insufficient to successfully capture flow behaviour.

5. Conclusion
This paper has reported analytical, experimental and computational behaviour
of the ring vortex. The work demonstrates that this inherently complex flow has
features that are sufficiently predictable, reproducible, controllable and stable to
warrant its consideration as a candidate for a complex flow phantom in medical
imaging. A flow benchmark such as this also has implications for quality assurance of numerical simulation methodologies.
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