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ABSTRACT 

Let G = (V, E) be a simple graph. A set S  V is a dominating set of G, if every vertex in V-S is adjacent to at least one 

vertex in S. Let  be the square of the Path  and let 2
nP nP  2 ,nD P i  denote the family of all dominating sets of  

with cardinality i. Let 

2
nP

   2 ,n nd P i D P i 2 , . In this paper, we obtain a recursive formula for . Using this re-

cursive formula, we construct the polynomial, 

 2 ,nd P i

   2

5

,
n 2 ,n

i
n ni

x d P i x   

 D P , which we call domination polynomial of 

 and obtain some properties of this polynomial. 2
nP

 
Keywords: Domination Set; Domination Number; Domination Polynomials 

1. Introduction 

Let G = (V, E) be a simple graph of order |V| = n. For any 
vertex v  V, the open neighbourhood of  is the set 

  N v u V uv E     and the closed neighbourhood  
of  is the set      N v N v v  . For a set S  V, the  

open neighbourhood of S is  and the     n SN S U N v
closed neighbourhood of S is   N S N S S  . A set S  

 V is a dominating set of G, if N[S] = V, or equivalently, 
every vertex in V-S is adjacent to at least one vertex in S.    
The domination number of a graph G is defined as the 
minimum size of a dominating set of vertices in G and it 
is denoted as 

     

 G . A simple path is a path in which all 
its internal vertices have degree two, and the end vertices 
have degree one and is denoted by . n

Definition 1.1.: Let  be the family of domi-
nating sets of a graph G with Cardinality i and let 

P
 ,D G i

   , ,d G i D G i . 

Then the domination polynomial  of G is 
defined as 

 ,D G x

    
 , ,

V G i
i GD G x d G i x  . 

where  is the domination number of G.  G
Result 1.2. [1]: If a graph G consists of m components 

, then 1, , mG G

     1, , mD G x D G x D G x  , . 

Result 1.3. [1]: Let 1  and  be graphs of order 
 and  respectively. Then 

G 2G
1n 2n

       
   

1 2

1 2

1 2

, 1 1 1

, , .

n nD G G x x x

D G x D G x

     

 

1
 

Result 1.4. [1]: Let G be a bipartite graph with biparti-
tion (X,Y). Then G contains a matching that saturates 
every vertex in X if and only if for all S  V  N S S . 

Result 1.5. [1]: Let G be a graph of order n. Then for  

every 0
2

ni  , we have    , ,d G i d G i 1 . 

Result 1.6. [1]: For any graph G of order n, 
 1G K n  . 
Result 1.7. [1]: For any graph G of order n and 

2n m n  , we have 

  2
1, 2 n mn

d G K m
m n

 
   

 . 

Hence .   1, 2
nnD G K x x x  

Definition 1.8: The Square of a graph with the same 
set of vertices as G and an edge between two vertices if 
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and only if there is a path of length at most 2 between 
them. The second power of a graph is also called its 
Square. 

Let  be the square of the path  (2nd power )with  2
nP nP

n vertices. Let  be the family of dominating   2 ,nD P i
2


sets of the graph  with cardinality i and let nP

   2 2, ,n nd P i D P i . 

We call the polynomial 

   2 2

5

, ,
n i

n nni
D P x d P i x   

   

the domination polynomial of the graph  [2]. 2
nP

In the next section, we construct the families of the 
dominating sets of the square of paths by recursive 
method. 

As usual we use x    for the largest integer less than  

or equal to x and x    for the smallest integer greater 
than or equal to x. Also, we denote the set  
by [n], throughout this paper. 

 1,2, ,n

2. Main Result 

Let  be the family of dominating sets of  
with cardinality i. We investigate the dominating sets of 

. We need the following lemma to prove our main 
results in this section. 

 2 ,nD P i 2
nP

2
nP

Lemma 2.1. [3]:  2

5n
nP     

 By Lemma 2.1 and 

the definition of domination number, one has the follow-
ing Lemma: 

Lemma 2.2.  if and only if i  or   2 ,nD P i   n

5

ni  
  

 . A simple path is a path in which all its internal  

vertices have degree two, and the end vertices have de-
gree one. The following Lemma follows from observa-
tion [2]. 

Lemma 2.3. [2]: If a graph G contains a simple path 
of length 5k – 1, then every dominating set of G must 
contain at least k vertices of the path. 

In order to find a dominating set of , with cardinal-
ity i, we only need to consider 

2
nP

 2
1, 1nD P i  , ,  2

2 , 1nD P i 

 2
3 , 1nD P i  ,   2

4 , 1nD P i 

and . The families of these dominating sets 
can be empty or otherwise. Thus, we have eight combi-
nations, whether these five families are empty or not. 
Two of these combinations are not possible (Lemma 
2.5(i), & (ii)). Also, the combination that 

 2
5 , 1nD P i  

     2 2 2
1 2 3, 1 , 1 , 1n n nD P i D P i D P i          

   2 2
4 5, 1 , 1n nD P i D P i       

does not need to be considered because it implies that 
 2 ,nD P i    (See Lemma 2.5 (iii)). Thus we only need 

to consider five combinations or cases. We consider 
those cases in Theorem 2.7. 

Lemma 2.4.: If  2
6 , 1nY D P i  , and there exists x  

 [n] such that    2 ,Y x D P i n , then 

 2
5 , 1nY D P i  . 

Proof: Suppose that  2
5 , 1nY D P i  . Since 

 2
6 , 1nY D P i  , 

Y contains at least one vertex labeled n – 6, n – 7 or 
n – 8. 

If 6n Y  , then  2
5 , 1nY D P i   , a contradiction. 

Hence n – 7 or n – 8  Y, but then in this case, 
   ,P i 2

nY x D , for any x [n], also a contradiction. 
Lemma 2.5.: 
1) If  

   2 2
1 3, 1 , 1n nD P i D P i       

then 

 2
2 , 1nD P i     

2) If  

 2
1, 1nD P i    ,   2

3 , 1nD P i   

then 

 2
2 , 1nD P i    , 

3) If  

 2
1, 1nD P i    , ,  2

2 , 1nD P i   

 2
3 , 1nD P i    , ,  2

4 , 1nD P i   

 2
5 , 1nD P i    , then   2 ,nD P i  

Proof: 
1) Since    2 2

1 3, 1 , 1n nD P i D P i     

1

, by Lemma  

2.2, 1i n   (or) 
3n  

1
5

i    
 . In either case, we  

have  2 , 1nD P i
2     . 

2) Suppose that  2 , 1i   2
nD P , so by Lemma 2.2,  

we have 1 2i n   or 
2n 

1
5

    
i  If 1 2i n  ,  

then 1i n 3  . Therefore , a con-
tradiction. 

 2
3 , 1nD P i   

3) Suppose that  2 ,nD P i   , Let  2 ,nP iY D . 
Thus, at least one vertex labeled n or n – 1 or n – 2 is in Y. 
If n  Y, then by Lemma (2.3), at least one vertex labeled 
n – 1, n – 2, n – 3, n – 4 or n – 5 is in Y. If n – 1  Y or 
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n – 2  Y, then , a contradiction.    2
1– nY n D P i

  2
2– nY n D P 

, 1

1If n – 3  Y, then  , i  , a contra-  

diction. Now, suppose that n – 1  Y. Then, by Lemma 
2.3, at least one vertex labeled n – 2, n – 3, n – 4, n – 5 or 
n – 6 is in Y. If n – 2  Y or n – 3  Y, then 

 – 1Y n  

 
 2

2 , 1nD P i 

 2
3 , 1nD P i  
 – 1Y n D

 a contradiction. If n – 4  Y, 

then , a contradiction. – 1Y n
If n – 5  Y, then  2

4 , 1nP i  

 – 1Y n D





, a con-  

tradiction 

If n – 6  Y, then  2
5 , 1nP i 

 2 ,nD P i  

 2 ,nD P i  

   2 2
1 2, 1 , 1n nD P i D P    

    2
5 , 1nD P i  





, a con-  

tradiction. Therefore, . 

Lemma 2.6.: If , then 

1)   2
3 , 1nD P i i 

 2 4 , 1nD P i  and  if and only 

if n = 5k and i = k for some k  N; 



2)      2 2
2 3 4, 1 , 1n nD P i D P    

    2
1, 1nD P i

 , 1    2
2 , 1nD P i  

  2
4 , 1nD P i

2 , 1nD P i i 

 2 
 

5 , 1nD P i  then  if and only 

if i = n; 

  

3) , , 2
1nD P i

 2



3 , 1nD P i   ,   

 

,  

 2 , 1D P i  5n , if and only if n = 5k + 2 and  
5 2

5

ki   
2


 for some kN; 

4) , ,   , 1    2
2 , 1nD P i  

  2
4 , 1nD P i

1nD P i

 2 i  



3 , 1nD P  ,   



 , 1    2
2 , 1nD P i  

  2
4 , 1nD P i

, and  

 2 , 1D P i  5n

2D P i

 if and only if i = n – 3. 

5) , ,  1n

 2 , 1i  



3nD P  ,   

  if and only if 

, and  

 2 , 1D P i  5n

1
1 4

5

n i n       
. 

Proof: 
1) () 
Since  

   
   

2 2
1 2

2 2
3 4

, 1 , 1

, 1 , 1 ,

n n

n n

D P i D P i

D P i D P i

 

 

  

    
 



1 1i n 

by Lemma 2.2, 

 or 
2

1
5

ni     
  

If , then  and by Lemma 2.2, 1 1i n  i n

 2 ,nD P i  

So 

, a c on. ontradicti
2

1
5

ni     
, we have   , and since  2 ,nD P i  

2
1

5 5

n ni            
, which implies that n = 5k and i = k 

for some kN. 
 and i = k for some kN, then by Lemma 

2.
() If n = 5k
2,  

   
   

2 2
1 2

2 2
3 4

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  

     
, 

and  2
5 , 1nD P i    . 

 () Since 2)

   
   

2 2
2 3

2 2
4 5

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  

,     
 

by Lemma 2.2, 

1 2i n   or  3
1<

5

ni     
 . 

If 

3
1

5

ni     
 , then 

1
1

5

ni     
  

 2
2 , 1nD P i   

2n
and hence , a contradiction. 

So 1i   . Also, D  2
1, 1nP i    . 

The 1nrefore i  . Therefore i n i n. But . 
H

, then by lemma 2.2, 
ence i = n. 
() If i = n

   
   

2 3

2 2
4 5

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  2 2

     
 

then  2
1, 1nD P i    . 

3) (  1 1nD P 
2 , i) Since    , by Lemma 2.2, 

1 1i n   or 
1n

1
5

i     
 . 

If 1 1i n  , then 1 2i n  , by Lemma 2.2, 

   
   

2 2
2 3

2 2
4 5

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  

,     
 

a contradiction. 

Therefore 
1

1
5

ni     
 . 

But 
2

1
5

ni      
, because .   2

2 , 1nD P i   

2
1

5

ni     
. Therefore 
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So  
Hence, 

2 1
1 1

5 5

n ni            
 . 

ds only if n = 5k + 2 and This hol

5 2
1

5
i k   

k  


, 

for some k  N. 

+ 2 and () If n = 5k 5 2

5

ki     
 for some k  N, 

then by Lemma 2.2, 

1, 1nD P i 2    ,  2
2 , 1nD P i    , 

 2
3 , 1nD P i    ,   2

4 , 1nD P i   

and 

 () Since , by ma 2.2, 

 or 

 2
5 , 1nD P     . i

4)  2
5 , 1nD P i     Lem

1 5i  n  5
1

5  
. 

ni   

Since y Lemma 2.2 2
2 , 1nD P i    , b , 

2n  
1 1i n   . 

5
  

Therefore 
5

1
5

ni     
  is not possible. Therefore  

herefore 1 5 . T 4ni n  i  . 
Therefore 3i n  . 
Since  2

3 , 1nP i  D  , 1 4i n   . 
3i n  . Therefore . H3i n  ence 

() if 3i n   then 
 2.2,  

, 

and 

5) () Since 

By Lemma

 2 , i , 1n 1D P     2
2 , 1nD P i   

 2
3 , 1nD P i    ,   2

4 , 1nD P i   

 2
5 , 1nD P i    . 

 2
1, 1nD P i    ,  2

2 , 1nD P i     

 2
3 , 1nD P i   

ply
, and , then by ap-  

  
 5 , 1nD P i   2

ing Lemma (2.2),

1
1

5
i n    

1
n  

, 
2

1 2n  , 
5

n i     

3
1 3

5

n i n       
, 

3
1 4

5

n i n       
 

and 

3
1 5

5

n i n       
. 

1
1 5

5

n i n       
 

1
1 4

5

n i n       
and hence . 

() If 
1

1 4
5

n i n       
, then the result follows  

from a 2.2. 

Theorem 2.7.: For every   and 

 Lemm

6n
5

n i    
, 

1) If 

   
   

2
1 2

2 2
3 4

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  2

     
 

and 

 2
5 , 1nD P i     

then 

    2 , 3,8, , 7, 2nD P i n n  . 

f 2) I

   
   

2 2
2 3

2 2
4 5

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  

     
 

and 

 2
1, 1nD P i     

then 

    2 ,nD P i n . 

f  3) I

 2
1, 1nD P i    ,  2

2 1nD P    , i , 

 2
3 , 1nD P i    ,  2

4 , 1nD P i     

and 

 2
5 , 1nD P      i

then 

 
   
   

 

   

2

1 2

2
3 1 3

2 2
2 4 3 5

,

3,8, , 4, 2 , , 1

2 , 1 ,

, 1 , , 1

n

n

n n

D P i

n n X n X n

X n X D P i

X D P i X D P i



 

,   

  

   

  


  (2.1) 

4) If  2
3 , 1nD P i    ,  2

2 , 1nD P i    ,  

 2
1, 1nD P i    , 
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then 5) If 

        D P i n x x n    2
1, 1nD P i    , ,  2

2 , 1nD P i   2 , ,n . 

 

 2
3 , 1nD P i    ,  2

4 , 1nD P i    ,  2
5 , 1nD P i     

then 
 

             
                 

2 2 2 2
1 2 3 1 1 2 2 3 3

2 2
4 3 4 3 5 4 4 4 5 5

, , 1 , 2 , 1 , , 1 , , 1 ,

2 , , 1 , , 1 , ,

n n n n

n n

D P i X n X n X n

1

D P i X D P i X D P i

n X X n X X n X X X D P i X D P i

  

 

       

       

  

   
(2.2) 

 
Proof: 
1) Since  

X 

   
   

2 2
1 2

2 2
3 4

, 1 , 1

, 1 , 1

n n

n n

D P i D P i

D P i D P i

 

 

  

  
 

  

and by Lemma 2.6 i) n = 5k, and i = 
k fo

 2
5 , 1nD P i     

r some k  N. 

Clearly the set  has  3,8, , 7, 2n n 
5

 elements. 

By the definition 2

n

 of 3 has joining with 1, 2, 4, 5, 
and  9, 10. There
ers all the vertices up to10for n = 10. P i
w  

nP , 
 7,

, n

 8 has joining with 6, fore 3 and 8 cov-
roceed ng like this, 

e obtain that  3,8, 7, 2n   covers all Vertices 

up to n. The other sets with cardinality 
5

n
 are 

2,7,12, , 3n   4,9, , 1n,   
e s et does 

Therefore 
ing se

etc. In the first set, 
3n   does not cover the vertex n. Th econd s

not cover the vertex 1and so on. 
3,8 , 7, 2n n ,  is the only dominat- 

t of cardinality 
5

n k i  . 

2) We have 

   
   2 2

4 5

1 , 1

, 1 , 1n n

D P i

P i D P i 



  
 

2 2
2

 

and 

3,n nD P i  

 2
1, 1nD P i    . 

 Lemma 2.6 (ii), we have i = n. So,  By

    2 ,nD P i n . 

3) We have  

 2
1, 1nD P i    ,  2

2 1nD P    , i , 

 , 1i    ,  2
4 , 1nD P i     2

3nD P 

and 

 2
5 , 1nD P i    . 

mma 2.6 (iii), n = 5k + 2 and By Le

5 2
1

5

ki k     
 

fo
Since  
r some k  N. 

   2
53,8, ,5 2 ,kX k D P   , k

   2
5 25 2 , 1kX k D P k   . 

Also, if  5 1,k
2X D P k  then 

   2
5 25 1 , 1kX k D P k    

D Therefore, we have 

 

         
     2 , 1P k 

2
2 3 1 3

2 2
2 4 3 5 5 2

3,8 5 2,5 1 , , 1 , 2 , 1 ,

, 1 , , 1

n

n n k

k k X n X n X n X D P i

X D P i X D P i D



  

     

    

   
             (2.3) 

 
Now let . Then 5k + 2, or 5k + 1 is 

in Y. If 5k ma 3, at least one vertex 
beled 5k + 1, 5k or 5k – 1 is in Y. If 5k + 1 or 5k is in Y, 

h

Hence 5k – 1  Y, 5k  Y and 5k + 1  . 
Therefore,  for some

1

 2
5 2 , 1kY D P k 

+ 2 Y, then by Lem
 3,8, ,5 2,5 1Y k k

la
t en 

   2
5 15 2 ,kY k D P k   , 

a contradiction; because  2
5 1,kD P k   . 

 Y
  5 2Y X k   2

5 ,kX D P k ; 

that is    . 
+ 1 Y and 5k + 2  Y. By Lemma 2.3 at least one vertex 
labeled 5k, 5k – 1 or 5k – 2 is in Y. If 5k  Y then 

Now suppose that 5k 

     2
5 , 3,8, 2kP k5 1 ,5Y k D k     , 

a contradiction because 5k  X for all 2
5 ,kX D

k – 1, or 5k – 2 
P k . 

i Y. Therefore 5 s in Y, but 5k
Thus  2

5 1,kX 5 1kY X   for some D P k

So      

. 



A. VIJAYAN, K. L. GIPSON 65

 

           
  

5 2 1

2 2
2 4 3 5

, 1 3,8, ,5 2,5 1 ,

, 1 , , 1

k

n n

D P k k k X

X D P i X D P i



 

   

   

 

  

2

2
5

,

1k

n

D P 
     (2.4

 

2
31 , 2 , 1 ,X n X n X D P i    2 1 3

2 ,

n

k




) 

From (2.3) and (2.4), 
 

   
           

2

2 2 2
1 2 3 1 3 2 4 3 5

, 3,8, , 4, 2 ,

, 1 , 2 , 1 , , 1 , , 1 .

n

n n n

D P i n n

X n X n X n X D P i X D P i X D P i  

  

       



  
 



,  

, 

by a 2.6 (iv) i = n – 1. 
Therefore 

 

4) If 

 2
3 , 1nD P i   

 2
2 , 1nD P i   

 2
1, 1nD P i    , 

 Lemm
        2 ,nD P i n x x  . 

 , 1i    ,  2 , 1D P i   
n

5) 2
1nD P  2n , 

 2
3 , 1nD P i    ,  2

4 , 1nD P i    , 

 , 1nD P i    . 2
5

Let  2
1 2 , 1nX D P i  , so at least one vertex labeled 

n 1. If n – 1, n – 2 r n – 3 X1, 
th

– 1, n – 2 o  or n – 3 is in X
en 

   2
1 ,nX n D P i . 

 2
2 2 , 1nX D P i Let , then n – 2 or n – 3 or n – 4 is 

inX2. 
If n – 2, n – 3 or n – 4  X2, then  

   2
2 1 ,nX n D P  i . 

Now let  2
3 3 , 1nX D P i 

n – 3 or n – 4 or n – 5 
 then n – 3, n – 4 or n – 5 

. If  X3, then  is in X3

   22 ,3 nX n D P  i . 

Now let  2
4 4 , 1nX D P i  , then n – 4, or n – 5 or n 

– 6 is in X4. 
If n – 4  X4, then    2

4 ,nX n D P i . If n – 5  X4, 
then  

   2
4 1 ,nX n D P  i

 X4, then 

. 

If n – 6    24 2 ,nX n D P i  . Thus we 
have 

 

           
                

1 3 1 1 2

4 3 4 3 52 , , 1

n

n X X n X X n X



       
 

 

2 2 2
2 2 3 3

4 5 5

, 1 , 2 , 1 , 1 , , 1

, 1

n nX n X n X n X D P i X D X D P i

X D P i D

       

  

  
(2.5) 

Now suppose that n – 1 Y, n  Y then by Lemma 2.3, 
at least one vertex labeled n – 2, – 3 or n Y. If – 2  

 

 . 

Now suppose that, n – 5 Y & n – 4  Y, then by  

a 2.3 one vertex labeled n – 6, n – 7, in Y. 
If n – 4  Y, then 

2 2 2
4 4 , 1 , ,n n nX D P i X P i  

Lemm

,P i

 n i n 
then 2  for some Y   4 3Y X X n  

2 4 4 , 1nX D P i  ,  2
3 3 , 1nX D P i 

   5 4 1Y X X n    for 

 2
4 4 , 1nX D P i  ,  2

5 5 , 1nX D P i  , 

So 
 

             
                

2 2 2 2

4 3 5 4 5 5, 1 , ,n

D

X i X D P i   
  (2.6) 

From (2.5) & (2.6) 
 

1 2 3 1

4 3

, , 1 , 2

2 , , 1

nD P i X n X n X n X

n X X n X X n

   

  

  

    
 

1 2 2 3 3, 1 , , 1 , , 1n n nP i X D P i X D P i      

2 2
4 4 1nX X D P  

 

             
                  

2 2
2 2 3 3

2 2
4 3 4 3 5 4 4 4 5 5

1 , , 1 , , 1

2 , , 1 , 1 , , 1

n n

n n

D P X D P i X D P i

n X X n X X n X X X D P i X D P i

 

 

    

           
 

 

3. Domination polynomial of 

2
1 2 3 1, , 1 , 2nD P i X n X n X n X      2

1,n i

nP 2  

Let    2 ,
n

n ni
D P x 

  2

5

, i
nd P i x

  

 be the domination  

polynomial of a path In this section, we derive the  

expression for 

2
nP . 

 2 ,nD P x . 
Theorem 3.1. 

a) If  2 ,nD P i  

nality i of 2
nP

is the family of dominating sets with 

cardi , then 
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           2 2 2 2 2 2

1 2 3 4 5, , 1 , 1 , 1 , 1 ,n n n n n nd P i d P i d P i d P i d P i d P i              1

 

here w    2 2, ,n nd P i D P i . 

b) For every 6n  , 
 

          2 2
3 4 5, , ,nP x x D P x 

  2 2
1 2,n n n n nD P x x D D P     

2 2, ,D P x D P x 

 
with the initial values 

 2
1 ,D P x x , , 

3

2

. 

Proof: 
), (iv) and (v) of Theorem 2.7, we 

prove (a) part. 
1) Suppose (i) of The  2.7 holds. 
From (v), we have 

2 1n

Since 

 2 2
2 , 2D P x x x 

 2 3 2
3 , 3D P x x x   , x

D P x2 4 3 2
4 , 4 6x x x x    , 

 2 5 4 3 2
5 , 5 10 8D P x x x x x x    

a) Using (i), (ii), (iii

orem

      2
5 5 5, 1 ,nD P i n X X D i      . P

   2 2
1 2, 1 , 1n nD P i D P i      , 

   2 2
3 4, 1 , 1n nD P i D P i       

   2 2
2, 1 , 1nD P i D P i  1n

   2 2
3 4, 1 , 1 0n nD P i D P i      

Therefore    2 2
5, ,n nD P i D P i 1  . 

Therefore    2 2
5, ,n nd P i d P i 1  . 

Therefore, in this case 1  holds. 
2) Suppose (ii) of Theo
From (v), we have 

  2 2
5, ,n nd P i d P i 

rem 2.7 holds. 

        2 2
1 1 1, ,n nD P i n X X D P i     1 . 

Since    2 2
1 3, 1 , 1n nD P i D P i      

   2 2
4 5, 1 , 1n nP i D P i D       

   2 2
2 3, 1 , 1 0n nD P i D P i     

   2 2
4 5, 1 , 1n nD P i D P i  0     

Therefore    2 2
1, , 1n nD P i D P i   

re    2 2, , 1d P i d P iTherefo 1n n

0  

 . 

ore, In this case 1  holds. 

3) Suppose (iii) of Theorem 2.7 holds. 
From (v), we have 

 

Theref   2 2
1, ,n nd P i d P i 

                 

           
2

2 3 4 3 4 3

2 2 2 2
5 4 2 2 3 3 4 5

, 1 , 2 2 , ,

1 , 1 , , 1 , 1 and

n

n n n n

D P i n X n X X X n X X n

X X n X D P i X D P i i X D P i   

     

       

     


. 

 
Since 

4 5, , 1X D P 

,

 2
1 , 1nD P i    ,  2

1 , 1 0nD P i   . 

Therefore  

     
   

2 2 2
2 3

2 2
4 5

, , 1 ,

, 1 , 1

n n n

n n

D P i D P i D P i

D P i D P i

 

 

  

Therefore 

   2 2, , 1d P i d P i 

  2 2
3 4, 1n nd P i d P  

 d

2

2
5

, 1

, 1 .

n n

n

i

P i





   



. 

1

 



 
. 

4) Suppose (v) of Theorem 2.7 holds. 
From (v), we have 

 

                     
         

   

2
1 2 3 4 3 4 3

2 2 2
5 4 1 1 2 2 3 3

2 2
4 4 5 5

, , 1 , 2 , 2 , ,

1 , 1 , , 1 , , 1 ,

, 1 and , 1 .

n

n n n

n n

D P i n X n X n X X X n X X n

X X n X D P i X D P i X D P i

X D P i X D P i

  

 

    

       

   

      

  

 
Therefore  
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           2 2 2 2 2 2
1 2 3 4 5, , 1 , 1 , 1 , 1 ,n n n n n nD P i D P i D P i D P i D P i D P i            1 . 

 

Therefore 
 

          2 2 2 2 2 2
1 2 3 4 5, , 1 , 1 , 1 , 1 ,n n n n n nd P i d P i d P i d P i d P i d P i               1 . 

 
Therefore, we have the theorem. 
b) 

 

           2 2 2 2 2 2
1 2 3 4 5, , 1 , 1 , 1 , 1 ,i i i i i

n n n n n nd P i x d P i x d P i x d P i x d P i x d P i x               1 i

          2 2 2 2 2 2
1 2 3 4 5, , 1 , 1 , 1 , 1i i i i i

n n n n n nd P i x d P i x d P i x d P i x d P i x d P i x                 1 i,

       
   

2 2 1 2 1 2
1 2 3

2 1 2 1
4 5

, , 1 , 1 ,

, 1 , 1

i i i
n n n n

i i
n n

d P i x x d P i x x d P i x x d P i x

x d P i x x d P i x

 
  

 
 

        

     
 

11 i

       
   

2 1 2 1 2
1 2 3

2 1 2 1
4 5

, 1 , 1 ,

, 1 , 1

i i i
n n n

i i
n n

x x d P i x d P i x d P i x

d P i x d P i x

 
  

 
 

      
    

 

11 i2 ,nd P i

           2 2 2 2 2
1 2 3 4 5, , , ,n n n n n nx D P x D P x D P x D P x D P x    

        2 ,D P x ,

 
ith the initial values 



3

2

We obtain  for 1 ≤ n ≤ 10 as shown in Table 
1. 
 
Table 1. 

w In the following Theorem, we obtain some properties 
of    2 2 2

1 2, , ,D P x x D P x x  2x , 

 2 3 2
3 , 3D P x x x x    

 2 4 3 2
4 , 4 6D P x x x x x    , 

 2 5 4 3 2
5 , 5 10 8D P x x x x x x     . 

2 ,nd P i

 ,nd P i2 , the number of dominating set of nP 2  with 

cardinality i. 

i 1 2 3 4 5 6 7 8 9 10

n           

1 1          

2 2 1         

3 3 3 1        

4 2 6 4 1       

5 1 8 10 5 1     

18 15 

8 27 33 21 7 1    

6 34  

93 114 82 36 9 1  

10 0 1 34 126 206 196 118 45 10 1 

 

6 0 9 6 1     

7 0 

8 0 60 54 28 8 1  

9 0 3 37 

 2 ,nd P i  
Theorem 3.2. The following properties hold for the 

coefficients of  2 ,nD P x ; 

1)  , 12
5nd P n   for every n  N. 

2)  2 , 1nd P n   for every n  N 

3)  2 , 1nd P n n   for every 

4) 

2n   

   2 1
, 2

2n
n n

d P n


   for every 

5) 

3n  

 2
3, 3 2nd P n nC    for every 

6) 

4n   

   4, 4 2 6nd P n nC n2      for every 

7) 

5n   

 2
5 1 , 1nd P n n  

Proof: 

 for every n  N. 

 Since1)     2
5 , 3 , ,nD P n k,8 5 2  , w av  e h e 

 2
5nd P n, 1 . 

2) Since     2 ,nD P n n , we have the result 

 Since3)          2  , 1nD P n n x x n  , we have 

 2 , 1nd P n n  . 

uction on n. The result is true for n 4) By ind = 3. 
 .H . ,1 3P2

3L .S d  (f m table) ro 

3 2
R.H.S 3

2

    

e fo , t result is true fo  = 4
Now suppose that the result is true for all numbers less 

than “n  a  we pro it f . 
By Theorem 3.1, 

 
 

Th re re he r n . 

” nd ve or n

Copyright © 2013 SciRes.                                                                                OJDM 



A. VIJAYAN, K. L. GIPSON 68 

     
   
 

 
  

 

2 ,n
2

1 , n
2

n2

3 4

, 3

3 ,

2 1

2 2
.

2 2 2

n

n

P n P d P

n

n n
n

n

  

 

 


   

 
 

2 2
n nP 2

5 ,n

2 2

2
13 4 2 n nn n n n    



2 3 

, n  3 3

1 2  

d d n 

d d P d P

5) By induction on n. The result is true for n = 4. 

 2
4L.H.S ,1 2d P   (from table) 

 2
4

4 3 2
R.H.S ,1 2

6
d P  

    

ow suppose the 
re

 

Therefore the result is true for n = 1. N
sult is for all natural numbers less than n. 
By Theorem 3.1, 

          
  


       

         

    

2 2
1, 3 , 4n nn d P   

 

2 2 2 2
2 3 4 5

2

2 3 2

, 4 , 4 , 4 , 4

3 1 2
2 3 1

1 2 3 3 2 3 6 3 12 6

2 6 6 3 4 6 6
6

1
6 6 3

6 6

n n n nd P n d P n d P n d P n d P n

n n n n
n

n n n n n n

n n n n n

n n

          

   
   

           

                 

     2 12n  

 

 
6) B  indu n on n. Let n = 5 

 (from
 

31
2 3n n n  

1 2n 
 

6 2
1

6
1 1

 

3 2  6

y ctio
 2

5L.H.S ,1 1d P   table) 

      5 4 3 2
2 5

  
  1 2

R.H.S 6 6 5 4 1
1 2 3 4 1 2 3 4

n n n 
     

     
 

 
Therefore the result is true for n =1. 
Now suppose that the result is true for all natural numbers less than or equal to n. 

 

3
2

n
n


 

           
                

              

      

2 2 2 2 2 2
1 2 3 4 5, 4 , 5 , 5 , 5 , 5 , 5

1 2 3 4 2 3 4 3 4
2 1 6 2 4 1

24 6 2
1

1 2 3 4 12 2 3 4 24 4 4 2 3 4 48 192 48 24
24
1

2 3 4 1 4 12 4
24

n n n n n nd P n d P n d P n d P n d P n d P n

n n n n n n n n n n
n n

n n n n n n n n n n n n

n n n n n

              

        
       

                    

         

       

       

       2 3 2

4 2 3 3 2

3 2 48 168

1
2 3 4 3 12 4 1 48 168

1
4 2 12 1 48 168

24
1 1

4 2 9 12 12 48 4 9 2 18 36 156
24 24
1

8 72 36 156

n n

n n n n n n n

n n n n

n n n n n n n n n n

n n

    

         

         

                     

    

24 

3 3n n  

9 2 18 4 36
24

n n n n n n      



4 3 21
6 11 54 144

24
n n n n     

 

 
7) From the table it is true. 
Theorem 3.3. 

1)    5 5 52 2

2
, 5 , 1

n n
i ii n id P n d P n

 
    

2) For every 
5

nj     
,

      2 2 2
1 5, 1 , 1 ,  ,n n nd P j d P j d P j d P j       2  n

3) If  2

5

,
n

n nni
S d P   

  j , then for every n ≥ 6,  

 
1 2 3 4 5n n n n n nS S S S S S          with initial values S1  
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= 1, S2 = 3, S3 = 7, S4 = 13 and S5 = 25. 
Proof: 

1) Proof by induction on n 
First suppose that n = 2 then, 

 

   
           

        

10 52 2
2

5 5 5 5 5 52 2 2 2 2 2
1 2 3 4 5

5 1 5 1 5 12 2 2 2
1 2 3 41 1 1

, 2 45 5 ,1

, , 1 , 1 , 1 , 1 ,

5 , 2 5 , 2 5 , 2 5 ,

i ii i

k k k k k k
i i i i i ii k i k i k i k i k i k

k k k
i i i ii k i k i k

d P d P

d P k d P k d P k d P k d P k d P k

d P k d P k d P k d P k



         

  
        

 

        

       

 
     
        

 

5 1 5 1 2
51 1

5 5 2
1

2 5 , 2

5 , 1

k k
ii k i k

k
ii k

d P k

d P k

 
   



 

 

 

 


 
1

 
We have the result. 
2) By Theorem 3.1, We have 

 

           
            

       

2 2 2 2 2 2
1 1 2 3

2 2 2 2 2 2 2
4 1 1 2 3 4

2 2 2 2
1 5

, 1 , 1 , , , ,

, , , , , ,

, 1 , 1 , ,

n n n n n n

n n n n n n n

n n n n

d P j d P j d P j d P j d P j d P j

d P j d P j d P j d P j d P j d P j d P j

d P j d P j d P j d P j

   

      

 

      

      

    

 5 ,

 
ave the result 

y theorem (3.1), we have  
 

Therefore we h
3) B

 

         

       

2

5

2 2 2 2
1 2 3 4

5

1 1 12 2 2 2
1 2 3 4

1 1 1 1
5 5 5 5

,

, 1 , 1 , 1

, 1 , 1 , 1 , 1

n nni

n
n n n n nni

n n n n
n n n nn n n ni i i i

S d j

S d P j d P j d P j d P

d P j d P j d P j d P j

   

      

   
                               

        

       



    

2
5, 1 , 1nj d P j  

n P 

1 1 2
5

1
5

1 2 3 4 5

, 1

.

n
nni

n n n n n n

d P j

S S S S S S


    

    

 

    

 

. 
4. Conclusions 

 [2], the domination polynomial of path was studied 
n mportant property,  

1

It is interesting that we have derived an analogues re-
lation for the square of path of the form 

In
a d obtained the very i

    2 2 2
1, , 1n n ni d P i d P      2

2 3, 1 ,nd P i d P i  . 

      
   

2 2 2 2
1 2 3

2 2
4 5

, , 1 , 1 ,

, 1 , 1

n n n n

n n

d P i d P i d P i d P i

d P i d P i

  

 

    

   
 
1

 of the polynomial 
ey are real or complex. 

Another interesting character r to be investigated is 
whether 

One can characterise the roots
 2 ,nP x  and identify whether thD

 2 ,nD P x  

S. Alikhani and 
nomial of 

S. Alikhani an
Domination Poly
of Mathematics 
2009, Article ID

G. Chartand an
y,” McGraw-Hill,

is log concave are not. 
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