Natural Science

Vol.2, No.12, 1375-1385 (2010)
doi:10.4236/ns.2010.212168

Modifed pennes' equation modelling bio-heat transfer in
living tissues: analytical and numerical analysis
Ahmed Lakhssassi1, Emmanuel Kengne1*, Hicham Semmaoui2
1

Laboratoire d'Ingénierie des Microsystèmes Avancés, Département d'informatique et d'ingénierie, Université du Québec en Outaouais, Gatineau, Canada; *Corresponding Author: kengem01@uqo.ca
2
Electronic Engineering Department, University of Montreal 2900 Chemin de la tour Montreal Qc H3C3A7, Montreal, Canada
Received 20 September 2010; revised 25 October 2010; accepted 28 October 2010.

ABSTRACT
Based on modified version of the Pennes'
bio-heat transfer equation, a simplified onedimensional bio-heat transfer model of the living tissues in the steady state has been applied
on whole body heat transfer studies, and by
using the Weierstrass' elliptic function, its corresponding analytic periodic and non-periodic
solutions have been derived in this paper. Using
the obtained analytic solutions, the effects of
the thermal diffusivity, the temperature-independent perfusion component, and the temperature-dependent perfusion component in
living tissues are analyzed numerically. The results show that the derived analytic solution is
useful to easily and accurately study the thermal behavior of the biological system, and can
be extended to applications such as parameter
measurement, temperature field reconstruction
and clinical treatment.
Keywords: Bio-Heat Transfer Equation;
Pennes' Modified Equation; Weierstrass' Functions;
Jacobi Elliptic Functions

1. INTRODUCTION
The effects of blood flow on heat transfer in living
tissues have been examined for more than a century,
dating back to the experimental studies of Bernard in
1876 [1]. Since that time, mathematical modelling of the
complex thermal interaction between the vasculature and
tissue has been a topic of interest for numerous physiologists, physicians, and engineers. It is a very difficult
task to establish an appropriate physical model for the
heat transport in the human body. The first quantitative
relationship that described heat transfer in human tissue
and included the effects of blood flow on tissue temCopyright © 2010 SciRes.

perature on a continuum basis was presented by Harry H.
Pennes, a researcher at the College of Physicians and
Surgeons of Columbia University [2]. His landmark paper, which appeared in 1948, is cited in nearly all research articles involving bio-heat transfer [3-10]. Appropriately, the equation derived in this paper is often
referred to as the “traditional” or “classic” or “Pennes”
bio-heat equation. The general form of Pennes’ bio-heat
equation is [7]

c

T
=   k T   wb cb Ta  T   qm ,
t

(1)

where  , c , and k are the density (kg/m3), the specific heat  J  kg.K   , and the tissue thermal conductivity W  m.K   , respectively; wb is the mass flow
rate of blood per unit volume of tissue Kg s.m3 ;
cb is the blood specific heat; qm is the metabolic heat
3
generation per unit volume W m ; Ta represents
the temperature of arterial blood  K  ; T is the temperature rise above the ambient level; T t is the rate
of temperature rise. Here, we need to know the arterial
blood temperature Ta . Pennes compressed all of the
perfusion information into the term wb cb T  Ta  . He
checked the validity of this approximation by comparing
temperatures predicted by his equation with experimentally measured temperatures in the human forearm. In
his approach, the blood perfusion term wb was adjusted
until the predicted temperatures agreed well with the
measured temperatures. To facilitate the solution of the
equation, the added blood perfusion term to account for
perfusion heat transfer is linear in the temperature.
Pennes’ primary premise was that energy exchange
between blood vessels and the surrounding tissue occurs
mainly across the wall of capillaries (blood vessels with
0.0054-0.015 mm in diameter) [7], where blood velocity
is very low. He assumed, therefore, that the thermal contribution of blood can be modelled as if it enters an
imaginary pool (the capillary bed) at the temperature of
major supply vessels, Ta , and immediately equilibrates
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(thermally) with the surrounding tissue. Thus it exits the
“pool” and enters the venous circulation at tissue temperature, T . He postulated therefore, that the total energy exchange by the flowing blood can be modelled as
a nondirectional heat source, whose magnitude is proportional to the volumetric blood flow and the difference
between local tissue and major supply arterial temperatures.
Boundary conditions are obtained from
k T n = h Tout  T  , where Tout is the environmental
temperature, and h is the heat transfer coefficient. The
main assumption of this model is that blood enters the
local tissue with the body core temperature and leaves it
with the local tissue temperature. Hence, convective heat
flow can be described by the temperature difference
T  Tb and an empirical transfer coefficient cb wb [11].
The mathematical model for heat transfer in tissue
used to estimate tissue temperature profiles for each experiment based on tissue temperature measurements just
before the animals were killed [12] was based on
one-dimensional bio-heat equation that describes heat
transfer in tissue [2] and was modified to account for
temperature-dependent variability in tissue perfusion
[13,15]. The model defines local tissue temperature
T  x, t  as
T  Ta 
T
 2T 
=  2  0  1
 Ta  T  ,
Ta 
t
x


(2)

T  x  = T0 
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d x; g 2 , g3 
dx



2. ANALYTIC SOLUTIONS
For analytic solutions, we suppose the input temperature Ta of arterial blood to be constant. The steadystate condition is T t = 0 and the MPBH Eq.2 becomes
T   0 
  21

d 2T
T a 1
= 1 T2  0
.
2
 Ta


dx

(3)

Clearly, Eq.3 is a second-order nonlinear ordinary
differential equation. If we multiply both sides of this
equation by dT dx and integrate the resulting equation,
we obtain
2

where T is the local tissue temperature, t is the time,
x is distance from the heated surface, Ta is the input
temperature of arterial blood,  is the thermal diffusivity, 0 is the temperature-independent (basal) perfusion component, and 1 is the temperature-dependent
(vasodilation and angiogenesis) perfusion component.
Eq.2 is a nonlinear version of the Pennes bio-heat transfer equation (temperature-dependent perfusion). Several
simulations reveal that the temperature at the steady state
is significantly higher with a temperature-dependent perfusion. Throughout this paper, Eq.2 will be referred to as
the “modified” Pennes bio-heat (MPBH) equation.
Generally, the complexity of the nonlinear bio-heat
transfer equations makes it difficult to obtain their analytic solutions. Many nonlinear equations can only be
solved by numerical methods. However, analytic solutions of these equations, if attainable, are of important
significance in the study of bio-heat transfer because
they can accurately reflect not only the actual physical
R T0 

feature of equations but also be used as standards to verify the corresponding results of numerical calculation. In
this paper, the derivation of analytic solution for onedimensional steady-state model of living tissue is conducted by adopting the applicable nonlinear bio-heat
transfer equation. The rest of the paper is organized as
follows. In section II, we present analytic solutions of
the MPBH Eq.2 in the steady state. The effects of the
thermal diffusivity, the temperature-independent perfusion component, and the temperature-dependent perfusion component are discussed in section III via numerical computation. The main results are summarized in
section IV.

 dT 
3
2

 = 4  T  6 T  4 T   = R T  ,
 dx 

where

=

1

6 Ta

,  =

0  21 
6

,  =

1  0  Ta
2

(4)

, (5)

 being a constant of integration. The integration constant  plays the role of a control parameter. Eq.4 with
the coefficients (5) is an elliptic ordinary differential
equation and admits various periodic and solitary wave
solutions, some of which can be found in Ref. [14,16].
As is well known [17,18] the solution T  x  of Eq.4
can be written as
T  x  = T0 

R T0 
1


4  x; g 2 , g3   R T0  
24



,

(6)

where T0 is a simple nonnegative root of R T  and
the prime denotes differentiation with respect to T . The
general solution T  x  of Eq.4 is [17,18]

R' T0  
1
 1
 x; g 2 , g3   R'' T0   
R T0  R''' T0 

2 
24
 24
2

1
1


2  x; g 2 , g3   R'' T0    R T0  R'''' T0 
24

 48

,

(7)
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where T0 is a real constant, not necessarily a zero of
R T  . The invariants g 2 and g3 of Weierstrass’ elliptic function  x; g 2 , g3  are related to the coefficients of R T  by the relations [19]
g 2 = 4   3 2 , g3 = 2    3   2 .

the mathematical conditions. For the clinical condition,
we only need the boundedness and nonnegativity of
T  x  on some segment  0, X 0  . Indeed, if X 0 is the
maximal distance from the heated surface, i.e., x  X 0
in Eq.2, and if T  x  is nonnegative and bounded on
the segment  0, X 0  , then we say that the clinical condition is valid.
Note: It should be noted that, in the case where
 > 0 , the polynomial P  s  = 4 s 3  g 2 s  g3 cannot
have a double root. Hence solution (14) contains neither
a trigonometric nor a hyperbolic solution.
For the plot of this subsection we employed the thermal properties of tissue and blood based on Ref. [24].
The density of tissue is 1050 kg/m3, both specific heat
capacity of tissue and blood are 3770 J/kg.°C, and the
thermal conductivity of tissue is 0.4 W/m.°C. In addition,
the arterial temperature is 37°C. With these data, we
compute  and 0 . The temperature-dependent perfusion component 1 with be chosen properly.
Figure 1 shows the temperature profile along the distance from the heat source. For the curves of this figure,
we used the periodic solution (14) with 1 = 6.449 
103 s 1 . With this value of the temperature-dependent
perfusion component, polynomial R T  admits three
different roots: T0 = 38, T0 = 35.634 , and T0 = 33.268 .
These values of T0 are used for plot (a), (b), and (c),
respectively. Here, the free parameter  has been taken

(8)

The discriminant (of  and R [19])
 = g 23  27 g32 ,

(9)

is suitable to classify the behavior of T  x  . The conditions
  0 or  = 0, g 2 > 0, g3 > 0

(10)

lead to periodic solutions [20], whereas the conditions
[21]
 = 0, g 2  0, g3  0

(11)

are associated with solitary wave-like solutions. We are
interested in real, bounded, and nonnegative solutions
T  x  . Based on form (6) for the solution T  x  , we list
in what follows some interesting particular solutions of
Eq.4 that cannot be found in Ref. [14].

2.1. Case  > 0
If  > 0 , Weierstrass’ function  can be expressed
as [21]
e1  e3
(12)
 x; g 2 , g 3  = e3 
,
2
e1  e3 x, m
sn





as  

(13)

Substituting Eq.12 into Eq.6 yields [23] (14).
For the boundedness of solution (14) we must have
either
2e3  2  T0    0 or 2e3 < 2 T0   < 2e1 . (15)
It is easily seen that if conditions (15) are satisfied
then  2e3  2 T0    sn 2 e1  e3 x, m  2  e1  e3  > 0
for every x , so that the bounded solution (14) will be
nonnegative if, and only if, its numerator is nonnegative,
i.e., if either (15).
Thus, Eqs.15 and 16 are boundedness and nonnegativity conditions, respectively, of solution (14). These are



T  x =



 4 T

2
0

 6a

2



 4a 3  1 Ta20

, with a 

37

 

 2e3T0  5 T0  2 sn 2

 2e3  2 T0    sn 2 

2



e1  e3 x, m  2  e1  e3  T0



e1  e3 x, m  2  e1  e3 





.

4 T02  2e3T0  5 T0  2  0 and T0  0 or0 <  4  T02  2e3T0  5 T0  2 < 2  e1  e3  T0 .
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 . As

3 1

2
6 a
the plots of Figure 1 show, the temperature response is a
steady periodic oscillation. The response temperature
oscillates around the temperature T0 . We then set up the
following question: It is true that the response temperature (14) will be always maintained almost at the input
temperature of arterial blood Ta C if T0 is a positive
root of polynomial R T  so that T0  Ta  0?
As we can see from Figure 2, the answer to the above
question is negative! Figure 2 is obtained with the same
parameters as in Figure 1 , bu t with 1 = 0 and
 = 456.330  . With these values of parameters, we
solved the equation R T  = 0 and as positive roots, we
obtained T0 = 36.99 C and T0 = 37.058 C . Plot (a)
corresponds to T0 = 36.99 C, while plot (b) is obtained
using T0 = 37.058 C. These two plots show that although T0 is almost equal to the input temperature of

where sn  x, m  denotes the Jacobi elliptic sine function with modulus m [14,22], m =  e2  e3   e1  e3 
and e1  e2  e3 being the roots of the equation
4s 3  g 2 s  g3 = 0.

137
1377

(14)

(15)
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(a)

(a)

(b)

(b)

Figure 2. Temperature profiles along the distance x (in mm)
from the heat source when using the same parameters as in
Figure 1, but with 1 = 0 and  = 456.330  . The
curves of this plot correspond to solution (14) with
T0 = 36.99 C (a) and T0 = 37.058 C (b).

arterial blood Ta C , the response temperature corresponding to solution (14) oscillates far from Ta .
An obvious analysis of Eq.14 allows us to make the
following conclusion: In order that the response temperature corresponding to the periodic solution (14)
should be maintained at almost the input temperature of
arterial blood Ta C , it is necessary and sufficient that
T0  Ta



1 and

2   3 T0  3 T02
(c)

Figure 1. Temperature profiles along the distance x (in mm )
from the heat source when  = 1.2631 107 W/J/m 2 ,
0 = 4.7619  104 s 1 , Ta = 37 C, and 1 = 6.449  103 s 1.
The curves of this plot correspond to solution (14) with
T0 = 38 C (a), T0 = 35.63 C (b), and T0 = 33.268 C (c).
Copyright © 2010 SciRes.

  2e  2 T
1

0

 

1.

(17)

For example, if we use the same parameters as in Fig.
1 but with 1 = 0.12898 s-1 and a  270.86 , we compute the roots T0 of R T  and find T0 = 37.05 C ,
T0 = 36.932 C , and T0 = 36.813 C . Only one of these
values of T0 , namely T0 = 36.813 C, satisf ies both
conditions (15) and (16). With T0 = 36.813 C we have
Openly accessible at http://www.scirp.org/journal/NS/
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T0  Ta = 36.813  37 = 0.187
and



2   3 T0  3 T

2
0

Thus, T0 = 37.05 satisfies conditions (17), but
T0 = 36.932 does not satisfy this condition. Thus for
T0 = 37.05 the response temperature is maintained at
almost the input temperature of arterial blood Ta C (see
Figure 3(a)), while for T0 = 36.932 , the response temperature is not maintained at almost the input temperature of arterial blood Ta  C (see Figure 3(c)). Figure
3(b) shows that condition T0  Ta is not a sufficient
condition for the response temperature to be maintained
at almost the input temperature of arterial blood Ta  C.

 = 0.23838,

2e1  2 T0  
and conditions (17) are satisfied. We then conclude
that for T0 = 36.813 C, the response temperature will
be maintained at almost the input temperature of arterial
blood Ta  C. This is confirmed by Figure 3.
T0 = 37.05 C and T0 = 36.932 C satisfy the clinical condition as one can see from Figure 3(a) and 3(c)
where we used T0 = 37.05 C and T0 = 36.932 C,
respectively. For these T0 = 37.05 C and T0 = 36.932 C
conditions (17) read
T0  Ta = 37.05  37 = 0.05
and



2   3 T0  3 T02
2e1  2  T0  

2.2. Case  < 0
In the present case, we express Weierstrass’ function
 as [21]

 = 0.23503

 x; g 2 , g3  = e2  H

and
T0  Ta = 36.932  37 = 0.068
and



2   3 T0  3 T02
2e1  2  T0  

T  x =

137
1379


1  cn  2

,
H x, m 

1  cn 2 H x, m

(18)

where m = 1 2  3e2 4 H , H 2 = 3e22  g 2 4, and cn  x, m 
is the Jacobi elliptic cosine function with modulus m . If
we insert expression (18) into Eq.6 we obtain

 = 46.462.


 2 T  2 H    2e  cn  2


H x, m   2 H  2e

 2 H  5  2e2  T0  4 T02  2  cn 2 H x, m  2  4 T02   2 H  5  2e2  T0
0

2

2

or

 2 H  5  2e2  T0  4 T02  2

(19)

(21)

For the mathematical positivity of solution (19) it is
necessary and sufficient that one of the following conditions should be satisfied:
1) Condition (20) is satisfied, moreover,

(20)

2  4  T02   2 H  5  2e2  T0

.

 2 H  2e2  2 T0    2 T0  2 H    2e2  < 0
and 4 H  2  T0  2 H    2e2  < 0.

For the mathematical boundedness of solution (19) it
is necessary and sufficient that either

 2 H  2e2  2 T0    2 T0  2 H    2e2  > 0
and 2  2e2    2  T0  2  T0  2 H    2e2  > 0

 2  T0  

>0

4  8 T02  2T0  5  2e2 

 2 H  5  2e2  T0  4 T02  2

> 0,

(22)

and

 2 H  5  2e2  T0  4 T02  2
2 T0  2 H    2e2

> 0,

(23)

2) Conditions (21) and (23) are satisfied and
2  4  T02   2 H  5  2e2  T0

 2 H  5  2e2  T0  4 T02  2

3) Condition (23) is violated when either conditions
(20) and (24) are satisfied or conditions (21) and (22) are
satisfied.
Figure 4 shows the plot of the response temperature
along distance x from the heated surface. Here we
Copyright © 2010 SciRes.

<0

4 HT0
< 0,
2
2
H
5
2
e




2  T0  4  T0  2

(24)

used the same parameters as in Figure 1, but with different values of the temperature-dependent perfusion
component 1 : 1 = 7.119  104 s - 1 for plot (1),
1 = 6.5086 104 s-1 for plot (2), and 1 = 6.3492  104s-1
for plot (3). For all these plots, we used  = 0 and
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(a)

Figure 4. Plot of the response temperature along distance x (in
mm) from the heated surface for the same parameter values as in
Figure 1, but with different values of 1 : 1 = 7.119  104 s 1
(1), 1 = 6.5086  104 s 1 (2), and 1 = 6.3492  104 s 1 (3).

T0 = 0 in Eq.19. The curves of this figure show that for
the same value of T0 = 0 , the maximal value of the response temperature increases as the temperature-dependent perfusion component 1 decreases.

2.3. Case  = 0
Solving equation  = 0 with respect to  , we obtain
 03
13 120  36 2Ta2


.

3
54 3 36 3  12
 108

(b)

 = 

Inserting this expression for  in the expression for
g3 , we find that

03
,
213 3

g3 =

which is always positive. Hence in the case where
 = 0 , Weierstrass’ function  x; g 2 , g 3  can be expressed by trigonometric functions [21] and (6) reads
R  T0  sin 2

T  x  = T0 
12e1 

24e1  R  T0 
6

Copyright © 2010 SciRes.

sin

2

3
e1 x
2

, if 0  0,

(25)

(c)

Figure 3. Plot of the response temperature along the distance
x (in mm ) from the heat source with the same parameter
values as if Figure 1 but, with 1 = 0.12898 s-1 and
a  270.86 . The roots T0 = 37.05 C , T0 = 36.932 C , and
T0 = 36.813 C have been used for curves (a), (b), and (c),
respectively.

3
e1 x
2

and
T  x  = T0 

6 R  T0 

24  R  T0  x 2

, if 0 = 0, and T0 < Ta , (26)

where e1 = 3 g3 2 in Eq.25, and T0 is a simple root
of R T  .
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In Figure 5 we plot the response temperature T  x 
along the distance from the heated surface for the same
parameters as in Figure 1 but with different values of
1 : 1 = 1.7619  102 s-1 for plot (a), 1 = 4.7619  105
s-1 for plot (b), and 1 = 1.6668  10 3 s-1 for plot (c).
For plots (a), (b), and (c) we used T0 = 37.7 C,
T0 = 38.85 C , and T0 = 36.5 C, respectively. Plots (a)
and (b) correspond to solution (25), while plot (c) corresponds to solution (26).

3. NUMERICAL COMPUTATION
For the numerical computation of the nonlinear heat
transfer Eq.2 we use the the Crank-Nicolson method, as
it is stable and accurate to second order in space and
time [25]. The accuracy of our numerical computations
is checked by testing different time and space steps. The
variables t and x are measured in units of time and space,
respectively. In this study, we consider the input temperature Ta of arterial blood as an x-dependent quantity.
This input temperature is chosen among the steady-state
solutions obtained in the previous section. Any other
coefficient in Eq.2 is considered to be constant. We consider that the initial time is t0 = 0 and distance x from
the heated surface is comprised between 0 and X 0 so
that the smallest x distance is x0 = 0; furthermore we
designate by  and h the time step and the x step,
respectively, so that t will be incremented by  and
x by h . We denote by T jn the numerical value of the
temperature at point  x j , tn  : T jn  T  x j , tn  , where
tn = n and xn = jh . Using Ta  x  as the input temperature, at t = 0 , T  x, 0  is set the same as Ta  x  .
According to the Crank-Nicolson method, we use

(a)

(b)

n 1
n
T T j  T j
=
;

t
(27)
n
n
n
n 1
n 1
n 1
 2T 1  T j 1  2T j  T j 1 T j 1  2T j  T j 1 

= 
.
h2
x 2 2 
h2


Inserting Eq.27 into Eq.2, we obtain




1 
T jn11    2
2h
 h
2

 n
 n 1  n 1
 T j  2 T j 1 = 2 T j 1
2h
2h


1 


   2   21  0   1 T jn  T jn
Ta
 h




2h 2

T jn1  Ta 0  1  .

(c)

As x-dependent input temperature of arterial blood,
we used either
Ta  x  =


8.6162sn  0.92823  10


, (28)
x, 0.5   17.232

327.41sn 2 0.92823 105 x, 0.5  654.83
2

Copyright © 2010 SciRes.

5

Figure 5. Plot of the response temperature along distance x
(in mm ) from the heated surface for the same parameter values as in Figure 1, but with different values of
1 : 1 = 1.7619  102 s 1 (a), 1 = 4.76196  105 s 1 (b), and
1 = 1.66686  103 s 1 (c).
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obtained from Eq.14, or
T  x  = 36.5 

1070
,
24  713.3x 2

(29)

obtained from Eq.26. For the numerical simulation, we
used Mathematica.

3.1. Effect of the Thermal Diffusivity 
For the numerical study of the effect of thermal diffusivity, the following temperature-independent perfusion
component and temperature-dependent perfusion component are used: 0 = 4.7619  104 s-1 and
1 = 6.449  103 s-1, respectively. These parameters,
together with  = 1.2631 W /J.m 2 have been used for
plot (a) of Figure 1.
Figure 6 shows the numerical solution for different

(a)

(d)

(g)

values of  . The first, second, and third rows of this
figure correspond to  = 1.26311 108 W /J.m 2 ,
 = 1.26311 104 W /J.m 2 , and  = 1.26311 102 W /J.m 2,
respectively. The plots of the first, second, and third
columns show the temperature at time t = 50 s, t = 80
s, and t = 100 s, respectively. An x -dependent input
temperature of arterial blood (28) is used. The plots of
Figure 6 show that the response temperature decreases
as the thermal diffusivity  increases.

3.2. Effect of the Temperature-Independent
Perfusion Component  0
To show the effect of the temperature-independent
perfusion component 0 , we plotted Figures 7(a-f)
with the parameter values  = 1.26311 107 W /J.m 2 and

(b)

(c)

(e)

(f)

(h)

(i)

Figure 6. Temperature plotted against distance x (in mm ) and at given time t for 0 = 4.7619  10 s and 1 = 6.449  103 s 1.
Each row is for a different thermal diffusivity  :  = 1.26311  108W /J.m 2 for plots (a), (b), and (c),  = 1.26311  104W /J.m 2
for plots (d), (e), and (f), and  = 1.26311  102W /J.m 2 for plots (g), (h), and (i), while each column is for different time: t = 50 s
for plots (a), (d), and (g), t = 80 s , for plots (b), (e), and (h), and t = 100 s for plots (c), (f), and (i).
4 1

Copyright © 2010 SciRes.
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(a)

(d)

(b)
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(c)

(e)

(f)

Figure 7. Plot of the temperature response along the distance x (in mm ) from the heated surface at time t = 100 s for
 = 1.26311  107 W /J.m 2 and 1 = 1 = 6.449  104 s 1 and for different values of temperature-independent perfusion component
0 : 0 = 4.7619  104 s 1 for plots (a) and (d), 0 = 4.7619  103 s for plots (b) and (e), and 0 = 4.7619  102 s 1 for plots (c)
and (f).

1 = 1 = 6.449 104 s 1 . These plots show the temperature response along the distance x from the heated
surface at time t = 100 s. For plots (a), (b), and (c), we
have used the input temperature of arterial blood (28),
while the input temperature of arterial blood (29) is used
for plots (d), (e), and (f). Plots (a) and (d), (b) and (e),
and (c) and (f) are obtained with 0 = 4.7619  104 s-1,
0 = 4.7619  103 s-1 and 0 = 4.7619  102 s-1.
From the plots of Figure 7 we can conclude that the
effect of the temperature-independent perfusion component 0 on the temperature response can be neglected.

3.3. Effect of the Temperature-Dependent
Perfusion Component 1
One of the effects of the temperature-dependent perfusion component 1 can be obtained from Figure 8
where we plotted the temperature response as function of
the distance x from the heated surface at time t = 100 s
and for  = 1.26311 107 W /J.m 2 and 0 = 4.7619  104
s-1 For plots (a), (b), and (c), we used the input temperature of arterial blood (28), while plots (d), (e), and
(f) are obtained with the use of the input temperature of
arterial blood (29). Plots (a) and (d), (b) and (e), and (c)
and (f) are obtained with 1 = 4.7619  104 s-1,
1 = 4.7619  103 s-1 and 1 = 4.7619  102 s-1. It
Copyright © 2010 SciRes.

follows from the plots of Figure 8 that the temperature
response increases with the temperature-dependent perfusion component 1 .

4. CONCLUSION
In this paper, the one-dimensional steady-state bioheat transfer model of the living tissues has been taken
into account based on the modified (nonlinear) Pennes
equation, and the corresponding equation has been
solved both analytically and numerically. The analytic
solution expressed by the Jacobi elliptic functions,
trigonometric functions and rational functions are derived to obtain the temperature changes with the variation of the distance from the heated surface. The analytic
solutions have been used to investigate the effects of the
thermal diffusivity, the temperature-independent perfusion component, and the temperature-dependent perfusion component on the temperature distribution. The
obtained analytic solution can provide a good knowledge
of thermal behavior of living tissues, which are valuable
for the measurement of thermal parameters, the reconstruction of the temperature field and the thermal diagnosis and treatment, the dosimetry, and the human implantation smart devices.
Openly accessible at http://www.scirp.org/journal/NS/
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 8. Temperature response along the distance x (in mm) from the heated surface at time t = 100 s for  = 1.26311  107 W /J.m 2
and 0 = 4.7619  104 s 1 and for different values of 1 : 1 = 6.449  104 s 1 for plots (a) and (d), 1 = 6.449  103 s 1 for plots
(b) and (e), and 1 = 6.449  102 s 1 for plots (c) and (f).
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