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Abstract 
It is well known that the mass of a particle has properties different from New-
tonian mechanics. First, it is speed-dependent. Second, it is convertible to 
energy. These properties were generally thought to be derived from the prin-
ciple of relativity (PR). We have conducted a careful examination of the his-
torical records and found that the non-Newtonian properties of mass were 
derived not so much based on PR, but more based on Einstein’s intuitive 
thinking that radiation and matters behave similarly. This gives us a hint: 
Since both photon and electron can behave as a particle as well as a wave, can 
such a wave nature account for the deviations from Newtonian mechanics? 
Thus, we have developed a wave model to describe the motion of a free par-
ticle with or without rest mass. We found that both the speed-dependence of 
mass and the mass-energy equivalence can indeed be derived based on the 
wave properties of a particle. This wave hypothesis has several advantages; it 
can naturally explain why particles can be created in the vacuum and why a 
particle cannot travel faster than the speed of light. 
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1. Introduction 

In Newtonian mechanics, the mass of an object is thought to be a constant and 
does not change with its speed. With the development of particle accelerators, it 
was discovered that such an understanding is not totally correct. Although the 
rest mass (m0) of a particle is constant, its moving mass (m) is not. In fact, the 
moving mass is found to increase with speed (v) following the relation 0m mγ= , 
where ( ) 1 22 21 v cγ

−
= − . Thus, as the speed of a particle increases toward the 

speed of light (c), the behavior of the particle can no longer be described by 
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Newtonian mechanics. Furthermore, unlike in Newtonian mechanics, we now 
know the mass m and energy E cannot be regarded as two independent concepts; 
they are related by the relation 2E mc=  [1] [2] [3] [4]. This new understanding 
of mass-energy equivalence was a great discovery in modern physics.  

A major challenge is to explain the physical basis for the above discoveries. 
Historically, these non-Newtonian properties of mass were thought to be results 
due to the principle of relativity (PR) [5] [6]. But a careful examination of the li-
terature indicates that such thinking is not totally correct. First, these concepts 
had been suggested by various scientists before the publication of the special 
theory of relativity (STR) [7] [8] [9] [10]. Second, although such concepts were 
actively promoted by Einstein, his arguments were based on special hypothetical 
situations (which he called “thought experiments”) instead of based on first 
principles. Third, many of such thought experiments had nothing to do with PR; 
some might even violate the requirement of PR itself. (For details, see Section 2 of 
this paper). Finally, the postulate of PR requires the vacuum to be empty so that 
there is no fixed resting frame in our universe [5]. Such a requirement, however, 
appears to be in conflict with the Standard Model of cosmology today and the 
current thinking of the quantum field theories [11] [12] [13], both of which do not 
regard the vacuum as an empty space (For more details, see Discussions). 

In this paper, we would like to explore if there can be other explanations on 
the physical basis of the non-Newtonian properties of mass. More specifically, 
we will examine whether these non-Newtonian properties of mass are due to the 
fact that the particle is an excitation wave of the vacuum. (The detailed analysis 
is given in Section 3.) Our investigation is motivated by the following considera-
tions: In Newtonian mechanics, a particle is treated as a rigid pointed object. But 
in quantum mechanics, we know a particle behaves more like a wave packet. In 
fact, the Planck’s relation, the de Broglie relation and Heisenberg’s Uncertainty 
Principle can all be attributed to the wave nature of the particle [14]. Naturally, 
we expect that a wave packet will behave differently from a rigid pointed object 
(see Figure 1). Could this wave nature explain the non-Newtonian properties of  

 

 
Figure 1. Different views of a particle. In classical world, a particle is regarded as a 
pointed mass. But in the quantum world, the particle is a wave packet. The velocity and 
mass of the particle are defined based on different physical concepts. So, it is not surpris-
ing that they can behave differently. (Here, v is the particle velocity, p is the momentum 
and m is mass.) 
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particle mass? This work is a report of our investigation on this question.  

2. A Brief Historical Review on the Derivation  
of Non-Newtonian Relations of Mass 

Before we introduce our new interpretation on the non-Newtonian properties of 
mass, let us review first their conventional interpretation. In many textbooks, the 
discovery of the non-Newtonian properties of mass is attributed to the predic-
tion of STR. In the following, we will review the historical records and carefully 
trace the derivation of the two relations 2E mc=  and ( ) 1 22 2

0 1m m v c
−

= − . 
One may find that the history of their derivation was more complicated than 
what we were taught [15]. 

2.1. In 1905, Einstein Proposed That Mass Can Be Speed-Dependent 

The first person to seriously suggest that mass is not a constant was A. Lorentz 
[10]. At the end of the 19th century, Lorentz developed an aether theory to ex-
plain the results of Michelson-Morley experiment [16]. By defining mass as the 
ratio between force and acceleration, Lorentz’s showed that the mass of an elec-
tron parallel to the direction of motion is 3

0Lm mγ=  and the mass perpendicu-
lar to the direction of motion is 0Tm mγ= , where 2 21 1 v cγ = −  is the “Lo-
rentz factor” [10].  

In 1905, Einstein published his famous paper on relativity (we will refer this 
paper as his 1905a paper) [5]. He also realized that the mass of an object does 
not need to be constant. In this paper, he showed that the mass of an “electron” 
varies with its traveling speed in the following way: 

( )
0

3 22 2

0
2 2

Longitudinal mass (1)
1

Transverse mass (2)
1

m

v c

m
v c

 =
−


 = −

 

In order to obtain the above relations, Einstein explicitly stated that his defini-
tion of mass was relying on Newton’s law, F ma=  [5]. So, like Lorentz, Eins-
tein’s definition of mass did not deviate much from that of Newton. 

From the above, one can see that the longitudinal mass obtained by Einstein 
(Equation (1)) was the same as that of Lorentz; but Einstein’s transverse mass 
(Equation (2)) was slightly different from Lorentz’s result. As we know it today, 
the correct speed-dependence of the mass should be  

0
2 21

mm
v c

=
−

,                        (3) 

where m is the moving mass and 0m  is the rest mass. This relation was first 
obtained by Lorentz and has been shown to agree with the results of a number of 
experiments [17] [18]. In modern textbooks of relativity, the speed-dependence 
of mass is described by Equation (3) rather than the original equations presented 
in Einstein’s 1905a paper [19].  
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2.2. In a Subsequent Paper, Einstein Proposed Emission  
of Radiation Is Related to Mass Loss 

Near the end of the 19th century, many European physicists had become aware 
that the inertial mass can be related to the energy-content of an object [15]. For 
example, in 1881, J. J. Thomson studied the magnetic field generated by a mov-
ing charged sphere. He showed that the field could induce an effective mass on 
the sphere [7]. In 1889, Oliver Heaviside simplified Thomson’s work and sug- 

gested that the effective mass should be 
2

4
3

Em
c

=  [20]. Later, Wilhelm Wien  

and Max Abraham got the same result, which became known as the “electro-
magnetic mass” [21] [22]. The relation of mass-energy equivalence 2E mc=  
was first mentioned in a paper by Poincare in 1900 [9]. In 1904, Fritz Hasenöhrl 
wrote a series of papers entitled “On the theory of radiation in moving bodies”, 
which also provided an elaborated study of the concept relating energy with 
mass [23] [24]. A detailed account of works regarding the mass-energy convert-
ing concept had been reviewed by W. Fadner [15], who showed that there were 
many discussions on this topic before 1905. 

Einstein clearly recognized the great importance of the mass-energy equiva-
lence concept. In the same year after he published his 1905a paper on the princi-
ple of relativity, he published a very short paper entitled “Does the inertia of a 
body depend upon its energy-content?”, which described his first derivation of 
the mass-energy equivalence relation [25]. This 1905b paper was based on a 
“thought experiment” and its argument can be summarized as the following: 

Consider a setup as illustrated in Figure 2. Let an object be placed at the ori-
gin of the stationary coordinate system S. A system moving along the x-axis with 
speed v is designated as S ′ . The total energy of the object as measured in the 
frame S and S ′  are E0 and H0, respectively.  

Now, let this object send out two identical pulses of light at opposite direc-
tions making an angle ϕ with x-axis. The energy of each of these light pulses is 
designated 1/2L as measured in the S frame. After this light pulse emission, the 
total energy of the object as measured in the frame S and S ′  are denoted E1 and  

 

 
Figure 2. The setup to calculate mass-energy equivalence relation in Einstein’s 1905b pa-
per. 
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H1, respectively.  
Einstein argued that, based on his theory of relativity, the energy of a light 

pulse measured in the stationary frame and the moving frame are different. 
Suppose the energy of the light pulse measured in the S frame is  , then the en-
ergy of the light pulse in the S ′  frame will be 

*

2 2

1 cos

1

v
c
v c

φ−
=

−
  .

                     
 (E-1) 

Thus, in the above example, the energy of the opposite light pulse measured in 

the moving frame would become 
2 2

1 cos1
2 1

v
cL
v c

φ−

−
 and 

2 2

1 cos1
2 1

v
cL
v c

φ+

−
. Based on 

this argument, Einstein proposed that  

0 1

0 1 12 2 2 2 2 2

1 1 , (E-2)
2 2

1 cos 1 cos1 1 1 . (E-3)
2 21 1 1

E E L L

v v
c cH H L L H L
v c v c v c

φ φ

 = + +

 − + = + + = +

− − −

 

By subtracting Equation (E-3) from Equation (E-2), one has 

( )0 0 1 1 2 2

1 1
1

H E H E L
v c

 
 − − − = −
 − 

.            (E-4) 

Einstein then argued that, the difference between the energy measured in the S 
and S ′  frames is mainly due to the kinetic energy K of the object. That is, 

0 0 0

1 1 1

H E K
H E K

− =
 − =

.                      (E-5) 

Substitute Equation (E-5) into Equation (E-4), one has  

0 1 2 2

1 1
1

K K L
v c

 
 − = −
 − 

.                 (E-6) 

If v c , one can use the Taylor expansion and ignore the higher order terms 
to get 

2
0 1 2

1
2

LK K v
c

− = .                     (E-7) 

One may interpret the decrease in the kinetic energy as a loss of mass (∆m) of 
the light-emitting object, i.e., 

( ) 2
0 1

1
2

K K m v− = ∆ .                    (E-8) 

By comparing Equations ((E-7) and (E-8)), one may identify the mass loss as  

2

Lm
c

∆ = .                         (E-9) 
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Einstein thus concluded: “If a body gives off the energy L in the form of radia-
tion, its mass diminishes by L/c2.” [25] 

The derivation proposed by Einstein in the above thought experiment was 
very simple. However, it is not without problem. For example,  

1) Equation (E-9) was not derived based on first principle. Instead, it is just a 
suggested result demonstrated from a hypothetical special situation.  

2) The relation 2E mc=  was not an exact derivation; it was an approxima-
tion. It can only be applied when the speed v is much smaller than c. (This criti-
cism was raised by Planck [26]). 

3) The argument for Equation (E-5) is not exactly correct. Strictly speaking, 
the energy of a particle is now known to be 2 2 2 2 4

0E c p m c= + . The total energy 
in general thus is not a linear sum of the resting energy and the kinetic energy.  

4) This proposed “thought experiment” was not realistic. No one can perform 
such an experiment in reality. One cannot find a physical object that can spon-
taneously convert part of its mass to emit electro-magnetic radiation in opposite 
directions. If the light-emitting object is an elementary particle, the entire particle 
will decay (and it cannot emit photons in opposite directions). If the radiation- 
emitting object is a group of atoms or molecules, the emission of photon(s) can 
only be due to the release of potential energy from their orbital electrons, not 
due to a decrease of kinetic energy caused by the loss of the object’s rest mass, as 
suggested in this 1905b paper. 

2.3. Einstein Subsequently Proposed More thought Experiments 
to Derive the Mass-Energy Relation 

Einstein was not satisfied with his derivation presented in the 1905b paper (as 
described above). He tried to use a different argument based on center of gravity. 
He proposed a new thought experiment in 1906 [27]. His argument is described 
in the book Special Relativity by A. P. French [19]. 

Suppose there is a rigid box with mass M and length L that is floating in space 
(see Figure 3). The box is initially stationary. At t = 0, a burst of light wave (with 
radiation energy E) is emitted from the left end of the box. The radiation carries 
a momentum E/c. Since the total momentum of the system remains zero, the  

 

 
Figure 3. Einstein’s thought experiment. A hypothetical experiment in which a box re-
coils from its initial position (a) to a final position (b) as a result of a burst of radiation 
energy traveling from one end of the box to the other. (Reproduced here based on [19]). 
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box must acquire a momentum equal to −E/c. Hence the box will recoil with a 
speed v,  

Ev
Mc

= − .                          (4) 

At a later time, t = ∆t (∆t = L/c, provided v c ), the radiation wave reaches 
the right end of the box and its energy is totally absorbed. It conveys an impulse 
on the box equal and opposite to the initial burst of momentum. Therefore, it 
will bring the box to rest again. The net result of this process is to move the box 
through a distance ∆x: 

2

ELx v t
Mc

∆ = ∆ = − .                       (5) 

Since this box is an isolated system, one can assume that the center of gravity 
of the box remains unchanged before and after the radiation process. In order to 
counter the movement of the rigid box, one must assume that the radiation 
should carry with it the equivalent of a mass m, such that 

0mL M x+ ∆ = .                        (6) 

Combining Equations (5) and (6), we have 

2

Em
c

=  or 2E mc= .                      (7) 

This suggests that the radiation wave can behave as a material object which 
has an effective mass equivalent to its energy divided by c2.  

One may notice that, although Einstein was able to partially justify the mass- 
energy equivalence in this thought experiment, its derivation was not free of 
problems. For example,  
• This thought experiment only demonstrated that a radiation wave could 

carry a mass that is proportional to its radiation energy. It did not show that an 
object with mass m can convert its mass into an amount of energy 2E mc= .  

• The argument in this thought experiment was not based on the principle of 
relativity. Instead, it was based on the assumption that the radiation should 
carry with it the equivalent of a mass m. 

• As pointed out by Einstein himself in his later paper [28], this thought ex-
periment violates the basic principle of STR, because it would assume infor-
mation can be transmitted faster than the speed of light. Otherwise, the entire 
box cannot move simultaneously when a burst of radiation wave was emitted 
from its left end at t = 0.  

• It has been pointed out that this thought experiment was unrealistic and 
cannot be carried out in practice [29]. Even if it works, this thought experi-
ment can only be regarded as a special case; it was not a general derivation of 
the mass-energy equivalence relation.  

Following the 1905b and the 1906 papers, Einstein continued to publish 
several papers trying to give more convincing arguments about the derivation of 
the relation of mass-energy equivalence. His major works are summarized in 
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Appendix A. Most of these works had been reviewed by various investigators in 
recent years [15] [20] [29] [30] [31]. As concluded in one of the reviews by 
Rothman: “(Einstein) was aware of the shortcomings of his derivation (in 1905 
and 1906) and wrote a half dozen more papers over the next 40 years trying to 
patch things up but arguably never succeeded” [20]. A similar view was also 
given by Max Jammer in Chapter 3 of his book entitled “Concepts of mass in 
contemporary physics and philosophy” [30]. A number of physicists had ex-
pressed criticism on Einstein’s derivation of the mass-energy equivalence rela-
tion [26] [30] [31] [32]. For example, Herbert Ives had criticized Einstein’s 1905 
derivation for using an argument of circular logic [26]. Ives’ criticism was echoed 
by a number of investigators [30] [33]. On the other hand, other scientists had 
expressed disagreement with Ives [15] [34]. Some would even argue that “circu-
larity is seldom a legitimate critique of scientific proposals” [15]. So, there was 
still controversy about Ives’ criticism on Einstein’s derivation.  

A more elaborated review of Einstein’s attempt to derive the relation of mass- 
energy equivalence was recently given by Eugene Hecht, who published a series of 
papers on this subject in American Journal of Physics in the last few years [29] [35]. 
According to Hecht, “Einstein produced about 18 virtuoso derivations and demon-
strations all aimed at establishing the mass-energy principle. We have shown that 
although each of them gave evidence for the applicability of E0 = mc2 to a particular 
set of circumstances, no one derivation, or collection of them taken together, suc-
ceeded in providing a definitive proof of its complete generality”. “The fact that 
Einstein continued to create demonstrations of the efficacy of E0 = mc2 up to 1946 
tells us that he knew the definitive proof had not been accomplished” [29].  

2.4. Einstein’s Derivations Assumed That Matters Behave Like 
Radiation and Vice Versa 

As we pointed out in Section 2.1, Einstein’s 1905 paper did not predict the cor-
rect speed-dependence of mass. But today, we are taught that STR gave the right 
prediction of ( ) 1 22 2

0 1m m v c
−

= − . What is the justification for that? After the 
correct formula for the speed-dependence of mass became known from experi-
ments [17] [18] [36], people gave up Einstein’s original argument in 1905 and 
used different ways to derive the speed-dependence of mass. As a demonstration 
of this new argument, let us briefly review the derivation of this 0m mγ=  rela-
tion in current standard textbooks. 

A widely used textbook (which is part of The MIT Introductory Physics Series) 
is Special Relativity by A.P. French [19]. It bases its derivation of the relation 

0m mγ=  on an assumption that matter behaves like radiation. For a photon, it 
can be shown that 

E cp=                             (8) 

and 

2

Em
c

= .                           (7) 
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From Equation (8), one can get  
2d dE E c p p= .                         (9) 

Although the above relations were derived for light, the author argued that 
these same relations are also valid for matter [19]. By integration of Equation (9), 
one can obtain, 

2 2 2 2
0E c p E= + ,                       (10) 

where 2
0E  is a constant of integration. From Newtonian mechanics, we know 

p mv= . By substituting this relation and Equation (7) into Equation (10), one 
can get 

0
2 21

mm
v c

=
−

,                        (3) 

where 2
0 0m E c= .  

The idea that radiation and matter behave similarly was a very interesting as-
sumption. According to the Special Relativity textbook, this assumption was fol-
lowing the spirit of Einstein’s work. Indeed, in many papers written by Einstein, 
he frequently implied that the energy involved in radiation and the mass of mat-
ter are conceptually convertible [25] [27] [37] [38]. One may say that, in Eins-
tein’s mind, mass is some sort of energy. 

Hence, although Einstein had published many papers on the derivation of 
non-Newtonian relations of mass, most of his derivations were not based on the 
principle of relativity. Instead, his theoretical arguments were based on various 
hypothetical thought experiments which frequently implied that radiation and 
matter behave similarly (see Appendix A). Furthermore, some of these deriva-
tions were not free of flaws. One may conclude that, the general acceptance of 
these “non-Newtonian relations” was not based on the soundness of the theoret-
ical argument. Instead, as pointed out by A. P. French, its real vindication is 
based on experimentally observed behavior of particles [19]. 

3. The Non-Newtonian Properties of Mass Can Be the Results 
of Wave-Particle Duality 

From the above review, one can see that the key argument used by Einstein to 
derive the non-Newtonian relations of mass was less dependent on the principle 
of relativity, but more based on his intuitive thinking that matter and radiation 
behave similarly. In fact, such thinking had worked well for him. For example, it 
helped Einstein to formulate the correct relation to describe the photo-electric 
effect [39]. In such a study, the radiation wave was treated as a sort of matter (i.e., 
a pointed mass).  

In this paper, we will try to follow the spirit of Einstein and see if we can find a 
better theoretical basis for the non-Newtonian properties of mass. Particularly, 
we wonder: Why does radiation and matter behave similarly? We think the an-
swer could be: It is because at the quantum level, both radiation and matters are 
composed of waves! 
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Based on this hint, we think the non-Newtonian properties of mass may be 
explained based on the phenomenon of wave-particle duality. In the following, 
we would like to explore if this is true.  

3.1. Both Radiation and Matter Wave Are Excitation Waves of the 
Vacuum 

The realization that matter and radiation can behave similarly is a great physical 
insight of many visionary physicists (including Lorentz, Poincare, Einstein and 
Planck) in early 20th century. Their ideas were not only based on theories but al-
so supported by experimental observations. It was discovered in a series of 
landmark experiments that photons (radiation wave) and electrons (particles 
making up matter) can have very similar physical properties [40] [41] [42] [43]. 
In fact, both photons and electrons were found to behave like particles as well as 
waves [40] [41] [42] [43]. This phenomenon was called “wave-particle duality”. 
The fact that radiation wave (photon) can behave like a particle was demon-
strated in Planck’s study on black-body radiation and Einstein’s study of photo- 
electric effect [39] [44]. On the other hand, massive particles (electrons) were 
also found to behave like waves. This was demonstrated by experiments in 1927 
that electrons can be diffracted by a nickel crystal following the Bragg’s law [43]. 
Using this wave property of electrons, people started to develop electron micro-
scopes [45]. Apparently, the behavior of electron is very similar to photon.  

In summary, it was well established in early 20th century that:  
1) The photon is a quantized radiation wave, but it can behave like a particle.  
2) The electron is a particle with mass, but it can behave like a wave. 
3) The electron and the photon behave very similarly in diffraction experi-

ments.  
From these observations, one may ask: Can the physical nature of both par-

ticles (photons and electrons) be similar? In the case of photon, we know it is an 
excitation wave of the vacuum; it is clearly a physical wave. In the case of the 
electron, it is not clear what its physical nature is. In the conventional teaching 
of quantum mechanics, the wave function for an electron is commonly inter-
preted as a probability function of finding the particle. This is generally referred 
to as the “Copenhagen interpretation” [46]. But as pointed out in our recent 
work, this interpretation does not preclude the possibility that the electron is a 
real physical wave packet [47]. In fact, if we assume the particle is a physical 
wave instead of a pointed object, it will be very easy to explain the experimental 
observations of electron diffraction by crystal. This physical wave model can also 
allow us to explain the observation that an electron can pass a double-slit and 
form an interference pattern [48]. Furthermore, this wave model can easily ex-
plain the creation and annihilation of particles. We know particles (including 
photons and electrons) can be created in the vacuum, or annihilated in the vac-
uum to give other particles [6]. If particles are not excitation waves of the vac-
uum, it will be very difficult to explain why something can be created from no-
where, or something can disappear into nowhere. 
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Thus, it is reasonable to assume that both photons and electrons are excitation 
waves of the vacuum. In fact, we have shown recently that some of the quantum 
mechanical properties of a particle, including the Planck’s relation, E hv= , de 
Broglie relation p k=  , and Heisenberg’s Uncertainty principle, can all be de-
rived based on the assumption that a particle is a wave packet [14]. Based on the 
above considerations, we can formally hypothesize that [47]  

1) Like the photon, a free particle (such as an electron) is an excitation wave of 
the vacuum.  

2) Different types of free particles are different excitation modes of the va-
cuum. 

Now, if a particle is a wave, naturally it would not behave like a bulk object as 
described in the Newtonian mechanics. This explains why a particle has non- 
classical properties of mass. In the following, we will show that this wave hy-
pothesis can naturally lead to the “non-Newtonian relations” of mass, including 

2E mc=  and ( ) 1 22 2
0 1m m v c

−
= − . 

3.2. Mass-Energy Relationships in Matter Wave 

The idea that a massive particle behave like a wave was actively considered in the 
early days of quantum mechanics. This wave was called “matter wave”, which is 
analogous to the “radiation wave” of a photon [46]. In our model, both radiation 
waves and matter waves are assumed to be excitation waves of the same vacuum. 
According to the Maxwell theory, the vacuum behaves like a dielectric medium 
[49] [50] [51]. If both radiation wave and matter wave are excitation waves of 
the same medium, they should obey the same wave equation, which is deter-
mined solely based on the physical properties of the vacuum. At this point, we 
already know the wave equation of a photon, which is an oscillating wave of the 
electro-magnetic field. The photon wave function can be described by the vector 
potential ( ),Aµ φ= A . Using Maxwell equations, one can derive 

2
2

2 2

1 0AA
c t

µ
µ ∂

∇ − =
∂

,                     (11) 

where 0 01 c µ ε=  is the speed of light. ( 0ε  is permittivity and 0µ  is per-
meability in free space). This may provide a very useful hint. Since both matter 
waves and radiation waves are thought to be excitation waves of the same va-
cuum medium, their wave equation should be similar. That means that the wave 
function of the matter wave ψ may obey a wave equation that is similar to Equa-
tion (11). Indeed, in our recent model which treated the vacuum as a dielectric 
medium, we found that its wave motion is analogous to the oscillation in an 
elastic solid [47]. Using the technique of Helmholtz decomposition [52], one can 
demonstrate that the wave oscillation in the vacuum medium can be described 
by the following equation [47]:  

2
2

2 2

1 0
c t

ψ
ψ

∂
∇ − =

∂
.                      (12) 

We propose that this is the basic wave equation (BWE) which is satisfied by all 
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types of excitation waves in the vacuum. Different solutions of ψ just represent 
different types of free particle in the physical world [47].  

One can easily see that the simplest solution for BWE (i.e., Equation (12)) is a 
plane wave 

( )~ ei tωψ ⋅ −k x
k ,                        (13) 

where k  is the wave vector and ω  is the frequency, and  

ckω = .                         (13A) 

We propose that this plane wave solution represents a radiation wave (a pho-
ton) which is a particle without rest mass. (Indeed, this plane wave is commonly 
used as the wave function of light in electrodynamics). The reason for this pro-
posal is that, using the Planck’s relation and the de Broglie relation, Equation 
(13A) becomes 

E cp= ,                           (8) 

which is the known energy-momentum relation for a photon. For a particle with 
non-zero rest mass, the plane wave solution apparently is not a proper solution 
of BWE. This is not only because it fails to give the correct energy-momentum 
relation, it also does not meet our expectation for the behavior of a massive par-
ticle. We know a massive particle (such as an electron) behaves like a pointed 
mass in the classical limit. Hence, the probability of finding the particle should 
be somewhat localized to its trajectory. This means that its wave function not 
only depends on the spatial coordinate along its trajectory (i.e., ˆ ⋅k x ), its wave 
function should also vary in the transverse plane ( ˆ×k x ). Thus, a solution 
representing a massive particle cannot be a plane wave.  

Indeed, the general solution of Equation (12) should vary with the spatial 
coordinates both in the longitudinal and transverse directions. For simplicity, 
one may assume such a wave function can be written as a product of the longi-
tudinal component of the wave function ( Lψ ) and the transverse component of 
the wave function ( Tψ ), i.e., 

( ) ( ) ( )ˆ ˆ, , T Lt tψ ψ ψ= × ⋅k x k x k x ,                (14) 

where Lψ  describes the travelling wave along the particle's trajectory, and Tψ  
describes the wave function in the transverse plane. Substituting Equation (14) 
into Equation (12), and using the technique of separation of variables, one can 
obtain two coupled equations: 

( ) ( )
( ) ( )

2
2 2

2 2

2 2

1 ˆ ˆ, , (15A)

ˆ ˆ (15B)

L L

T T

t t
c t

ψ ψ

ψ ψ

 ∂
∇ − ⋅ = ⋅  ∂ 

∇ × = − ×

k x k x

k x k x





 

where   is a fitting parameter. To simplify the solution of the above equations, 
let us denote the direction of the trajectory (i.e., k̂ ) as the z-axis. Equations 
(15A) and (15B) then can be solved easily to give 
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( ) ( ), ~ ei kz t
L t ωψ −x                      (16A) 

and ( ) ( ), ~ e i nθ
T nt J rψ ±x  ,                  (16B) 

where nJ  is Bessel function of the first kind; n can be an integer or half integer; 
the coordinates r and θ  represent the radial distance and the azimuthal angle 
of the space vector in the transverse plane. The general solution of ( ), tψ k x  
thus is  

( ) ( ) ( ), e ei kz tinθ
nt aJ r ωψ −±=k x  ,                 (16) 

where a  is a normalizing constant. In order to satisfy the BWE, the wave pa-
rameters ω , k , and   in Equation (16) are subjected to the condition  

( )2 2 2 2k cω = +  .                      (17) 

(This is called the “dispersion relation”). From Equation (16), one may see that 
the wave function representing a massive particle does not behave like a plane 
wave; instead, it behaves more like a vortex. Furthermore, the wave function not 
only oscillates in the longitudinal direction, it also oscillates in the transverse di-
rection (with a wavelength proportional to 1  ). The question now is: From the 
dispersion relation shown in Equation (17), can one obtain the correct ener-
gy-momentum relation for a massive particle?  

Using the quantum correspondence rules E i t→ ∂ ∂  and i→− ∇p  , one 
can show that ω and k are related to the energy (E) and momentum (p) of the 
particle, i.e., 

3dE i x
t

ψ ψ ω∂
= ∗ =

∂∫ k k 
,                  (18) 

and 3d x
i

ψ ψ= ∗ ∇ =∫ k kp k


.                  (19) 

(   is Planck’s constant divided by 2π). This reaffirms that, like the photon, a 
free particle with rest mass also obeys the Planck’s relation and the de Broglie 
relation. 

From the wave parameters in ψ k , we can also obtain the particle mass. Equa-
tion (17) can be rewritten as 

( ) ( )2 2 2 2 2 2c kω = +    .                  (17A) 

Using the Planck’s relation and the de Broglie relation, the above equation 
becomes 

2 2 2 2 2 2E c p c= +   ,                     (20) 

or, 2 2 2 2 2E c p c= +   .                   (20A) 

Since the particle is represented by a wave packet, the particle velocity (v) is de-

termined by its group velocity Ev
k p
ω∂ ∂

= =
∂ ∂

 [46]. Also, from classical mechanics, 

we know the particle mass m is defined by its momentum p mv= . Using these 
two relations, one can solve Equation (20A) and obtain  
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( )1 22 21

cm
v c

=
−

 .                      (21) 

We know at v = 0, m equals the rest mass 0m . Equation (21) then implies  

0m
c

=
 .                         (22) 

Combine Equations (21) and (22), we can see that the mass of a particle is in-
deed speed-dependent 

0
2 21

mm
v c

=
−

.                        (3) 

Substituting Equation (22) into Equation (20), we can easily see that the dis-
persion relation for a free particle now leads to 

2 2 2 2 4
0E p c m c= + .                      (23) 

Furthermore, by combining the above two equations with p mv= , one can 
obtain  

2E mc= .                          (7) 

Thus, for a particle with nonzero rest mass, it obeys the same mass-energy re-
lation as that of a photon. At this point, we can easily see that, the photon is no 
different from other particles with nonzero rest mass. Both the photon and the 
massive particle are excitation waves of the vacuum. From Equation (23), one 
can see that, at 0v →  (i.e., 0→p ), the resting energy of the particle becomes 

2
0 0E m c= .                         (24) 

Thus, the relation between energy and momentum for a simple particle can 
also be written as 

2 2 2 2
0E p c E= + .                       (10) 

This equation is the well-known energy-momentum relation of a particle with 
nonzero rest mass.  

3.3. Why a Photon Always Travels at a Constant Speed c?  
Why Must a Massive Particle Travel at a Speed Less  
than the Speed of Light? 

One advantage of this wave interpretation is that it can provide a clear physical 
basis to explain why light must travel at a constant speed of c and no particle can 
travel faster than c. In classical mechanics, the vacuum is just an empty space; a 
particle is a rigid object. In principle, a particle should be able to travel at any 
speed. Then, how can one explain the observation that a particle cannot travel 
faster than the speed of light. What is the physical reason for that?  

The wave model presented here can provide a simple answer to this question. 
According to our model, the particle is an excitation wave of the vacuum; its 
traveling speed is determined by the group velocity of the wave packet, which is 
generally slower than its phase velocity. This means that the maximum speed for 
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a particle is its phase velocity. In our basic wave equation (i.e., Equation (12)), 
the phase velocity for all excitation waves in the vacuum is 0 01c µ ε= . Hence, 
c is entirely determined by the physical properties of the vacuum. (In another 
word, the second postulate of STR is really based on the physical form of the 
wave equation.)  

Based on this wave model, it is easy to see that a photon should always travel 
at a constant speed of c. From the last section, we know the energy-momentum 
relation for a particle (i.e., Equation (10)) is related to the dispersion relation of 
the excitation wave, i.e., 

( )2 2 2 2k cω = +  .                      (17) 

From this dispersion relation, one can directly calculate the traveling speed of 

the particle, which is equal to the group velocity of the wave packet, i.e., v
k
ω∂

=
∂

. 

For a photon, it has no rest mass, i.e., 0= ; its dispersion relation is  

ckω = .                         (13A) 

Then,  

v c
k
ω∂

= =
∂

.                         (25) 

Its group velocity is the same as its phase velocity ( k cω = ). This explains 
why a photon always travels at a constant speed c.  

For a massive particle, 0≠ . From Equation (17), its group velocity is  

2 2

ckv c
k k

ω∂
= = <
∂ + 

.                    (26) 

This explains why the speed of a massive particle is not constant and its 
maximum speed cannot exceed the speed of light, c. Furthermore, the fact that 
the maximum speeds for all particles (with or without rest mass) are the same 
suggests that massive particles and photons are excitation waves of the same 
medium (i.e., the vacuum).  

4. Discussions 

There are several advantages with the model proposed in this work. First, it is 
conceptually simple. Second, this model is based on wave-particle duality; it has 
a well-established foundation in quantum physics. Third, from the above analy-
sis, one can see that our wave hypothesis can provide a simple physical basis to 
justify Einstein’s second postulate in STR. This model suggests a new interpreta-
tion on the non-Newtonian properties of mass. In the following, we would like 
to further examine if this new interpretation is consistent with current physical 
theories. 

4.1. Is the New Interpretation Consistent with the Requirement of 
Lorentz Invariance? 

Historically, the principle of relativity has been incorporated into the mainstream 
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of modern physics, particularly in quantum field theory (QFT). It is usually as-
sumed that the equations of motion in QFT remain unchanged under the Lo-
rentz transformation. (This is called “Lorentz covariant” or “Lorentz invariant”). 
Then, is our model consistent with this practice?  

The answer is “yes”. As one can see from Equation (12), the basic wave equa-
tion used in our model is indeed Lorentz invariant. The form of this equation 
will not change when the coordinate system is converted from ( ), , ,t x y z  to 
( ), , ,t x y z′ ′ ′ ′  using the Lorentz transformation.  

Furthermore, since our basic wave equation is Lorentz invariant, a state vector 
can be represented by the Minkowski 4-vector. For example, the spacetime can 
be written as ( ) ( ) ( )0 1 2 3, , , , , , ,x x x x ct x y z ctµ = = =x x . This is consistent with 
the common practice in the conventional QFT, where most state vectors are 
represented using the notations of 4-vectors. Also, since our model is fully con-
sistent with the Maxwell theory, one can also write the charge-current densities 
as ( ),µ ρ=J J  and the potentials as ( ),µ φ=A A .  

Finally, since we showed in this model that the energy and momentum of a 
particle satisfied Equation (10),  

2 2 2 2
0E p c E= + ,                       (10) 

it can be rewritten as 
2 2 2 2

0E p c E− = . 

One can then express the energy-momentum 4-vector as ( ),Eµ =p p  and 
require its dot product to be a scalar. (Note: In some of the 4-vector notations, it 
is assumed c = 1). This agrees with the common practice in QFT.  

4.2. Is This Wave Model Consistent with the Wave Equations  
Currently Used in Quantum Mechanics? 

In this work, we suggested that both radiation wave and matter wave are excita-
tion waves of the vacuum. Their motion can be described by a wave equation 
which appears in form as a 4-dimensional Laplace equation (i.e., Equation (12)). 
We call this equation the “Basic Wave Equation” (BWE). Different solutions of 
the BWE would represent different particles. One may ask: Is this wave model 
consistent with the known wave equations used in quantum mechanics today? 

In the conventional theories, different particles are thought to satisfy different 
quantum wave equations. For example, the photon is supposed to satisfy the 
wave equation of light, the scalar particle is supposed to satisfy the Klein-Gordon 
equation, and the electrons are supposed to satisfy the Dirac equation (or the 
Schrödinger equation). In order to reconcile our wave model with the conven-
tional quantum theories, one must demonstrate that all conventional quantum 
equations for different particles are derivable from the BWE. For particles with-
out mass (i.e., radiation waves), it is easy to see that our BWE can directly lead to 
the wave equation of light (i.e., Equation (11)). But for particles with rest mass (i.e., 
matter waves), can the BWE be consistent with their quantum wave equations? 
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For example, can one derive the Klein-Gordon equation or the Dirac equation 
from the BWE? 

This indeed can be done. Recall that the general solution of BWE contains 
both a longitudinal component ( Lψ ) and a transverse component ( Tψ ). The 
wave function describing the movement of a particle along its trajectory is basi-
cally represented by the longitudinal wave equation ( Lψ ), which satisfies Equa-
tion (15A). Since we now know   is connected with the rest mass 0m  through 
Equation (22), Equation (15A) becomes  

22
2 0

2 2

1 0L L
m c

c t
ψ ψ

 ∂  ∇ − − =   ∂    

.               (27) 

This is identical to the Klein-Gordon equation. Thus, there is a natural con-
sistency between the BWE and the Klein-Gordon equation. The only assumption 
here is that the wave function of the Klein-Gordon equation describes only the 
movement of a free particle along its trajectory.  

From the Klein-Gordon equation, one can further derive the Dirac equation 
by linearizing Equation (27). This requires treating the wave function as a spinor 
and the wave equation must be written in the matrix form [47] [53]. This pro-
cedure has been worked out by Dirac [53]. For details, one can see our previous 
publication [47]. 

Once the Dirac equation is derived, one can further demonstrate that the 
Schrödinger equation can be derived based on the Dirac equation [54]. This can 
be done by assuming that the Coulomb potential energy involved and the kinetic 
energy of the electron are small in comparison to the resting energy of the par-
ticle. This derivation procedure had been shown in a number of textbooks and 
there is no need to repeat it here [54].  

In summary, it can be demonstrated that our proposed basic wave equation is 
consistent with the commonly used quantum mechanical wave equations. Thus, 
there is no conceptual contradiction between our proposed wave model and the 
quantum equations used today. The only new suggestion in our model is that, 
the wave function in the quantum wave equation may have a more rich meaning 
than the traditional Copenhagen interpretation. That is, the wave function not 
only can give the probability of finding the particle, in addition to that, the wave 
function may also represent a physical oscillation of the vacuum medium, just 
analogous to the case of a photon. 

4.3. Is the Hypothesis of a Non-Empty Vacuum Consistent with 
Other Physical Theories? Is There Any Supporting Evidence?  

A key proposal in this work is that the vacuum is not an empty space. The idea 
of a non-empty vacuum had been considered previously by many well-known 
physicists, including Poincare, Planck, de Broglie, Schrödinger and Dirac. Many 
of them were aware that particles could be excitation waves of the vacuum. In 
their view, the vacuum cannot be empty. 

In many branches of modern physics, including electrodynamics, atomic 
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physics, quantum field theory and cosmology, the vacuum cannot be regarded as 
an empty space. In quantum electrodynamics, every oscillation mode is sup-
posed to have a zero-point energy. Such energy is treated as a part of the vacuum 
system. In the Standard Model of cosmology today, it is assumed that the energy 
of our universe arises from quantum fluctuations in the vacuum [11] [12] [55]; 
the vacuum cannot be regarded as an empty space. Furthermore, the vacuum is 
also not considered empty in the current theories of particle physics. The va-
cuum is always regarded as the ground state. The physical fields are just excita-
tions above the vacuum [13]. In the string theory, the vacuum is very compli-
cated; it can be modeled as a web of strings [56] [57]. So, in most physical theo-
ries today, the vacuum is not regarded as an empty space.  

4.3.1. Experimental Evidence Indicating That the Vacuum Is Not Empty 
Furthermore, the idea of a non-empty vacuum has been tested in experiments. 
For example, it was demonstrated in the famous experiment of Lamb shift [58]. 
In the Dirac theory, the energy levels of 2S1/2 and 2P1/2 of a hydrogen atom are 
degenerate [59]. There should be no energy shift between them. But if the va-
cuum is not empty, the vacuum energy fluctuations can interact with the elec-
trons in different orbitals. It would cause a very small energy shift. Such a shift 
was detected by Lamb and Retherford in 1947 [58]. In fact, the experimental 
value of this “Lamb shift” agreed well with the calculation of H. A. Bethe, who 
applied Kramers’ idea of mass renormalization to account for the interactions 
between a free electron and the radiation field [59]. The Lamb shift has since 
played a significant role in demonstrating the importance of including vacuum 
energy fluctuations in theoretical calculations.  

In addition to Lamb shift, non-empty properties of vacuum were also demon-
strated in several other types of experiments, including spontaneous emission, 
vacuum polarization and the Casimir effect [60] [61] [62]. At present, people can 
no longer treat the vacuum as emptiness, although its physical properties are still 
under active investigation [50] [63] [64]. 

4.3.2. Has the Michelson-Morley Experiment Already Proven That the 
Vacuum Is Empty? 

The idea that the vacuum behaves as a wave medium was well developed before 
the 20th century; it was called the “Aether hypothesis”. Many great physicists had 
believed in such a theory and made contribution to it [32]. It was only after the 
publications of the Michelson-Morley experiment and STR that this theory be-
came disfavored. But the issue of whether the vacuum is an empty space or not 
was never clearly resolved. 

In some textbooks, it was implied that the Michelson-Morley experiment had 
proven that the vacuum is empty. But this is really not true. Results of the optical 
interferometer experiment only showed that the transmission of electro-magnetic 
wave is the same in all inertial frames. This can be explained by requiring the 
wave equation of electro-magnetic radiation to be Lorentz invariant [13]. From 
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the Maxwell’s theory of light propagation, this is indeed the case.  
However, there is a clear difference between the requirement of Lorentz in-

variance and the assumption of an empty vacuum. The latter is far more strin-
gent; it assumes that the vacuum has no physical property, and, there is no fixed 
resting frame in our universe. In such a case, any inertial frame can be regarded 
as a stationary frame. In the case of Lorentz invariance, it only requires that a 
transformation of coordinate from ( ), , ,t x y z  into ( ), , ,t x y z′ ′ ′ ′  would not 
change the mathematical form of the equation of motion. It is purely a mathe-
matical concept; it does not exclude the possibility that the universe may have a 
fixed resting frame. Whether or not the universe has a resting frame is a physical 
question which can only be settled in experiment. 

One may say that, in addition to the Michelson-Morley experiment, there are 
also other reasons for rejecting the aether hypothesis. We would like to point out 
that, the wave model presented in this paper is not a revival of the previous 
aether hypothesis. As shown in Subsection 3.2, there is no contradiction between 
our wave model and the Michelson-Morley experiment. Furthermore, the va-
cuum in our model is not the same as the aether proposed in the 19th century. 
First, the aether was supposed to be a medium filling only the space between 
matters; the vacuum in our model is a pre-existing entity that fills all space in 
our universe. Second, the aether was a hypothetical medium for transmitting 
electro-magnetic radiation only; the vacuum discussed here is a medium for all 
excitation waves, including both radiation waves and matter waves. In another 
word, not only photons are excitation waves of the vacuum, particles making up 
matters (such as electrons) are also excitation waves of the same vacuum. If one 
carefully examines the properties of the vacuum proposed in the wave model, 
one will find that all previous objections to the aether hypothesis would not ap-
ply to our vacuum hypothesis.  

Furthermore, despite the common belief that the aether hypothesis was al-
ready abandoned, this is not really true. The existence of aether is still an open 
question in the minds of many great physicists. For example, although Einstein 
was initially against the aether hypothesis, he changed his mind later. When 
Einstein wrote his 1905 STR paper, he was not in favor of the aether hypothesis 
[5]. However, in 1920, when Einstein gave a talk entitled “Ether and the theory 
of relativity” at the Leiden University, he gave a very different view: “To deny the 
ether is ultimately to assume that empty space has no physical qualities whatever. 
The fundamental facts of mechanics do not harmonize with this view .… Reca-
pitulating, we may say that according to the general theory of relativity space is 
endowed with physical qualities; in this sense, therefore, there exists an ether. 
According to the general theory of relativity space without ether is unthinkable; 
for in such space there not only would be no propagation of light, but also no 
possibility of existence for standards of space and time” [65].  

P. A. M. Dirac was a pioneer who developed the relativistic electron quantum 
theory in 1928. In 1951, he published a letter in Nature entitled “Is there an 
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aether?” He said: “Physical knowledge has advanced very much since 1905, not-
ably by the arrival of quantum mechanics, and the situation has again changed. 
If one reexamines the question in the light of present-day knowledge, one finds 
that the aether is no longer ruled out by relativity, and good reasons can now be 
advanced for postulating an aether.” [66]. Apparently, Dirac did not think the 
aether hypothesis is dead.  

4.4. Our Proposed Wave Model Can Be Tested in Experiment 

Our hypothesis that particles are excitation waves of the vacuum can be tested by 
experiment. If the vacuum is not empty, it will form a resting frame in our un-
iverse, and the rest mass of a particle can only be defined relative to this resting 
frame. In the Michelson-Morley experiment [16], it only showed that there is no 
resting frame for a photon. But, since the photon has no rest mass and its speed 
always equals to c, one cannot measure its mass in different inertial frames. In 
order to test our hypothesis, one needs to conduct an interference experiment 
using particles with nonzero rest mass.  

Recently, we suggested that one can test whether there is a resting frame in 
our universe by precisely measuring the moving mass of two particles traveling 
in opposite directions [67]. We know the moving mass of a particle is speed- 
dependent. If there is a resting frame in our universe, our laboratory on Earth 
will be in motion relative to this frame. Then, one will observe a difference in the 
moving mass when the particle moves in opposite directions. This is because the 
total speed of the particle will depend on both the particle velocity relative to the 
laboratory frame and the velocity of the laboratory frame relative to the vacuum.  

We proposed to conduct this experiment in a way similar to the Michelson- 
Morley experiment. That is, we can take advantage of the fact that the experi-
mental apparatus is fixed at the surface of the Earth; its orientation depends on 
the Earth’s rotation. We can change the direction of the particle movement by 
simply repeating the experiment in different times of the day or in different sea-
sons of the year. Based on the known speed of the Earth (taking into considera-
tion the Earth’s orbital speed, the speed of the Sun in our galaxy, and the speed 
of the Milky Way vs the rest of the universe), we estimated that the amplitude of 
the mass variation due to the change of apparatus orientation would be in the 
order of 42 10−×  [67]. Such a frame-dependence effect on the particle mass 
should be measurable using existing technology. 

5. Conclusions 

1) We have conducted a detailed literature review on the derivation of two 
important relations about particle mass, i.e., the speed-dependence of mass and 
the mass-energy equivalence relation. We found that, contrary to common belief, 
these relations were not derived based on the first postulate of Einstein’s theory 
of relativity. Instead, their derivations were more based on Einstein’s intuitive 
thinking that radiation and matters behave similarly. 
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2) Based on this hint, we explored if the non-Newtonian properties of mass 
can be explained on the physical basis of wave-particle duality. We know both 
photon and electron can behave as a particle as well as a wave. Can such a wave 
nature account for the deviations from Newtonian mechanics? 

3) We developed a wave model to describe the movement of matter wave rep-
resenting a free particle. Our basic assumption is that all particles (with or with-
out rest mass) are excitation waves of the vacuum. Using this model, the rela-
tions 2E mc=  and ( ) 1 22 2

0 1m m v c
−

= −  can be directly derived. This demon-
strated that both the speed-dependence of mass and the mass-energy equiva-
lence can be based on the wave properties of a particle. 

4) This wave model predicts that light must travel at a constant speed c and no 
particle can travel faster than the speed of light.  

5) Furthermore, this wave model explains why particles can be created in the 
vacuum. 

6) A potential application of this wave model is to explain the possible origin 
of dark matter. Based on astronomical observations, we know galaxies contain a 
large amount of dark matter in addition to visible matter. At this point, no parti-
cle has been identified as the source of dark matter. From our wave model, one 
can identify dark matter as excitation waves of the vacuum that are uncharged 
and do not involve in strong interaction. Since these excitation waves contain 
energy, they will have equivalent mass and thus can naturally exhibit a gravita-
tional effect. 
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Appendix A: Historical Review on the Derivation of the Mass-Energy Equivalence Relation 
The following is a list of major publications contributing to the derivation of the mass-energy equivalence relation, particularly the 
works of Einstein. This list was compiled mainly based on the reviews of Rothman, Fadner and Hecht [15] [20] [29]. 

Year Author Major points 

1881 J. J. Thomson [7] 
Proposed that a charged conductor in motion increases its mass by 

24
15

e
a
µ , where μ is magnetic 

permeability, a is the radius of a charged sphere, e is the electric charge.  

1889 O. Heaviside [8] Simplified Thomson’s work and suggested that the effective mass is also proportional to 2E c   

1900 H. Poincare [9] 
The relation of mass-energy equivalence 2E mc=  was first mentioned in this paper. It is in the form of 

2J cρ = , where ρ is the mass density, J is the energy density. 

1901 
1902 

W. Kaufmann [17] [68] 
Reported the first experimental results showing that electron’s mass varies with speed.  

1902 M. Abraham [22] His study suggested that the effective mass for an electron is ( ) 24 3m E c= . 

1904 H. A. Lorentz [10] [20] 
Showed that the electron mass parallel to the direction of motion is 3

Lm mγ=  and the mass perpendicular 

to the direction of motion is Tm mγ= , where 2 21 1 v cγ = − . 

1905a A. Einstein [5] 
Einstein published his famous paper on Special Relativity. He proposed that the mass of an “electron” is not 
constant. Based on Newton’s definition of mass, he derived his speed-dependence relations for longitudinal 
mass and transverse mass. 

1905b A. Einstein [25] 
By proposing a thought experiment of an object sending out radiations in opposite directions, he concluded 
that “If a body gives off the energy L in the form of radiation, its mass diminishes by L/c2.”  

1906 A. Einstein [27] [29] 
He proposed a thought experiment using a box with radiation waves transmitting inside. Based on 
conservation of center of gravity, he derived the mass-energy equivalence relation. 

1907a A. Einstein [28] 
Proposed another thought experiment of a rigid body moving in an electric field. He showed that one can 
obtain 2

0E mc=  “from a standing point of relativistic electrodynamics”.  

1907b A. Einstein [70] Proposed to extend the mass-energy equivalence relation to gravitational mass.  

1908 M. Planck [71] Proposed that the mass change in the absorption and emission of heat energy is 2m E c∆ = .  

1909 A. Einstein [72] 
Used the same thought experiment and argument proposed in 1905b paper to derive “the inertial mass of a 
body decreases by L/c2 when the body emits the radiation energy L”. The derivation was made more simple 
and explicit.  

1911 A. Einstein [73] 
Proposed a thought experiment to show that an increase in gravitational mass is also E/c2. This paper is also 
thought to be the author’s attempt to develop General Relativity.  

1912 A. Einstein [74] 
Proposed a thought experiment modified from the 1905b paper to derive the mass-energy equivalence 
relation. This time with a plate sending out two plane waves in opposite directions, and the plate was 
treated as a point mass.  

1913 A. Einstein [75] 
Proposed to prove the mass-energy equivalence relation using the stress-energy tensor based on 
electro-magnetic field considerations.  

1922 A. Einstein [76] 
Produced a more refined version of his energy-momentum tensor treatment for relativity. This was based 
on his Stafford Lectures delivered at Princeton during a visit in May 1921 [29]. 

1935 A. Einstein [77] 
Considered a system using two mass-points traveling toward each other. Based on the argument of 
conservation of momentum and conservation of energy, he concluded that one can regard ( )2 1mc γ −  as 
the kinetic energy of the particle. 

1946 A. Einstein [38] 
Einstein’s last effort to prove 2

0E mc= . The text was short and simple. The treatment “does not presume 
the formal machinery of the theory of relativity, but uses only three previously known laws”: conservation 
of momentum, the equation for radiation pressure, and the expression for stellar aberration of light [29]. 
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