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ABSTRACT

We argue that the Generalized Uncertainty Ptinciple (GUP) and the compact Extra dimensions will lead the hydrogen
atom has the non bounded state spectra which equal the free particle in extra dimensions. We use Generalized Uncer-
tainty Principle (GUP) to calculate the new energy spectra of hydrogen atom, and which lives in three dimensional
Euclidean spaces with one extra dimension. The result is not familiar with our known before that E, =0 when n is

large enough. In our modified new spectra, we obtain that E,,, = (1+24¢%/p?)¢*/2mp? , which is lager than zero.
These new spectra give us new method to obtain the existence of extra dimensions. Finally, we find that the spectra are

same as part of extra dimensions in planck scale.
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1. Introduction

There exist many theories for solving the problem in
unifying the quantum theory and gravity, such as string
theory and loop quantum theory, which all of them pre-
dict that there exits the minimal observable length which
proportional to the Planck length ¢ ~107 cm. [1]
This minimal length was emerged by our observation
method under high energy scale, and which phenomenon
is not surprised for us. In usual quantum mechanics,
which does not consider the effect of gravity, has the
Heisenberg Uncertainty Principle which is described as
AXAp >1/2. This uncertainty principle implies that the
large Ap could make the position distance Ax arbi-
trary small. However, when we consider the gravity, which
becomes more important in Planck scale, cannot lead us
to neglect the effect of gravity in many special cases.
This motivation gives us the advices that when we use
high energy to observe any arbitrary small scale, it will
causes the minimal blank hole, and hence its horizon
becomes the minimal observable length naturally. In this
analysis, the Heisenberg Uncertainty Principle must be
modifed for including the effects of quantum gravity and
the one of the most important models of this case is the
Generalized Uncertainty Principle (GUP). The modified
fundamental commutator (72=c=1) is [2-5]

[x, p]=if (p) (1.1)

This new commutator relation gives us the possibilities
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to contain the different conditions, which could describe
the usual uncertainty principle in our familiar quantum
mechanics that f(p)=1 and also is will includes the
nonzero position distance in high energy scale. In our
requirements, f ( p) is a positive function and which can
be expanded by Taylor series as f (p)=1+Ap°+o(p*),
and 8 = B,(%, =ﬁO/M§ . Our previous work had been
introduced the running constant 4, of f(p) that would
varied with energy scales and be combined with another
quantum gravity quantity: extra dimensions [6]. These
characteristics make us to construct the low energy effec-
tive theory which will contains some quantum gravity
phenomenon in intermediate energy scale. In GUP model,
we choose the first two terms as

[x p]=i(1+8p*) (1.2)
and hence, the GUP model is
AXAp > i[l+,B(Ap)2} (1.3)

Generalizing the commutator to higher dimensions and
expressing it as tensor formalism, we obtain that

[0, ]=i(8; +Bo;p* +2Bpip;)  (1.4)

and the correspondent higher dimensional GUP model is
1

AX.Ap, > E[l+,8((Ap)2 +( p>2)+ Zﬂ(Apf +(p, >Z)J

(1.5)
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where p? =% p,p . This uncertainty principle easily
deduces the minimal observable length that A(x)

Byt , forevery direction.

In this paper, we construct the toy model which the
extra dimension is only considered without any other
potentials, and use the GUP to redescribe the hydrogen
atom. This assumption is not unjustifiable in view of the
fact that the standard model charges cannot move in extra
dimensions in theory of brane world model. Now, extra
dimensions are widely accepted by theorists and there are
large works about it [7-13]. This model gives us the new
spectra, which looks same as our previous works [6],
however, have different physical meaning. In usual spec-
tra of hydrogen atom, we know the spectra is given as

m( &? 1
& = _[5[47180 HF (1.6)

min

We know that the ground state energy is E, =-13.6eV .

When n — oo, we obtain the upper bound of the energy
is zero. In our following works, when consider the term
of one extra dimension ¢2/2mp? , the upper bound of
hydrogen atom will be larger than zero. On the other
hand, we obtain the energy spectra of hydrogen atom is
same as the spectra which describe the particle move in
the extra dimension freely in Planck scale. To sum up, it
gives us the new detect method to find the existence of
extra dimensions in intermediate energy scale.

2. Method

In our case, we need that the wave function obeys the
periodical condition w (x,y)=w(xy+27p), where X
represents the familiar Euclidean space and y yrepresents
the compact space. As we known, the function can be
described as the production of two parts that y (x,6)=
#(x)©(0), where © represents the wave function in
compact space, and we have ©(6)=0(0+2x). In this
way, the familiar wave function can be divided into two
parts. We hence can calculate the energy spectrum of
Euclidean and compact space respectively, and count up
these two parts for obtaining the total energy of the sys-
tem.

X = Xoi

. d 2.1
P = Poi (1+ 05 oy =i — &
XOi
where p =3 pyp, and [ Xy, poid—]:iwﬂ , the usual
canonical operators. The unperturbed schrédinger equa-
tion reads

{;—mw (x)}y —Ey 2.2)

with modifying the commutator relations, we can obtain
the new Hamiltonian of this quantum system that
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Po AN B s
H=H,+H, =—+V s 2.3
ot My 2m+ (X)+mpo (2.3)

the first order correction is then given as

el =2y pilw) =amp (0 -v )

" m

, (2.4)
- 4mﬂ[(E§°>) —2€ (v)+<v2>}
3. Modified Spectra of Hydrogen Atom
The schrddinger equation of hydrogen atom is
2
Zp—y/ +V(F)y = Ey (3.1)
m

where potential V() comes from the Coulomb's law
and be given as
e’ 1
V(r)=- - 3.2
( ) 4rey ¥ (3:2)

As we mentioned in introduction, we should consider
the hydrogen atom with an extra dimension at first.
When we consider the extra dimension, the term p? of
schrodinger equation should contain the momentum in
extra dimension and which can be rewritten as

14
pz dgz

p*=V? (33)
where the correspondent wave function is y=6(6)4(r,¢,@).
In this way, the equation be divided into two equations
which are unperturbed as follow

1 d*e
o =E (3.4)
2mp*° déo
—iv2¢+v (F)¢p=E"¢ (3.5)
2m

so, we have the unperturbed energy spectra of hydrogen
atom with one extra dimension, which can be given as

€)=l +El

m( e V|1 ¢ (3.6)
=—|=|—| |5+
2\ 4neg, ) |n* 2mp®

Now, let us modify the commutation relations by using
GUP, we obtain the perturbed term of Hamiltonian that
H, = Bps/m. So, we find the first order correction of
energy spectra is

EC) = 4mﬁ[( EY)) 260 (v)+ (v ﬂ (3.7)
0 of € /1 e’ 1

_4mﬂ[(E£/) _ZEr(]ﬁ{4”50j<F>+[4ﬁgoj <r_2>]
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where

1 1 1 1
(2} ane <F>=W ©9)

Finally, we obtain the modified energy spectra of hy-
drogen atom that

2

O op0|_& | 1
R

3.9)

bZ
(s + %)n3a2

When n is large enough, in our introduction before,
will gives us E, — 0. But, we obtain new value in here
when n is large, the spectra is

2 2
En,f:,O :(1+2ﬂ_2] 2
0

This result is too surprised. As we known, the usual
ground state of hydrogen atom is—13.6eV . With energy
level increase, the value of energy go up to, however,
specially, there exits the upper bound when N is large
enough which equals zero. But, our result introduction
the new spectra of hydrogen atom when n is large. Above
the upper bound, we find new spectra! This result is not
end of journey, noteworthily, as our works before, we
have the relations \/ﬁ~ p in Planck scale. It express
that

+4mp

(3.10)

gZ
2mp?

E,.o = (1+207) (3.11)
which is the energy spectra of extra dimension. Consid-
ering the physical meaning of the nonzero position dis-
tance in Planck scale, there exists the minimal black hole
and the horizon is that nonzero point. This condition lead
the hydrogen atom has unbounded state in extra dimen-
sions and which is reason that we obtain the positive
spectra in final.

4. Summary

We use GUP and extra dimensions models to rewritten
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the equation of hydrogen atom and obtain the modified
energy spectra which is far from the familiar solution that
has a upper bound. In this modified spectra, we find that
there also exits discrete spectra in field of E >0 , which
is same as the free particle that lives in extra dimensions.
This result is not familiar in usual hydrogen atom. As this
term is contributed by the wave function in extra dimen-
sion, it introduces the new method to find extra dimen-
sions in intermediate energy scale.
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