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In common portfolio theory1, a significant reduction of risk is expected when
investments are split into two or more positions. A lower correlation between
positions results in a higher risk-reducing portfolio effect. The credit risk of a
portfolio is dependent on the default risk of all its issuers. By investing in two
different debtors instead of only one, the probability of the total loss is significantly reduced and a debtor concentration is prevented. Concentration
risk can be reduced by diversifying the portfolio. How can concentration risk
be defined in a quantitative way? The aim of this paper is to determine a key
figure, which makes concentration risk measurable.
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1. Introduction
One of the consequences of the 2008 financial crisis was that both investors and
regulators placed a greater focus on risk management. In particular, the reorganization of the legal framework increasingly required risk limits to be determined and monitored. An essential prerequisite for this is the quantification of
risks. The existing literature2 is only partially helpful in doing so.
For instance, whereas the measurement of market risk, usually defined as a
second moment i.e. expected volatility or value at risk, is widely discussed and
documented among experts, concentration risk is underrepresented in the literature for the specific demands of investment companies. For this reason, a need
Optimising portfolio selection (Marling and Emanuelsson, 2012: pp. 1-6).
1) Corporate Governance of Banks after the Financial Crisis—Theory, Evidence, Reforms
(Mlbert, 2010: pp. 24-30). 2) Eu Financial Market Regulation after the Global Financial Crisis:
“More Europe “or more Risks? (Moloney, 2010: pp.1325-1378). 3) Lessons From The 2008 Global Financial Crisis: Imprudent Risk Management And Miss Calculated Regulation (Vo, 2015: pp.
205-219).
1
2
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has arisen for a new measure of concentration risk to be developed.
A more detailed overview of concentration risk and its measurement will be
presented after this short introduction.

2. Existing Concentration Measures
A common approach for measuring concentrations is the Herfindahl-Index
(HI)3.
The HI is one of the most known ratios for measuring the concentration of a
variable distributed over a certain number of units (Gioia, 2017: pp. 1-2), and
design to measure the degree of market concentration of a particular industry
(Bank, 2018: pp. 17-18), (Naldi & Naldi, 2014: pp. 2-4). A good, exact explanation of the HI with different parameters can be found in a paper from the authors Naldi and Flamini (Naldi & Flamini, 2017: pp. 3-8).
The HI is determined from the quotient of the sum of the individual characteristic value squared, divided by the square of the sum of the individual characteristic values (Semper & Beltrn, 2011: pp. 1768-1770), (Tasche, 2006: pp. 15-16),
(Watt & Quinto, 2003: pp. 6-8):
n

HI =

∑Vi 2
i =1

 n 
 ∑ Vi 
 i =1 

2

where:

n
number of positions
Vi
amount or percentage of the characteristic value
V1 , V2 , ... , Vn can be, for example, not only the individual companies of an equity portfolio, but also sub-quantities such as all equities of a particular region or
sector.
The smaller the HI value, the higher the diversification in the portfolio. The
index assumes values between 0 and 1. The limitation is defined as:
0 ≤ HI ≤ 1
The HI value of two positions, each with 50% weights in the portfolio, gives
0.25 + 0.25
= 0.5 .
1
10 ⋅ 0.01
= 0.1 .
For 10 equally weighted positions, the value is
1
Depending on which characteristic value is measured (individual positions,
ratings, region, industry, sector, ...), different HI values are produced. The selection of the characteristic value therefore ultimately decides the result.
Reynolds’ conclusion states that the HI “provides different results for the same
portfolio depending upon the dimension measured and it fails to provide any
actionable information” (Reynolds, 2009: p. 7), however, it is also noticed in
practice.
The Herfindahl-Index “is a statistical measure of concentration” (Rhoades, 1993: p. 188).

3
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Beyond the fundamental question of selecting the individual characteristic
value, the restriction of using a single dimension often pushes the concept of the
HI to its limits in practice.
More complex questions cannot be answered with the HI, such as the concentration in bond portfolios which also considers credit quality of issuers in
addition to the number or weights of issuers, perceived as multi-dimensional.
It seems intuitively understandable that, for a bond portfolio, issuer concentrations vary depending on whether the credit quality of each issuer is high or
low. For example, the question arises whether a portfolio made up of four AAA
issuers would be more problematic in terms of concentration than a portfolio of
eight BB issuers, as the HI would indicate. For this reason, HI is not suitable for
the problem of multidimensionality. Nevertheless, HI is highly suited for calculating the concentration of equities, as the characteristics of each equity are almost all uniform.
A quantitative approach to this multi-dimensional problem can be formulated
with methods of probability theory. If a portfolio consists of n-equally-weighted
issuers with an identical default probability p, the possible change in the portfolio value due to credit losses follows a random distribution. In the simplest case,
there are only two possible events with a single issuer.
 A 100% failure with probability p.
 No failure i.e. no change in the portfolio value with the probability p-1.
As the number of issuers increases, the number of possible outcomes increases.
For 10 issuers, 1, 2,.........,10 issuers can default and the portfolio value would
decrease by 10%, 20%,.........,100% .
The change of the portfolio value is binomially distributed with the parameters:
 n

number of trials, i.e. number of issuers.

 p

default probability of the issuer.

In the example of ten equally weighted issuers with an identical probability of
default, the use of the binomial distribution yields the following results as illustrated in Table 1.
The first two moments of the binomial distribution are defined as follows:
E ( X ) = pτ

(1)

1 − pτ
n

(2)

σ ( X ) = Var ( X )

(3)

Var ( X=
)

p ∗
τ

E( X )

where:
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E

expected value.

X

default risk of the portfolio.

pτ
Var
n
σ

default probability of an issuer over the period T.
variance.
number of issuers.
standard deviation.
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Table 1. Binomial distribution, n = 10, p = 1%.
Defaults

Portfolio value change

Probabilitya

0

0%

90.44%

1

−10%

9.14%

2

−20%

0.42%

3

−30%

0.01%

4

−40%

0.00%

5

−50%

0.00%

6

−60%

0.00%

7

−70%

0.00%

8

−80%

0.00%

9

−90%

0.00%

10

−100%

0.00%

a
BINOMDIST is a binomial distribution function. (Koshti, 2017: p. 8), (The Binomial Distribution, 2018:
pp. 2-11), (Habibi & Asgharzadeh, 2017: pp. 2-19) with the following parameters: 1) Number: Defaults; 2)
Trials: Total number of defaults; 3) Probability: 99%; 4) Cumulative: 0.

As can be seen from the above equations, the expected value of defaults is invariant to the number of issuers, while the standard deviation decreases as the
number of issuers increase.
For example, to calculate the issuer n—with the given variables:
 standard deviation σ(X) = 1.41% and
 default probability of an issuer over the period T pτ = 1%.
The second (2) equation and third (3) equation (as written above) need to be
rearranged to achieve the variable n

=
n

pτ (1 − pτ ) 1% ∗ (1 − 1% )
=
=
50.
2
Var ( X )
(1.41% )

The consequences of a different standard deviation due to the different number of issuers are shown in the following graphs, Figure 1 and Figure 2. They
show the possible changes in the portfolio value due to the defaults in a portfolio
of 10 issuers on the one hand and 50 issuers on the other hand.
The probability of losing 10% due to defaults is 9.14% for a portfolio of 10 issuers is illustrated in Figure 1. The individual steps of the calculation are shown
in Table 1.
For a portfolio of 50 issuers to lose 10% requires five issuers to default.
The probability of this is only 0.01%. See Table 2 for an explanation of the
Figure 2.
In principle, the use of the binomial distribution can be of significant help in
defining quantitative guidelines regarding the concentration of bond portfolios.
For example, it is conceivable that a portfolio must be diversified to an extent
that the probability of loss due to defaults cannot exceed x%.
DOI: 10.4236/jfrm.2019.82007
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Figure 1. Binomial distribution, n = 10, p = 1%.

Figure 2. Binomial distribution, n = 50, p = 1%.

However, the applicability of this methodology, as presented so far, is dependent on three main limiting assumptions:
1) the weights of the issuers are identical
2) the default probabilities of all issuers are identical
3) the defaults of issuers are independent on each other
Only in the rarest of cases these assumptions are applicable in practice.
The rating agency Moody’s has developed a methodology called Binomial Expansion Technique (BET) to abandon the restrictive assumptions of identical
weights and default probabilities or uncorrelated default events and is still able
to use binomial distribution in the valuation of CDOs. The complexity of the algorithm used by Moody’s makes it impractical to describe it in detail in the context of this paper and therefore a reference is made to the relevant literature4.
In essence, the approach can be summarized as follows:
Moody’s Approach To Rating Synthetic CDOs BIS Working Papers No. 163, CDO rating methodology: Some thoughts on model risk and its implications (Yoshizawa & Witt, 2003: pp. 1-24).
4
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Table 2. Binomial distribution, n = 50, p = 1%.
Defaults

Portfolio value change

Probabilityb

0

0%

60.50%

1

−2%

30.56%

2

−4%

7.56%

3

−6%

1.22%

4

−8%

0.15%

5

−10%

0.01%

6

−12%

0.00%

7

−14%

0.00%

8

−16%

0.00%

9

−18%

0.00%

10

−20%

0.00%

.

.

.

.

.

.

.

.

.

50

-100%

0.00%

BINOMDIST is a binomial distribution function (Koshti, 2017: p. 8), (The Binomial Distribution, 2018:
pp. 2-11), (Habibi & Asgharzadeh, 2017: pp. 2-19) with the following parameters: 1) Number: Defaults; 2)
Trials: Total number of defaults; 3) Probability: 99%; 4) Cumulative: 0.

b

The objective of the approach is to calculate the expected loss of a portfolio
and to assign a corresponding rating to that portfolio. As mentioned above, in
order to apply the binomial distribution, Moody’s transforms an existing portfolio of issuers of different ratings, weights and dependencies into a synthetic
portfolio that meets the conditions for applying the binomial distribution. The
transformation of different default probabilities into a single one for the overall
portfolio is not particularly difficult and can easily be accomplished by establishing a weighted average5. In order to calculate the distribution of the expected
losses, it is necessary to have—in addition to the probability of default—the input factor of the number of issuers or, in the terminology of the binomial distribution, the number of trials (n).
Moody’s algorithm makes it possible to calculate a synthetic number of issuers
with the same weights from a portfolio with different weights of issuers of different credit qualities. This value, which Moody’s calls the Alternative Diversity
Score (ADS) (Fender & Kiff, 2004: pp. 4-5), may in some cases coincide with the
actual number of issuers but generally differs from the actual number of issuers.
The exact formula for ADS does not play a significant role in this paper, but is of
great importance for the following line of reasoning (Fender & Kiff, 2004: pp. 4-5):

 n
  n

 ∑ pi Fi  ∗  ∑ (1 − pi ) Fi 
 i 1=
 i 1

ADS =
=
1

∑∑ ρij ( pi (1 − pi ) p j (1 − p j ) ) 2 Fi Fj
n

n

=i 1 =j 1

WARF method according to Moody’s.

5
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where:

Fi,j
n
pi
ρij

size of i and j position
number of positions
default probability of position i
pairwise default correlations

If it is assumed for a moment that the default probability of all issuers is identical, then the formula is reduced to (Waibel, 2006: pp. 32-38):
n

ADS =

∑ Fi 2
n

i =1
n

∑ ∑ Qij Fi Fj
i =1 j =1

where:

Qij

correlation matrix.
In this case, the ADS is completely independent of the default probability.
Two portfolios with different probability of default will—ceteris paribus—have
the same diversity score.
If the ADS is used as a measure of concentration, it would have the same value
for a portfolio of 10 AAA issuers as for a portfolio of 10 BB issuers.
The basic idea of demanding a higher diversification from a portfolio with
lower credit quality and correspondingly assigning a different degree of concentration is therefore not appropriate for the ADS. Its true purpose is solely as an
input factor for the Moody’s binomial-based rating approach.
Both the HI and Moody’s ADS are of limited suitability in assigning a measure
of diversification or concentration for the purpose of bond portfolios and making the portfolios directly comparable, taking into account both weights and default probabilities of issuers.
An alternative to the existing concentration risk indicators is presented below.

3. Concentration Risk Indicator
This newly developed concentration ratio identifies potential concentration risks
for positions that are not evenly built up in the portfolio. The measure is characterised by the fact that it focuses not only on the relative weights of issuers but
also on their credit quality.

3.1. Initial Value
As a first step, it is to be assumed that a portfolio consists 100% of bonds issued by
a single issuer. For an issuer with a very high credit quality (e.g. Germany or the
USA) the concentration risk indicator is 0 due to the low probability of default,
even when the issuer weight is 100%. As credit quality declines, the concentration
indicator would increase exponentially when the issuer weight is 100%.
This relationship can be represented in an exponential function6 of the following form, as illustrated in Figure 3:
“exponential function f(x) = ex is the fact that the exponential function is the only nontrivial solution of the differential equation f ′ = f ” (Alsina & Ger, 1998: pp. 373-374).
6
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Figure 3. Single issuer portfolio and default probability pi in %.

1 − e−100 pTi

(4)

pTi is the default probability of a rating category i for the period T.
In the case where the pTi is 0, the concentration indicator assumes a value of 0.
As the default risk increases, the indicator approaches a value of 1.
A portfolio of, for example, 100% German government bonds would imply a
concentration risk indicator of approximately 0, meaning the high credit quality
of the issuer, Germany, would completely compensate for the 100% weight of
the portfolio concentration.

3.2. Diversification Factor
As a next step, a 1-issuer portfolio is no longer assumed and the concentration
risk indicator is reduced by diversification. The concentration risk indicator thus
decreases as the number of issuers increases, as shown in Figure 4.
The diversification factor (DF) is defined by the following equation:

DF = α

1
−1
w
−100∗ i
ni

(5)

where:

wi
ni

issuer weight of the portfolio, given that 0 ≤ wi ≤ 1.
required number of issuers, to be determined by risk preferences,
e.g. the BB rating requires 100 issuers.

α

diversification decay factor, given that 0 ≤ α ≤ ∞.

The value of α determines the “speed” of diversification, i.e. the gradient of
the diversification curve, as illustrated in Figure 4.
Input factors are, on the one hand, the required number of bonds ni and, on
the other hand, the actual weights of a bond wi.
DOI: 10.4236/jfrm.2019.82007
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Figure 4. Reduction of the concentration risk indicator through diversification.

1
−1
wi
expresses the ratio of actual weights and target
The exponent −100 ∗
ni
weights.
This calculation is carried out for each issuer and, as such, a concentration
risk indicator value is generated for each individual issuer. The concentration
risk indicator contribution for the overall portfolio is established by multiplying
the concentration risk indicator value by the weights of the issuer, and the sum
of these contributions gives the overall concentration risk indicator.
The concentration risk indicator (CRI) is thus defined as:
CRI =

∑ (1 − e
N

i =1

−100 p

Ti

)


Initial Value

Weight

1

−1

w

−100* i
ni
∗ wi ∗ α


Diversification

(6)

where:
N=
α=
pTi =

number of issuers
diversification decay factor
default probability of a rating category i for the period T i given that
0 < pTi ≤ 1
wi =
% weight of an issuer i in a portfolio given that 0 < wi ≤ 1
ni =
required number of issuers i dependent on the rating
e=
euler number with 2.7187
0 ≤ CRI ≤ 1 applies to the CRI where 0 means no concentration risk and 1
signals a high concentration risk.
CRI acknowledges the fact that low ratings generally require high diversification, e.g. an instrument with an AAA rating does not need to be diversified,
The euler number is described in (Tognetti, 1998: pp. 2-3), (Qi, Niu, & Guo, 2017: pp. 1-7).

7
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whereas an instrument with a BB rating should be diversified. A portfolio with
four BB-rated bonds has a lower CRI than a portfolio with three BB-rated
bonds.

4. Practical Example
As a practical example, data from the bond portfolio described in Table 3 will be
used to calculate a CRI ratio.
The steps involved in calculating the CRI ratio are enumerated below:
 Step 1: As there are two identical issuers, the weights for the Polish issuers
will be added together, as specified in Table 4.
 Step 2: A rating is assigned to each issuer.
 Step 3: A probability of default p must be assigned to each rating as specified
by Moody’s credit rating.
 Step 4: Determine the Initial Value as in Table 4.
 Step 5: Determine the number of issuers ni as in Table 4 8.
 Step 6: Determine the diversification factor DF, with α = 1.05 as in Table 4.
 Step 7: Calculate CRI for each issuer as in Table 5.
 Step 8: Add all the CRI values together to get the CRI ratio total for the portfolio as in Table 5.
The CRI ratio for this example is 0.58. As mentioned, the CRI ranges from 0 to 1.
Algorithm 1 shown below explains in detail the steps involved in calculating the
CRI ratio:
Algorithm 1. Pseudocode for calculating CRI.
Result: CRI ratio for the portfolio
Input: ISIN, Issuer, Rating, % Weight
Output: CRI
Require: a minimum of one position in a portfolio
1) Aggregate the same issuers
if same issuer is repeated in portfolio then
sum of weights for the same issuer
end
2) Classify each rating
∀ issuer ∃ rating
3) Classify the default probability
∀ rating ∃ default probability pi, see Table 4
4) Calculate initial value

(1 −

e −100 p

Ti

) , where pi is taken from step 3

5) Map the desired number of issuers
∀ rating ∃ ni
6) Calculate the diversification factor DF

α

−100*

1
−1
wi
ni

, given that α = 1.05
7) Calculate the CRI contribution per issuer
Calculation: step 1 * step 4 * step 6
8) Aggregate the CRI ratio for each issuer
sum of all issuers from step 7

ni is freely selectable—better ratings result in a smaller number of required issuers and worse ratings result in a larger number of required issuers.
8
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Table 3. Portfolio data example.
Type

ISIN

Issuer

Rating

% Weight

Bond

TRT150120T16

Turkey

BB+

18.79

Bond

HU0000402037

Hungary

BBB−

9.45

Bond

CZ0001002851

Czech

A+

15.63

Bond

XS0638572973

Capital

BB+

10.00

Bond

PL0000106670

Poland

A−

20.85

Bond

XS0767473852

Russia

BB+

5.35

Bond

XS0800817073

VEB Fin.

BB+

4.32

Bond

XS0841073793

Poland

A−

7.96

Bond

XS1028953989

Croatia

BB

5.34

Bond

XS1403619411

Krajo

A−

2.31

Source: Erste Asset Management database, May 2018.

Table 4. Constituents of the CRI calculation.
Issuer

% Weight

Rating

p

Initial Value

ni

DF

Turkey

18.79

BB+

9.4

1.00

121

0.84

Hungary

9.45

BBB−

6.1

1.00

100

0.63

Czech

15.63

A+

0.7

0.50

25

0.35

Capital

10.00

BB+

9.4

1.00

121

0.70

Poland

28.81

A−

1.8

0.83

49

0.78

Russia

5.35

BB+

9.4

1.00

121

0.49

VEB Fin.

4.32

BB+

9.4

1.00

121

0.41

Croatia

5.34

BB

13.5

1.00

144

0.55

Krajo

2.31

A-

1.8

0.83

49

0.01

Table 5. CRI calculation for the portfolio.

DOI: 10.4236/jfrm.2019.82007

Issuer

CRI

Turkey

0.16

Hungary

0.06

Czech

0.03

Capital

0.07

Poland

0.19

Russia

0.03

VEB Fin.

0.02

Croatia

0.03

Krajo

0.00

Total

0.58
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5. Summary
Various techniques for measuring, assessing and presenting concentration risks
have been presented, and it has been determined that using existing scientific
methods can produce misleading results.
In assessing concentration risks in bond portfolios, there is a two-dimensional
problem insofar as the weight and credit quality of an issuer must be taken into
account. For example, two portfolios that have the same number of issuers and
equal weights but different issuer credit quality will have to be assessed differently in regards to their concentration risk.
This paper presents a credit risk adjusted diversification measure that is suitable for concentration risk assessment of bond portfolios using a single number,
taking into account both weight and credit quality. CRI allows the identification
of possible concentration risks within a large group of portfolios. Due to the
standardised approach, CRI enables us to compare the concentration risk of different portfolios.
Further research is required regarding the suitability of CRI for estimating the
loss variance of a portfolio under stressed credit market conditions. The research
thus far neither considered correlations between bonds in the portfolios, nor
showed how it is expected to impact of portfolio return. Empirical evidence is
therefore necessary concerning the input factor for loss estimation of CRI in
comparison with approaches like the Herfindahl-Index and WARF and their
corresponding ratios.
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