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ABSTRACT

A new interpolation method for rotation and divergence free fields is presented. It is based on a suitable choice of a
tricubic interpolation scheme and reacheswecuracy of third order in grid sizéx). With the interpolation method it is
possible to increase the accuracy with edaof grid size/distance with respdotthe trilinear interpolation method

using exactly the same data points. Simulations for several distances of diptdeth¢ interpolation area show that

the maximum relative deviation is approximately8¢)® ppm.
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1. Introduction free and when there are no conduction currents, the field

is also rotation free. In literature various methods exist
ased on a trilinear [5], triqdeatic, or even tricubic [6]

interpolation schemes. The disadvantages of these meth-

For many applications it is needed that a vector field i
accurately known with suffient spatial resolution. For

instance for the calculation okutron spin precession [1], ods are either their limitedccuracy (trilinear and tri-

in magnetic resonz_in;:_el imagir{Z]IorI in space [3]. _Ir; guadratic) or the large numberf grid points needed
case these magnetic fields dancalculated, it is possible Etriquadratic and tricubic). Further, in general, these in-

that these calculations are very time consuming and ifg o\ation methods result in a field inside the grid that
might be impossible to do these calculations with thep,s 4 finite divergence and rotation, possibly resulting in
required spatial resolution. In case these magnetic fieldynphysical results. Here, a method is presented that gives
have to be measured, it is also possible (and even likely} rotation and divergence free interpolation of a vector

that these measurements are very time consuming angb|d inside a 3D-rectangulayrid, with an accuracy that
the required spatial resolution can not be obtained. Ins third order in grid size.

these cases one must resort to interpolation methods. It is

important to have an interpolafcion.method that is accu2_. Method

rately enough, evewhen the grid size of the calculated ) ,
or measured data is large with respect to the require®tS consider a rectangular box of homogeneous material
resolution. This calls for higher order interpolation (With linear constitutive equations) with sidés, y and

schemes. The use of a divergence and rotation free int (S€€ also Figure)1 The Maxwell equations require

terpolation can be advantageous in two respects. First, pirat th? r;]]agnetlc? mdl.mtl'.on. IS a(ljwqyrs] dlvergednce. free. In
using these properties of the field it is possible to in-“35€ © the quas-static limit and without conduction cur-

crease the accuracy of the iptelation. Second, in some rents the magnetic induction should also be rotation free.
cases if the interpolated field is not rotation and diver-AS the material is homogeneous and linear, these condi-

. . tions also hold for the magnetic fieldy .
nce free, this | to erron results which have n : : ' .
gence free, this leads to erroneous results ch have no rotation free field can always be described as the

physical meaning. This is the case in for instance mag- . . ; X
, ) gradient of a scalar quantity, so let us define a scalar field,
neto-hydrodynamics [4]. An important example of a ro-

tation and divergence free vector field is the magneticG so that

field in a conduction current free region in a homogene- H G 1)
ous material. The magnetic field is always divergencethen
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G 0 (2) dividing it in 6 tetrahedrons) to F. Each point in the
box lies in exactly one of these tetrahedrons (see Figure
1). On each edge of the talredron the three components
of the magnetic field are known, hence there are 12 in-

because of the fact that H ™ 0. It is assumed thas
is a mixed polynomial of, y andz

G : a ik Xy ? dependent values that detene the coefficients o6.
Lk All regions should contain a body diagonal to get inde-
wherei, |, k are elements 0f 0,1,2;-- m 1. In the fol- pendent values of locations of the magnetic field com-

lowing it is explained which choices where made to findponents. In any other case no solution can be found, be-
the coefficientsa ;, . 3., is taken O as only the gra- cause the matrixQ as defined in Equation (4) will be
dient of G is of importance. Condition (2) yields singular, as some rows of the matrix will be identical. It
i 1ic 2a . XY is no-t (.jl-r.ectly obvious, but it can be derived by trying all
P : possibilities. o _
L1 2a | &x‘ Ve The scaIgG is a polynomial with a maximum of sec-
i : ond ordgr inx (ory, 2), so tha_t the; magnetic flelq com-
I c NPT ponent in thex (ory, 2) direction is only a function of
i,jl,kck 1 ke 2.3,y @ 0 first order inx (ory, 2. The interpolation will only be
accurate up to first order. This is a similar accuracy as is

wherei, J', k' are elements of 0,1,2;--,m 3. Hence  gptained with simple trilinear interpolation of each sepa-
thereare m 2° 6 m 2° equations (note that j’ rate component [5].
andk’ havem i 2 values and, j andk havem values). Form> 3, there arenfi i 2)°+ 6 (m i 2+ 12 (n | 4)

This can be rewritten as + 8 equations and the number of coefficientsiisi 1, so

i 11 2a .. i 1 2a . that the number of free coeffients is 23 and independent
i 2,jk J J i,j 2k . . .

of m. For m = 4 the scalaiG is a polynomial with a

maximum of third order irx (ory, 2), so that the mag-

where all coefficients with any indexj or k larger than ~ Netic field is of second order (ory, 2) so that the in-
m i 1 should be taken 0. Further, all coefficients with terpolation can be accurate up to second ordennfo#,
any two indices larger than i 3 should also be 0 to get G can be written as
a divergence free field. These are 7 equationsnfer 3 G X xyz A
and 12(n i 4) + 8 equations fom> 3.

For m = 3 there are 12 independent coefficients. Itwhere the elements oA and X are given by the first
seems a logical choice to use 4 points of the rectangule®3 numbers ifTable 1 The magnetic field is given by
grid. The complete rectangular box can be covered by¥quation (1), so that

k 1 k 23;,, O

Figure 1. Grid points with different regions A to F. Note that the different regions rotate around the body diagonal.
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Table 1. Coefficients of vectorsA, X and B.

i A X B i A X; B i A X B
1 a100 X H,(0,0,0) 9 ag20 Vix H. (0, ¥, 0) 17 a3 xz(Z i 3y) Hy (X, 0, @)
2 010 y H,(0,0,0) 10 a x(Z iy) He(x, Oy,0) 18  ago  xy (¥ 13D H,(x, 0, &)
3 e z H(0,0,0) 11  ao» y(Z %) Hy(0x, Oy,0) 19  asn  xz(€ i3y) He (0, &, (®)
4 10 Xy H(X 0,00 12 agm zZ(y %) H,(x, Oy,0) 20 ans yz(Zi3¥) Hy (0, ¥, ®
5 a1 Xz H(x 0,00 13 ag x(¥ i3 H (0, 0, @) 21 apm  yz(Y i3d H, (0, ¥, &)
6 o1 yz H(X 0,00 14 as YK i3 Hy (0,0, @ 22 ans  xyzZix) Hy (%, Oy, @)
7 an Xyz HO, &0 15 aws z(Z i3d H, (0,0, @ 23 am xyz(y 1) Hy (X, by, (&)
8 ame ZixX HO %0 16 asp xy(F i3 H(X0 & 24  am %4 H, (&, Oy, ()

dX x,y,z . tion (3) can be inverted to find the elements A&f

H, X,y,2z A 3 -
dx A Q'B

and simillar. for they andz components. ASA contains o Equation (3) can be used to perform the interpola-
23 coefficients, 23 magnetic fields components are;on

needed to be able to detene these coeﬁicier_lts. of For a regular grid matrixQ is fixed and has to be
course as only 2_3 compo_nents are needed OneIs n(_)t US@&ermined only once. One can even perform the inver-
As soon as the interpolation gets c_Ios_e to this point it WI||Si0n of the matrix analyticlgl, to speed up the process.
get less accurate as one comgranis inferred frc_)n_"n _the For a cubic grid andx = 1, the matrixé 1 reduces to a
other components. This can be prevented by dividing th?/ery simple one and is shown Trable 2 The advantage

bor n two_liegllons S|kr)nllar ‘6'?;_”? 2 sdq that th? mter;]_ of this method over the one presented by Lekien [6] is
polation will always be at sufficient distance from this y; g derivatives need te determined at the comers

point. and that matrixQ has only 24 components instead of
Another option is to add one additional coefficient. 9? Q y P
0

The disadvantage is that in such a case the exactness
the divergenc_e free interp_olat_ion is given up. It has beerB_ Simulation and Results
found that this method givesightly more accurate re-
sults for the simulations considered here. Notv, and The accuracy of the interpolation scheme can be tested
X contain 24 elements that are given by the completdy means of the magnetic field of a dipole at a certain
Table 1 distance from the rectangulanbthat is considered. The
When B is a vector with 24 elements, determined by calculated magnetic field at a certain point in the box can
the values of the field components at the corners of théde compared to the one that is interpolated using the
rectangular box, then it is possible to write magnetic field points at the corners of the box. This has
A been done for above interpolation schemes (3, m= 4
B QA ) and 24-element) for a cubiyrid and magnetic dipoles

where é iS a matrix Connecting the elements of both directed in the(, yorz direction and positioned at the
vectors. Each etsent of a row of Q is determined by X-axis at a certain distancéhe magnetic field of such a

the correponding element of Equation (3) dipole was calculated according to
30 dx 43° r ©
dX, x,y,z wherel, is the magnetic permeability of vacuum, is
Q, —————— the vector from the dipole to the interpolation point and
dy M is the magnetic dipole vector. For a magnetic dipole
dX. x.y.z in the x-direction only thex-component ofM is
Qi 2 : ' non-zero (and similar for thg- andz-directions). Exam-

dz ples of the results for the 24-elements interpolation
wherei is to be taken over the 8 corners of the rectanguscheme are shown iRigure 3. This figure shows the
lar box, corresponding with coordinateg i, z). Equa-  relative deviation H . oaeq/H exae 1 With respect to
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A B

Figure 2. Different regions A and B in 23 coefficients interpolation. In region A the-component of the magnetic fieldB;1, is
ignored and in regionB the z-component ofByge The dividing plane is ZAz + 2yAy + 2xAx = AX® +Ay? + AZ.

Figure 3. Relative deviation of interpolaton (24 elements) in ppm of the magnitude of the magnetic field at a distance of 10
(left) or 100 (right) grid sizes for the fieldcreated by a magnetic dipole directed in the& (top), y (middle) and z direction (bot-
tom) as function ofx andy for z= 0.5Ax.
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Table 2. Elements of matrix 720™ .
@
1 2 3 4 5 6 7 8 9 10 11 12
1 72 0 0 0 0 0 0 0 0 0 0 0
2 0 72 0 0 0 0 0 0 0 0 0 0
3 0 0 72 0 0 0 0 0 0 0 0 0
4 i58 i58 8 16 56 i10 56 16 i10 il14 il4 8
5 i58 8 i58 16 i10 56 2 4 2 4 i2 i4
6 8 i58 i58 4 2 2 i10 16 56 i2 4 i4
7 24 24 24 0 i72 i72 i72 0 i72 48 48 24
8 39 39 i78 6 12 21 12 6 21 i3 i3 12
9 39 i78 39 6 21 12 i33 i12 i33 i12 15 i6
10 i42 i24 102 i48 30 i96 i6 i12 i6 i12 6 12
11 i24 i42 102 i12 i6 i6 30 i48 i96 6 i12 12
12 i24 102 42 i12 i6 i6 30 24 48 6 i12 12
13 28 i26 i26 32 22 22 i14 ia i8 i10 8 4
14 i26 28 i26 i4 i14 i8 22 32 22 8 i10 4
15 i26 i26 28 i4 i8 i14 i8 i4 i14 2 2 i8
16 28 i44 16 32 40 i20 i32 i40 i20 i28 44 16
17 28 16 i44 32 i20 40 4 8 4 8 i4 i8
18 44 28 16 i40 i32 i20 40 32 i20 44 i28 16
19 44 16 28 i40 i20 i32 4 8 4 8 ia i8
20 16 28 44 8 4 4 i20 32 40 i4 8 i8
21 16 44 28 8 4 4 i20 40 i32 i4 8 i8
22 i24 i24 48 i24 24 i48 24 i24 i48 24 24 48
23 i24 48 i24 i24 i48 24 24 48 24 24 i48 i24
24 i12 i12 i12 12 i12 i12 i12 12 i12 12 12 i12
(b)
13 14 15 16 17 18 19 20 21 24
1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0
4 2 2 4 4 i4 i2 i4 4 i2 i2 i2 4
5 56 il0 16 il4 8 il4 i4 i2 4 i2 4 i2
6 i10 56 16 i2 i4 4 8 il4 il14 4 i2 i2
7 i72 i72 0 48 24 48 24 48 48 0 0 0
8 i33 i33 i12 i12 i6 15 i6 i12 15 i3 i3 6
9 12 21 6 i3 12 i3 i6 15 i12 i3 6 i3
Copyright © 2013 SciRes. JEMAA



286 Fully and Partly Divergence and Rotatieree Interpolation of Magnetic Fields

Continued

10 48 30 24 42 i24 i30 12 6 i12 6 i12 6
11 30 48 24 6 12 i12 i24 42 i30 i12 6 6
12 30 i96 i48 6 12 i12 i24 i30 42 i12 6 6
13 i14 i8 i4 i10 4 8 i8 2 2 i4 2 2
14 i8 i14 i4 2 i8 2 4 i10 8 2 i4 2
15 22 22 32 8 4 il0 4 8 i10 2 2 i4
16 4 4 8 8 i8 i4 i8 8 i4 i4 i4 8
17 i32 i20 i40 i28 16 44 i8 i4 8 i4 8 i4
18 4 4 8 8 i8 i4 i8 8 i4 i4 i4 8
19 40 i20 32 44 16 i28 i8 ia 8 ia 8 ia
20 i20 i32 i40 i4 i8 8 16 i28 44 8 i4 i4
21 i20 40 32 i4 i8 8 16 44 i28 8 i4 i4
22 24 24 48 24 i24 i48 i24 24 i48 i24 i24 48
23 24 i48 i24 24 48 24 i24 i48 24 i24 48 i24
24 i12 i12 12 12 i12 12 i12 12 12 12 12 12

Figure 4. Relative deviation of interpolation (24 elemes) as function of distance to dipole for dipoles ix, y and z direction.
The full black line is the maximum limit given by 3(Axf)*ppm, r is the distance to the dipte. The (upper) red line indicates
the limit for interpolation with m = 3, the long-dashed-green line the limit for trilinear interpolation and the short-dashed-
blue line the limit for interpolation with m = 4.

the magnitude of the calculated magnetic field as func-deviations do not approach zero at the corners. This is
tion of x andy for z= (x/2. The distance between the because a slice through the ezmf the cell (as used in
box and the magnetic dipole is ®0(left side) or 10ax the plots) does not contain any corners. This slice was
(right side) and the results are shown for three differenthosen to show the largenisions. The interpolation is
dipoles (from top to bottom directed in they andz di- accurate to third order in igr size. Further simulations
rection). The relative deviatiois already quite small for for several distances of the dipolegp the interpolation

a dipole at a distance of 10 times the grid size and rearea show (seEigure 4) that the maximum relative de-
duces another factor of 1000 when the distance is inviation is approximately 3@/r)* ppm. If the interpola-
creased by a factor of 10. The graphs show that the reldion scheme fom = 4 is used with 23 elements, the
tive deviation is not constant but depend on the propermaximum relative deviation that occurs in this case is
ties of the field. The interpolation coefficients are deter-approximately 5(x/r)> ppm. The interpolation scheme
mined by the values at the corners of the cube, but théor m = 3 or the trilinear intgolation have maximum
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deviations of approximately 4.8¢/r)?ppm and 1.5(xr)?
ppm respectively. Note th#he latter interpolation sche-
mes are only accurate in secondier of the grid size.
Hence, by using the properties of the magnetic field (di-
vergence and rotan free) it is possil@ to increase the
accuracy of the interpolation with a factor &f/r with [1]
respect to the trilinear intgolation using exactly the
same data points.

4. Conclusion [

A new interpolation methodses the properties of the
magnetic field in homogeneous linear materials without(3]
conducting currenti.g. rotation and divergence free).
The method needs 24 magnetic field components, which
are provided by the 24 components available at the $4
corners of a rectangular grid. The interpolation accuracy
obtained is third order in grisize. With the interpolation
method it is possible to increase the accuracy with a fac-
tor of grid size/distance withespect to the trilinear in- 5]
terpolation using exactly the same data points. The in*
terpolation method can be checked for other field shape%]
as used here to check thdididy of the results further.

The number of free parameters for a divergence and rota-
tion free field derived from a potential represented by a
polynomial withm > 3 is always 23. It would be inter-

Copyright © 2013 SciRes.
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esting to create a similar interpolation schemenior 4,
to find out the influence on the accuracy.
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