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ABSTRACT
One of the best ways for better understanding of
biological experiments is mathematical modeling.
Modeling cancer is one of the complicated biological modeling that has uncertainty. Therefore, fuzzy
models have studied because of their application in
achievement uncertainty in modeling. Overall, the
main purpose of this modeling is creating a new
view of complex phenomena. In this paper, fuzzy
differential equation model consisting of tumor, the
immune system and normal cells has been studied.
Model derived from a classical model DePillis in
2003, which some parameters from a clinical point
of view can be described in the region. In this model,
by considering fuzzy parameters from clinical point
of view, the three-dimensional fuzzy tumor cells in
terms of time and membership function are pictured and region of uncertainties are determined.
To access the uncertainty area we use fuzzy differential inclusion method that is one of the including
methods of solving differential equations. Also, different initial conditions on the model are inserted
and the results of them are analyzed because tumor
has different treatment in different initial conditions. Results show that fuzzy models in the best
way justify what happens in the reality.
Keywords: Tumor Cells; Mathematical Modeling;
Fuzzy Parameters; Fuzzy Differential Equation

1. INTRODUCTION
R Using mathematical models is one of the techniques
stricken with cancer for finding appropriate treatment
and low risk of it. In this way, models of diversity in to
different factors such as competition in tumor cells with
normal cells over food sources and effects of the immune system on the growth of tumor cells and in some
cases different ways of treatment such as chemotherapy
have been presented [1-6]. These models often based on

biological principles and by using the parameters as obtained from experiment or estimated investment are originated. Thus always to determine these parameters,
there are some uncertainties [7,8].
Therefore, because of uncertainty in the parameters of
models, using of differential equations and definite tendency in some of artificial systems don’t have efficiency
to analyze the behavior of living systems, and all the
reality not be said by these models. More generally,
there are two major reasons for using fuzzy systems in
modeling uncertainties. The first reason is being fuzzy
measurements. Modeling phenomena are always come
from observations and measurements, and these measurements are always exposed to errors and errors from
the physical and biological processes with uncertainty
are natural. Any numeric measurements that can be extracted also affected by measurement tools and are also
influenced by the observer to understand. The second
reason is due to be qualitative model. Each of the mathematical variables of model is a sign and the desired
quantity, which in turn is a matter of quality. Characters
and relationships in the analysis of phenomena common
to the process (recognition condition), all those answers
are generating subsets acceptable answers and because
of that they are accepted in daily applications [9]. There
are many different viewpoints for modeling uncertainty.
Use of fuzzy differential equations is one of these viewpoints. When these uncertainties in the modeling are
combined with differential equation, they are caused
fuzzy differential equations in the modeling that can be
kept ambiguity in the phenomena. Recent years, fuzzy
differential equations have been proposed as a tool for
modeling in non-deterministic systems. The main goal of
a fuzzy differential equation estimates further conformity with reality in comparison with ordinary differential equations. There have been many different methods
for solving fuzzy differential equations that across them
fuzzy differential inclusion (FDI) because having the
ability to prevent and eliminate the production and dissemination of uncertainty in the problem solving process
to occur, is suitable for all types of equations including
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Responsiveness is the linear and nonlinear [10-12].
For the first time in 2004, K. Kumar Majumdar and D.
Dutta Majumder in one grade differential equation tumor
model proposed the idea of using fuzzy differential equations and the advantages of its use in modeling
[10,11,13]. In 2009, we simulated and analyzed that
model by using fuzzy differential inclusion method [14].
In this paper, a model of third degree consists of tumor cells, immune system cells and normal cells are
used and method of solving fuzzy differential inclusion
are expressed and all areas of response three-dimensional figures using the above method are determined.
The purpose of this article is entering uncertainty into
tumor model by considering fuzzy model parameters.
Fuzzy parameters change crisp system into fuzzy system.
Areas of uncertainty for the number of tumor cells in
terms of membership function and time are determined.
Also in this model, different initial conditions are evaluated by their results of simulation. The main purpose of
this article is creation a new view of cancer noted that
simulation could be stomata for complex phenomena to
determine the uncertainty area. This paper is organized
as follows. In Section 2, the model from Depillis in 2003
and its mathematical equations are presented. In Sections
3 and 4 the fuzzy model-based and the method reached
the fuzzy surfaces is described, and then simulation results of the different initial conditions are evaluated.
Section 5 presents some conclusions.

2. TUMOR MODEL AND ITS
MATEMATICAL EQUATIONS
Mathematical model presented in this paper based on the
Depillis model [15]. Since the clinical observations,
some parameters of the model with uncertainty and
range are acceptable, so in this paper these parameters
based on clinical observations and based on the possibility of its occurrence are considered fuzzy. In this paper,
for the first time, the uncertainty range of tumor cells in
terms of time and membership function is drawn and
behavior in terms of its possible occurrence is determined.
In this model, T is the population of tumor cells, N is
the total population of healthy cells and I the total population of immune cells. The dynamic model of three
populations as well as the drug concentration in the
blood has been written.
Equations of model are presented as follow:
N  r2 N (1  b2 N )  c4TN  a3 (1  eu ) N
T  rT (1  b T )  c TI  c TN  a (1  eu )T
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Range of parameters was introduced as follows [15]
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(see Table 1):
a1 , a2 and a3 are fraction cell kill with

a3  a1  a2 and high bandwidth is not more than
0.5.
 b11  b2 1  1 are carrying capacities.
 c4 , c3 , c1 , c2 are completion terms.

s is immune source rate; in our experiments 0  s  0.5 .

d1 and d 2 are death rate of immune cells and death
rate of drug, respectively.
 α is immune threshold rate.
 is immune response rate; a clinical range of 

is the interval (0, 2.5).

3. CONSIDERING FUZZY PARAMETERS
According to the parameters described in the previous
section, can be concluded that some model parameters
such as s , a1 , a2 , a3 and  are non-deterministic and
uncertain in model. Thus, for entering the uncertainty in
model, these parameters are considered fuzzy. Trapezoidal fuzzy number is written as a/b/c/d, where [a d] defines the support and [b c] is the vertex (or core) that is
used in the model. The parameters in the peril immune
system disease, are in the area with membership function
is equaled one (vertex) and minimum and maximum
value of described parameters are on the base and their
membership functions are zero (trapezoid fuzzy number).
Values of parameters are in Table 1. Functions of fuzzy
parameters such as s , a1 , a2 , a3 and  in term of
 ( x) are located in Table 2. Figures of membership
functions of  s ( x) ,  a1 ( x) , a 2 ( x) , a 3 ( x) and   ( x)
are shown in Figure 1.

4. SIMULATION OF TUMOR MODEL
USING FDI
Fuzzy differential inclusion (FDI) is one of the new
solving methods. Five parameters are fuzzy parameters
and other parameters have precise amount. For modeling
the system using FDI method in MATLAB command
Table 1. Fuzzy functions of rigght and left supports of
parameters.
parameter

Crisp
value

parameter

Crisp and fuzzy value

d1

0.2



0/0.009/0.011/2.5

d2

1

s

0/0.32/0.34/0.5

r1

1.5

a1

0/0.19/0.21/0.5

r2

1

a2

0/0.29/0.31/0.5

c4  c3  c1

1

a3

0/0.09/0.11/0.5

c2

0.5

a2

1

α

0.5

a1

1
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Table 2. Fuzzy and crisp value parameters.
Description

Fuzzy function

Left supprot of (s) parameter
Right supprot of (s) parameter
Left supprot of ( a1 ) parameter
Right supprot of ( a1 ) parameter
Left supprot of ( a 2 ) parameter
Right supprot of ( a2 ) parameter
Left supprot of ( a3 ) parameter
Right supprot of ( a 3 ) parameter
Left supprot of (  ) parameter

m em bership function

m embership function

Right supprot of (  ) parameter

0 .3 2  ( x )
 0 .1 6  ( x )  0 .5
0 .1 9  ( x )
 0 .2 9  ( x )  0 .5
0 .2 9  ( x )
 0 .1 9  ( x )  0 .5
0 .0 9  ( x )
 0 .3 9  ( x )  0 .5
0 .0 0 9 9  ( x )
 2 .4 8 9  ( x )  2 .5
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Figure 1. Trapezoidal fuzzy numbers of s , a1 , a2 , a3 and
 parameters.

file, the five parameters with regard to fuzzy membership functions are written (analysis with fuzzy numbers
is based on using intervals after taking α-cuts), then low
and high and middle support of each of the five parameters are considered by low and high and middle support
of other five parameters. The figures have been specially
created which are computed from all left and right supports of parameters with left and right supports of other
parameters, and left and right supports of other parameters with middle supports of other parameters.
There are 32 (25 = 32) figures for upper and lower
supports of each parameter with other parameters and 80
(5×25-1=80) figures for each parameter bound middle
with upper and lower support of other parameters (In
total there are 112 figures). The fuzzy differential equation solutions by the program per membership function
from zero to one are found. A total 112 figures per level
from zero to one membership function is created. Maximum and minimum of three dimensional fuzzy figures,
respectively as the upper bound and lower bound of the
final model are considered. The general uncertainties by
using fuzzy parameters are into the model. Fuzzy paCopyright © 2010 SciRes.
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rameters change crisp system to fuzzy system. Upper
and lower supports of model are come from maximum
and minimum of 112 figures. Thereby uncertainty in the
system can be modeled (high and low figures of three
dimensional fuzzy figures).
Two different initial conditions of tumor size will insert in the model because the size of recognition of tumor by immune system is a serious element in early
disappearance of tumor or in tumor regression.

4.1. Results of Simulation in Large Initial
Conditions of Tumor
First, assume that tumor is identified in large size; i.e.
the initial condition is as follow: N (0)  1 , I (0)  0.15
and T (0)  0.25 , (this corresponds to a tumor with
0.25×1011 cells and T (0)  0.25 is normalized value)
and in no treatment conditions we found the area of the
tumor cells response. Early recognition of tumor by immune system is a serious element in early disappearance
of tumor as the tumor obviation will occur if the immune
cells can identify the tumor in small size. The clinical
detection threshold for a tumor is generally 107 cells [16],
so the initial tumor volume of 0.25 normalized units is
above clinical detection levels and we will expect
growth on tumor.
The number of tumor cells based on time and membership function is shown in Figure 2. Considering Figures
2 and 3, in the case without treatment, the number of cells
will increase in the high possibility (membership function
= 1). The number of tumor cells will be in the normalized
range of 0.53 to 0.59. As shown in the Figure 2 where the
membership function is equaled to zero, number of cancer
cells is near zero in on a lower bound and it is one in upper bound, this means that the event can reach tumor cells
to zero is zero or on a very low possibility. Figure 2 is
good confirming by the reality. In the reality, due to immune cells, the possibility that the number of cells reaches
its maximum value on the whole body is very low, and in
this status the possibility that the number of tumor cells to
zero, is also very low. It is confirming the fact that decreasing the number of normal cells due to increasing of
tumor cells is possible. Since the figures created are occurred by combining uncertainty of all the fuzzy parameters together, so all shapes have as well as confirmation of
what happens in the real world.

4.2. Results of Simulation in Small Initial
Conditions of Tumor
In different initial condition, assume that tumor is identified in small size; i.e. the initial condition is as follow:
N (0)  1 , I (0)  0.15 and T (0)  10 5 , (relatively very
small tumor volume in normalized value). Again by using the above method, uncertainty region of tumor
JBiSE

1004

S. S. Esmaili et al. / J. Biomedical Science and Engineering 3 (2010) 1001-1005
[5,15,16]. According to data from the study of articles
and the ways you can get that model in the most possibility (membership function = 1) acts properly and in the
less possibility (less membership function), events which
may live for each system occur and may well be expected to explain.

5. DISSCUSSIONS AND CONCLUSIONS

Figure 2. Fuzzy number of tumor cells with respect to time
and membership function in tumor identification in small size.

Figure 3. Uncertainty region of tumor cells in membership
function=1 and in tumor identification in large size.

cells are found. As later noted, the clinical detection
threshold for a tumor is generally 107 cells, so the initial
tumor volume of T (0)  10  5 normalized units is below
clinical detection levels and we will expect disappearance of tumor ( T (0)  10  5 is equivalent to 106 cells).
As can be seen in Figure 4 and 5, in the highest possibility (membership function = 1) the tumor is disappeared, so population of cells will reduce and there is the
chance of death to escape because the immune system
cells identify tumor in small size. In addition, Figure 4
indicates that the number of tumor cells can be increased,
and it can be reduced in very low possibility, but the
possibility of tumor growth is enormous Although the
tumor is in small size, sometimes for unknown reasons,
the immune cells can’t remove the tumor cells and this is
coordinate with unusual events in the reality. For model
validation, the information has been used in articles
Copyright © 2010 SciRes.

This paper by considering fuzzy parameters in the model
from the view point of clinical, the uncertainty was entered in to the model, and three-dimensional figures for
number of tumor cells based on membership function
and time were figured.
Considering the simulated results, without treatment
in large initial condition of tumor, the number of tumor
cells is increased, but there is possible to reduce the

Figure 4. Fuzzy number of tumor cells with respect to time
and membership function in tumor identification in small size.

Figure 5. Uncertainty region of tumor cells in membership
function=1 and in tumor identification in small size.
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number of tumor cells in the presence of the immune
system, and this possibility with regard to its membership function is very low. The simulations show that in
small initial condition of tumor, in regions of possible
high, the number of tumor cells is reduced to zero. In
areas, that the possible occurrence is low, even in small
size of tumor, reduce the number of tumor cells is not
possible, and immune system cells can’t remove the tumor that this is by considering the complex system of the
body being very close to reality. This case may be occurred sometimes for unknown reasons due to different
patient conditions, including the power of being different
immune system, its ability to be different in the development of tumor cells, and etc. Therefore from the observations obtained that the models based on fuzzy differential equations in three dimensions in term of time
and number of cells are appropriate model because of
considering the uncertainty in model parameters. It
should be noted in the modeling using fuzzy differential
equations; the figures created are occurred by combining
uncertainty of all the fuzzy parameters together, so all
shapes have as well as confirmation of what happens in
the real world.
Consequently, the theory of fuzzy differential equations is considered as suitable tool for modeling complex
phenomena. By using fuzzy differential equations, the
ambiguity in the phenomena can be kept and also behaviors of tumors without the experiment can be predicted.
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