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Abstract 

The purpose of this work is to prove that only by applying a theoretically 
sound information approach to developing a model for measuring the Boltz-
mann constant, one can justify and calculate the value of the required relative 
uncertainty. A dimensionless parameter (comparative uncertainty) was pro-
posed as a universal metric for comparing experimental measurements of 
Boltzmann constant and simulated data. Examples are given of applying the 
proposed original method for calculating the relative uncertainty in measur-
ing the Boltzmann constant using an acoustic gas thermometer, dielectric 
constant gas thermometer, Johnson noise thermometer, Doppler broadening 
thermometer. The proposed approach is theoretically justified and devoid of 
the shortcomings inherent in the CODATA concept: a statistically significant 
trend, a cumulative value of consensus or a statistical control. We tried to 
show how a mathematical-expert formalism can be replaced by a simple, 
theoretically grounded postulate on the use of information theory in meas-
urements. 
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1. Introduction 

In 2018, for the first time in the history of modern science, a unique decision 
was taken: a modification of the International System of Units (SI). It is based on 
the redefinition of the four basic units of kilogram, ampere, kelvin and mole of 
the SI in terms of fundamental physical constants. The basic unit of thermody-
namic temperature θ, kelvin, was based on a fixed numerical value of the 
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Boltzmann constant k = 1.380649 × 10–23 J·K–1. This became possible only due to 
the unique methods of measuring the Boltzmann constant. However, the nu-
merical value of the Boltzmann constant is fixed only when special requirements 
are met for the relative uncertainty of measurement [1]: the relative standard 
uncertainty of the adjusted (mean) value of k is less than 1 × 10−6; the determi-
nation of k is based on at least two fundamentally different methods, of which at 
least one result for each shall have a relative standard uncertainty less than 3 × 
10−6. To calculate the value of relative uncertainty, modern statistical methods 
and supercomputers are used. Besides, at each stage of evaluating the results, an 
expert analysis of the obtained data is carried out. It means to use the specialist’s 
own intuition, knowledge and experience (one’s personal philosophical leanings 
[2]). Such a situation does not exclude the presence of a biased statistical expert, 
motivated by personal convictions or preferences. It should be mentioned that 
the relative uncertainty method for identifying the measurement accuracy does 
not indicate the direction in which one can find the true value of a fundamental 
physical constant. In addition, it involves an element of subjective judgement 
[3]. 

In contradiction with CODATA (The Committee on Data for Science and 
Technology) statistics-expert techniques, the proposed method [4] [5] is a theo-
retically grounded approach, based on the theory of information. The approach 
begins with a simple concept, for example each model of the phenomenon in-
cludes a certain amount of information. It is assumed that the end result will be 
one value that predicts the model uncertainty prior to the experiment or com-
puter simulation. The information-based approach serves as a practical tool for 
checking the lowest achievable model uncertainty. It also creates the right scien-
tific discussion about the maximum optimal number of variables recorded. 

In this paper, we have focused on a very important application of the infor-
mation-based method: analysis of the relative uncertainty in the measurements 
of the Boltzmann constant. 

2. Information Measure Approach 

The approach, called the μSI-hypothesis, was formulated in [6]. It focused on 
calculating the lowest comparative uncertainty of the researched quantity and 
based on principles of information and similarity theories with the usage of the 
International System of Units (SI). Following it, a certain uncertainty exists be-
fore starting experiment due only to the known recorded number of quantities. 
In turn, the dimensionless comparative uncertainty ε of the dimensionless quan-
tity u, which varies in a predetermined dimensionless interval S, for a given 
number of selected physical dimensional quantities z'', and β'' (the number of the 
recorded base quantities) can be determined from the relation: 

( ) ( ) ( ) ( )u S z z zε β ξ β β′ ′ ′′ ′′ ′ ′= ∆ ≤ − Ψ − + − −              (1) 

where Δu is the dimensionless uncertainty of the physical-mathematical model 
describing the measurement experiment: 
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(1) ξ is the number of base quantities with independent dimension; SI in-
cludes the following seven (ξ = 7) base quantities: L is the length, M is mass, Т is 
time, I is electric current, Θ is thermodynamic temperature, J is force of light, F 
is a number of substances. The dimension of any derived quantity q can only 
express a unique combination of dimensions of base quantities in different de-
grees [7]: 

l m t i j fq L M T I J FΘ⊃ ⋅ ⋅ ⋅ ⋅Θ ⋅ ⋅ .                   (2) 

(2) , , ,l m f  are exponents of quantities, the range of each has maximum 
and minimum values; according to8, integers are the following: 

3 3, 1 1, 4 4, 2 2,
4 4, 1 1, 1 1;

l m t i
j f

− ≤ ≤ + − ≤ ≤ + − ≤ ≤ + − ≤ ≤ +
− ≤ Θ ≤ + − ≤ ≤ + − ≤ ≤ +

          (3) 

(3) The exponents of quantities take only integer values [8], so the number of 
choices of dimensions for each quantity еk, { }, , ,l m f  according to (3) is the 
following: 

7; 3; 9; 5; 9; 3; 3;l m t i j fе е е е е е еθ= = = = = = =              (4) 

(4) The total number of dimension options of physical quantities equals 
1f

l ie∗Ψ = −∏  

1 1 77 3 9 5 9 65443 3l m t i j fе е е е е е еθ
∗ −Ψ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = × × × × × =× − ,    (5) 

where “−1” corresponds to the situation when all exponents of base quantities in 
the formula (2) are treated as zero dimension; П is a product of еk;  

(5) The value ∗Ψ  includes both required, and inverse quantities (for example, 
L¹—length, L−1—running length). That is why the object can be judged knowing 
only one of its symmetrical parts, while others structurally duplicating this part 
may be regarded as information empty [9]. Therefore, the number of options of 
dimensions may be reduced by two times. It means that the total number of di-
mensional physical quantities without inverse quantities for SI equals 

2 38272∗Ψ = Ψ = ;                       (6) 

(6) z′  is the total number of dimensional physical quantities in the chosen 
class of phenomena (CoP); in SI frames, every researcher selects a particular CoP 
to study a material object. CoP is a set of physical phenomena and processes de-
scribed by a finite number of primary and secondary quantities that characterize 
certain features of a material object from the view of qualitative and quantitative 
aspects [10]. In studying mechanics, for example, which is widely applied for the 
Newtonian gravitational constant measurements with a torsion balance, the base 
units of SI are typically used: L, M, Т (LMT). In publications closed to studying, 
for example, the Boltzmann constant there was usually realized CoPSI ≡ LMТθF 
and CoPSI ≡ LMТθI;  

(7) β ′  is the number of base physical quantities in the chosen CoP. 
Taking into account the π-theorem [7], the total number of dimensionless 

criteria SI –µ ξ= Ψ  inherent in SI equals 
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SI –   38265µ ξ= Ψ = .                       (7) 

Equation (1) quantifies Δu/S caused by the limited number of quantities taken 
into account in the theoretical or experimental analysis of the researched quan-
tity. On the other hand, it also sets a limit on the expedient increasing of the 
measurement accuracy in conducting experimental studies. In turn, Δu/S is not 
a purely mathematical abstraction. It has a physical meaning, consisting in the 
observation that in nature there is a fundamental limit to the accuracy of dis-
playing any observed material object, which cannot be surpassed by any im-
provement of instruments and methods of measurement. The reality of the en-
vironment is the obvious a priori condition for the modelling of the investigated 
material object. By allocating the interested process or phenomenon, the un-
known relationships between the content of the object and the environment are 
“broken”. In this context, it is obvious that an overall uncertainty of the model 
including inaccurate input data, physical assumptions, the approximate solution 
of the integral-differential equations, etc., will be larger than Δu. Thus, Δu is on-
ly one lowest component of a possible mismatch of the real object and its model-
ling results. 

In fact, Equation (1) can be regarded as the conformity principle (uncertainty 
relation) for the process of model development. No model can produce results 
that contradict relation (1). That is, any change in the level of the detailed de-
scription of the observed object ( );z zβ β′′ ′′ ′ ′− −  causes a change in the mini-
mum comparative uncertainty value Δu/S of the model of a specific CoP and in 
the achieved accuracy of each main quantity, characterizing the internal struc-
ture of the object. In other words, the conformity principle fundamentally estab-
lishes the accuracy limit (for a given class of phenomena) of simultaneously de-
fining a pair of quantities, observed by a conscious researcher, particularly, the 
absolute uncertainty in the measurement of the investigated quantity and the 
interval of its changes. 

Equating the derivative of Δu/S (1) with respect to z β′ ′− , to zero, we obtain 
the condition for achieving the minimum comparative uncertainty for a partic-
ular CoP: 

( ) ( ) ( )2z zβ ξ β′ ′ ′′ ′′− Ψ − = −                   (8) 

Table 1 introduces different classes of phenomena and the corresponding 
achievable comparative uncertainties and recommended number of quantities: 

Let us apply the information approach for analysing measurement results of 
the Boltzmann constant by the use of four different methods. 

For these purposes, the reader needs to remember that if the range of observa-
tion S is not defined, the information obtained during the observa-
tion/measurement cannot be determined, and the entropic price becomes infi-
nitely large [11]. Any specific measurement requires a finite a priori information 
about the components of the measurement and interval of observation of the 
measured quantity. These requirements are so universal that it acts as a postulate  
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Table 1. Comparative uncertainties and recommended number of dimensionless criteria. 

CoPSI Comparative uncertainty Number of criteria 

LMТ 0.0048 0.2 < 1 

LMТF 0.0146 ≅ 2 

LMТI 0.0245 ≅ 6 

LMТθ 0.0442 ≅ 19 

LMТIF 0.0738 ≅ 52 

LMТθF 0.1331 ≅ 169 

LMТθI 0.2220 ≅ 471 

LMТθFI 0.6665 ≅ 4249 

 
of metrology [12]. This, the observed range of variations, depends on the know-
ledge of the developer before undertaking the study. “If nothing is known about 
the system studied, then S is determined by the limits of the measuring devices 
used” [11]. 

That is why, taking into account Brillouin’s suggestions, there are two options 
for applying the conformity principle to analyse the measurement data of the 
fundamental physical constants. 

First, this principle dictates, factually, analysing the data of the magnitude of 
the achievable relative uncertainty at the moment taking into account the latest 
results of measurements. The extended range of changes in the quantity under 
study S indicates an imperfection of the measuring devices, which leads to a 
large value of the relative uncertainty. The development of measuring technolo-
gy, the increase in the accuracy of measuring instruments, and the improvement 
in the existing and newly created measurement methods together lead to an in-
crease in the knowledge of the object under study and, consequently, the mag-
nitude of the achievable relative uncertainty decreases. However, this process is 
not infinite and is limited by the conformity principle. The reader should bear in 
mind that this conformity principle is not a shortcoming of the measurement 
equipment or engineering device but of the way the human brains work. When 
predicting the behaviour of any physical process, physicists are, in fact, predict-
ing the perceivable output of instrumentation. It is true that, according to the 
µ-hypothesis, observation is not a measurement but a process that creates a 
unique physical world with respect to each particular observer. Thus, in this case, 
the range of observation (possible interval of placing) of the fundamental physi-
cal constant S is chosen as the difference between the maximum and minimum 
values of the physical constant measured by different scientific groups during a 
certain period of recent years. Only in the presence of the results of various ex-
periments can one speak about the possible appearance of a measured value in a 
certain range. Thus, using the smallest attainable comparative uncertainty inhe-
rent in the selected class of phenomena during measuring the fundamental con-
stant, it is possible to calculate the recommended minimum relative uncertainty 
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that is compared with the relative uncertainty of each published study. In what 
follows, this method is denoted as IARU and includes the following steps: 

1) From the published data of each experiment, the value z, relative uncer-
tainty rz and standard uncertainty uz (possible interval of u placing) of the fun-
damental physical constant are chosen; 

2) The experimental absolute uncertainty Δz is calculated by multiplying the 
fundamental physical constant value z and its relative uncertainty rz attained 
during the experiment, Δz = z·rz; 

3) The maximum zmax and minimum zmin values of the measured physical con-
stant are selected from the list of measured values zi of the fundamental physical 
constant obtained in different studies; 

4) As a possible interval for placing the observed fundamental constant Sz, the 
difference between the maximum and minimum values is calculated, Sz = zmax − 
zmin; 

5) The selected comparative uncertainty εT (Table 1) inherent in the model 
describing the measurement of the fundamental constant is multiplied by the 
possible interval of placement of the observed fundamental constant Sz to obtain 
the absolute experimental uncertainty value ΔIARU in accordance with the IARU, 
ΔIARU = εT·Sz; 

6) To calculate the relative uncertainty rIARU in accordance with the IARU, this 
absolute uncertainty ΔIARU is divided by the arithmetic mean of the selected 
maximum and minimum values, ( )( )max min 2IARU IARUr z z= ∆ + ; 

7) The relative uncertainty obtained rIARU is compared with the experimental 
relative uncertainties ri achieved in various studies; 

8) According to IARU, a comparative experimental uncertainty of each study, 
εIARUi is calculated by dividing the experimental absolute uncertainty of each 
study Δz by the difference between the maximum and minimum values of the 
measured fundamental constant Sz, εIARUi = Δz/Sz. These calculated comparative 
uncertainties are also compared with the selected comparative uncertainty εT 
(Table 1). 

Second, S is determined by the limits of the measuring devices used [11]. This 
means that as the observation interval in which the expected true value of the 
measured fundamental physical constant is located, a standard uncertainty is se-
lected when measuring the physical constant in each particular experiment. 
Compared with various fields of technology, experimental physics is better for 
the fact that in all the researches, the experimenters introduce the output data of 
the measurement with uncertainty bars. At the same time, it should be remem-
bered that the standard uncertainty of a particular measurement is subjective 
because the conscious observer probably did not take into account this or that 
uncertainty. The experimenters calculate the standard uncertainty, taking into 
account all possibilities, they noticed in the measured uncertainties. Then, one 
calculates the ratio between the absolute uncertainty reached in an experiment 
and the standard uncertainty, acting as a possible interval for allocating a fun-
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damental physical constant. So, in the framework of the information approach, 
the comparative uncertainties achieved in the studies are calculated and com-
pared with the theoretically achievable comparative uncertainty inherent in the 
chosen class of phenomena. The standard uncertainty can be calculated also for 
quantities that are not normally distributed. Transformation of different types of 
uncertainty sources into standard uncertainty is very important. In what follows, 
this method is denoted as IACU and includes the following steps. 

1) From the published data of each experiment, the value z, relative uncer-
tainty rz and standard uncertainty uz (possible interval of placing) of the funda-
mental physical constant are chosen; 

2) The experimental absolute uncertainty Δz is calculated by multiplying the 
fundamental physical constant value z and its relative uncertainty rz attained 
during the experiment, Δz = z·rz; 

3) The achieved experimental comparative uncertainty of each published re-
search εIACUi is calculated by dividing the experimental absolute uncertainty Δz by 
the standard uncertainty uz, εIACUi = Δz/uz; 

4) The experimental calculated comparative uncertainty εIACUi is compared 
with the selected comparative uncertainty εT (Table 1) inherent in the model, 
which describes the measurement of the fundamental constant. 

3. Application of the Information Method 

3.1. Acoustic Gas Thermometer  

First, confirm that you have the correct template for your paper size. This tem-
plate has Acoustic gas thermometry (AGT) relates the speed of sound in a gas of 
known composition to the thermodynamic temperature. A detailed description 
of the design of the experimental method of measurement of the Boltzmann 
constant by the AGT method is presented in [13]. The measurement data are 
summarized in Table 2. The noted scientific articles belong to CoPSI ≡ LMТΘF 
[14]-[20]. Although the authors of the research studies cited in these papers 
mentioned all the possible sources of uncertainty, the values of absolute and rel-
ative uncertainties can still differ by more than two times. And a similar situa-
tion exists in the spread of the values of comparative uncertainty.  

Following the IARU method, one can discuss the order of the desired value of 
the relative uncertainty belonging to CoPSI ≡ LMТΘF. An estimated observation 
interval of k is chosen as the difference in its values obtained from the experi-
mental results of two projects: kmax = 1.3806508 × 10−23 m2·kg·s−2·K−1 [17] and 
kmin = 1.3806484 × 10−23 m2·kg·s−2·K−1 [20]. In this case, the possible observed 
range Sk of k placing is equal to: 

( )29 2 2
max min 2.4 10 m kg s KkS k k −= − = × ⋅ ⋅             (9) 

For this purpose, taking into account (4) and (8), one can arrive at the lowest 
comparative uncertainty εLMTθF using the following conditions: 

( ) ( ) ( )1 5 7 3 9 9 3 1 5 2 462 52l m t fLMT Fz е е е е еθθ
β = −′ ′− ⋅ ⋅ ⋅ ⋅ − = × × × × − − =

 
(10) 
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( ) ( )2 22546 38265 169SILMT Fz z
θ

µβ β′′ ′′ ′= = ≈′− −             (11) 

where “−1” corresponds to the case where all the base quantities exponents are 
zero in formula (1); 5 corresponds to the five base quantities L, M, T, Θ and F; 
and division by 2 indicates that there are direct and inverse quantities, e.g., L1 is 
the length and L−1 is the run length. The object can be judged based on the 
knowledge of only one of its symmetrical parts, while the other parts that struc-
turally duplicate this one may be regarded as information empty. Therefore, the 
number of options of dimensions may be reduced by a factor of two. 

According to (8), (10) and (11): 

( ) 2546 38265 169.4 2546 0.1331LMT F LMT Fu Sθ θ
ε = ∆ = + =        (12) 

Then, the lowest possible absolute uncertainty for CoPSI ≡ LMТΘF is given by 
the following: 

( )29 30 2 20.1331 2.4 10 3.2 10 m kg KLMT F LMT F kS sθ θε − −∆ = = × × = × ⋅ ⋅⋅    (13) 

In this case, the lowest possible relative uncertainty (rmin)LMTθF for CoPSI ≡ 
LMТΘF is the following: 

( )( ) 30 23 7
max min 3.2 10 1.38064961 10 2. 02 3 1LMT F LMT Fr k kθ θ

− − −= ∆ + = × × = × (14) 

This value agrees well with [18] and the recommendation of 3.7 × 10−7 cited in 
[21]. 

Guided by the IACU and IARU methods, one can calculate the achieved 
comparative uncertainty in each experiment (Table 2). There is a significant 
difference between the comparative uncertainty calculated according to the in-
formation-oriented approach εLMТθF = 0.1331 and the experimental magnitudes 
achieved during measuring k. The difference may be explained by the following. 
AGT is based on the definition of an ideal gas behaviour in spite that the inte-
raction between the gas particles is not sufficiently known. In addition, it is im-
possible to measure the molar concentration of gas per unit volume and volume 
itself with a competitive degree of accuracy. Moreover, the latter includes the 
volume of connecting pipes to pressure gauges. Thus, there are significant unre-
corded uncertainties associated both with the formulation of the model of the 
experiment and with the achievable accuracy of the quantities taken into account 
in the calculation. It must be noted that the proximity of the acoustic mode to 
the shell resonance perturbs the data for this mode to an unacceptably large de-
gree. In addition, experimenters take into account a very contrasting number of 
quantities in comparison to the recommendations (see Table 1). So, the signifi-
cant difference between the comparative uncertainty calculated according to the 
information-oriented approach and the experimental magnitudes achieved dur-
ing measuring k, confirms the observation that AGT has reached a limit that is 
unlikely to be improved for many years [23]. 

3.2. Dielectric Constant Gas Thermometer (DCGT) 

In the DCGT, the gas dielectric constant εr(p) is measured as a function of pres-
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sure to determine the temperature. To verify the Boltzmann constant, measure-
ments are performed at a known temperature, the triple point of water (TTPW = 
273.16 K), and a k value extracted from the Clausius-Mossotti ratio modified by 
the corresponding virial terms. The principle is quite simple: the capacitance C(p) 
of a capacitor in a gas and its value in vacuum C(0) are measured. Then, their 
ratio is calculated to extract the value of εr. The value of k is then derived from εr 
using the known molar polarizability, the density and dielectric virial coefficients 
[23]. 

The measurement data are summarized in Table 3. The noted scientific ar-
ticles belong to CoPSI ≡ LMТΘI [21] [24]-[28]. The values of absolute and rela-
tive uncertainties differ by more than a factor of 10. A similar situation exists in 
the spread of the values of comparative uncertainties. 

 
Table 2. Determinations of the Boltzmann constant and achieved relative and 
comparative uncertainties using AGT. 

Year CoP 

Boltzmann’s 
constant 

Achieved 
relative 

uncertainty 

Absolute  
uncertainty 

kb possible  
interval of  
placing* 

Calculated  
comparative  
uncertainty 

Calculated  
comparative  
uncertainty Ref. 

k·1023 
rk·106 

Δk·1029 uk·1029 Εk' = Δk/uk 
IACU 

εk'' = Δk/Sk 
IARU m2 kg/(s2 K) m2 kg/(s2 K) m2 kg/(s2 K) 

2009 

LMТΘ F 

1.3806495 2.7 3.73 7.4 0.5038 1.1393 [14] 

2010 1.3806496 3.1 4.28 8.8 0.4864 1.3081 [15] 

2015 1.3806487 2.0 2.76 2.7 1.0227 0.8439 [16] 

2015 1.3806508 1.1 1.52 2.9 0.5237 0.4642 [17] 

2017 1.3806488 0.6 0.83 1.6 0.5177 0.2532 [18] 

2017 1.3806486 0.7 0.97 2.0 0.4832 0.2954 [19] 

2017 1.3806484 2.0 2.76 5.5 0.5020 0.8439 [20] 

* Data are introduced in [21] [22] [23]. 
 
Table 3. Determinations of the Boltzmann constant and achieved relative and 
comparative uncertainties using DCGT.  

Year CoP 

Boltzmann’s 
constant 

Achieved 
relative 

uncertainty 

Absolute 
uncertainty 

kb possible 
interval of 
placing* 

Calculated 
comparative 
uncertainty 

Calculated 
comparative 
uncertainty 

Ref. 
k·1023 

rk·106 
Δk·1029 uk·1029 

εk' = Δk/uk 
IACU 

εk'' = Δk/Sk 
IARU m2 kg/(s2 K) 

m2 kg/  
(s2 K) 

m2 kg/ 
(s2 K) 

2012 

LMТΘ I 

1.38066509 7.9 1.09 6.7 1.6279 4.5983 [24] 

2013 1.38066509 4.3 5.94 1.2 4.9473 2.5029 [25] 

2015 1.38066509 4.0 5.52 11.0 0.5020 2.3282 [26] 

2017 1.3806482 1.9 2.62 5.2 0.5044 1.1059 [27] 

2018 1.38064904 0.37 0.51 1.0 0.5184 0.2154 [21] 

2018 1.3806490 0.37 0.51 1.0 0.5184 0.2154 [28] 

* Data are introduced in [13] [28]. 
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Following the method IARU, one can discuss the order of the desired value of 
the relative uncertainty belonging to CoPSI ≡ LMТΘI. An estimated observation 
interval of k is chosen as the difference in its values obtained from the experi-
mental results of two projects: kmax = 1.38066509 × 10−23 m2·kg·s−2·K−1 [26] and 
kmin = 1.3806482 × 10−23 m2·kg·s−2·K−1 [27]. In this case, the possible observed 
range Sk of k placing is equal to: 

( )29 2 2
max min 2.7 10 m kg s KkS k k −= − = × ⋅ ⋅             (15) 

For this purpose, taking into account (4) and (8), one can arrive at the lowest 
comparative uncertainty εLMTθI using the following conditions: 

( ) ( ) ( )1 5 7 3 9 9 5 1 5 4 472 22l m t iLMT Iz е е е е еθθ
β = −′ ′− ⋅ ⋅ ⋅ ⋅ − = × × × × − − = (16) 

( ) ( )2 24247 38265 471SILMT Iz z
θ

β β µ′′ ′′ ′= = ≈′− −           (17) 

where “−1” corresponds to the case where all the base quantities exponents are 
zero in formula (1); 5 corresponds to the five base quantities L, M, T, Θ and I; 
and division by 2 indicates that there are direct and inverse quantities, e.g., L1 is 
the length and L−1 is the run length. The object can be judged based on the 
knowledge of only one of its symmetrical parts, while the other parts that struc-
turally duplicate this one may be regarded as information empty. Therefore, the 
number of options of dimensions may be reduced by a factor of two. 

According to (16) and (17): 

( ) 4247 38265 471 4247 0.222LMT I LMT Iu Sθ θ
ε = ∆ = + =         (18) 

Taking into account (18), the lowest possible absolute uncertainty for DCGT 
(CoPSI ≡ LMТΘI) is given by the following: 

( )29 30 2 20.222 2.7 10 6.0 10 m kg s KLMT I LMT I kSθ θε − −∆ = = × × = × ⋅ ⋅⋅     (19) 

In this case, the lowest possible relative uncertainty (rmin)LMTθI for DCGT and 
the achieved mentioned results is the following: 

( )( ) 30 23 7
max min 6.0 10 1.38064955 10 4. 02 3 1LMT I LMT Ir k kθ θ

− − −= ∆ + = × × = × (20) 

This value is in a strong contradiction with the recommendation of 3.7 × 10−7 
cited in [21]. In the frame of the information approach, any experimental values 
of the relative uncertainty must be greater than the relative uncertainty corres-
ponding to the DCGT method (CoPSI ≡ LMТΘI), i.e. 4.3 × 10−7. In other words, 
there are unrecorded uncertainties in [21], and therefore, experimenters are ad-
vised to double-check the full list of sources of uncertainty taken into account. 

Guided by the IACU and IARU methods, one can calculate the achieved 
comparative uncertainty in each experiment (Table 3). There is a large gap be-
tween the comparative uncertainty calculated according to the informa-
tion-oriented approach εLMТθI = 0.222 and the experimental magnitudes achieved 
during measuring k by DCGT. At the same time, progress to achieving a higher 
accuracy is obvious during the last four years. 

Significant differences in the values of the comparative uncertainties achieved 
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in the experiments and calculated in accordance with the IACU can be explained 
as follows. Within the framework of the information approach, the concept of 
comparative uncertainty assumes an equally probable account of various quanti-
ties, regardless of their specific choice by scientists when formulating a model for 
measuring k. Based on their experience, intuition and knowledge, the research-
ers build a model containing a small number of quantities, and which, in their 
opinion, reflects the fundamental essence of the process under investigation. In 
this case, many phenomena, perhaps not significant, secondary, which are cha-
racterized by specific quantities, are not taken into account. 

For example, in DCGT, the measuring gas (helium) has very low polarizability, 
which prevents absolute measurements of a dielectric constant ε. It is calculated 
from the relative change in capacitance of a capacitor. Because of the necessary 
hydrostatic correction, pressure measurement is a limiting factor, besides dielec-
tric virial corrections and compressibility problems. During the measurement, 
pairs of values of the pressure p and of the dielectric constant ε are recorded at a 
temperature which must be constant, however, very small fluctuations exists. k is 
determined from the function ε(p), a component of which must be linearly ap-
proximated. In addition, the applied high gas pressures cause a deformation of 
the measuring capacitors. Thus, there are significant unrecorded uncertainties 
associated both with the formulation of the model of the experiment and with 
the achievable accuracy of the quantities taken into account in the calculation. 
Besides, experimenters take into account a very contrasting number of quantities 
in comparison to the recommendations (see Table 1). So, the lack of previous 
experience influences innovative research, although specialists are highly quali-
fied to use the latest technologies. Thus, a paradoxical situation arises when new 
inconsistencies give rise to more serious vulnerabilities in new measurement and 
computing technologies [29]. In this situation, a new information approach can 
play a positive role in predicting and adopting new definitions of units for the 
international SI system. 

3.3. Johnson Noise Thermometer 

In the JNT technique a well-characterized noble gas and pressure measurements 
are used at the frontier of accuracy, as well as primary level electrical metrology 
to measure minute changes in tiny capacitances (≈10 pF). Thermodynamic 
temperature is derived from the statistical movement of electrons in an ohmic 
resistor, generating a noise voltage (white noise). JNT determines the tempera-
ture from the mean square of the noise voltage by means of the Nyquist formula 
[13]. 

The measurement data are summarized in Table 4. The noted scientific ar-
ticles belong to CoPSI ≡ LMТΘI [30]-[35]. The values of absolute and relative 
uncertainties differ by more than a factor of five. A similar situation exists in the 
spread of the values of comparative uncertainties. 

Following the method IARU, one can discuss the order of the desired value of 
the relative uncertainty belonging to CoPSI ≡ LMТΘI. An estimated observation  
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Table 4. Determinations of the Boltzmann constant and achieved relative and  
comparative uncertainties using JNT. 

Year CoP 

Boltzmann’s 
constant 

Achieved  
relative  

uncertainty 

Absolute  
uncertainty 

Calculated  
comparative 
uncertainty* 

Ref. 
k·1023 

rk·106 
Δk·1029 εk'' = Δk/Sk 

IARU m2 kg/(s2 K) m2 kg/(s2 K) 

2011 

LMТΘ I 

1.38065200 12.0 16.7 7.0430 [30] 

2015 1.38065160 3.9 5.4 2.2700 [31] 

2015 1.38064974 71.0 98.0 41.326 [32] 

2017 1.38064974 2.7 3.7 1.5716 [33] 

2017 1.38064300 5.0 6.9 2.9103 [34] 

2017 1.38064360 10.0 14.1 5.9370 [35] 

* No summarized data about a value of the standard uncertainty required for calculation of the comparative 
uncertainty by IACU. 
 
interval of k is chosen as the difference in its values obtained from the experi-
mental results of two projects: kmax = 1.38065200 × 10−23 m2·kg·s−2·K−1 [30] and 
kmin = 1.38064300 × 10−23 m2·kg·s−2·K−1 [34]. In this case, the possible observed 
range Sk of k placing is equal to: 

( )29 2 2
max min 9.0 10 m kg s KkS k k −= − = × ⋅ ⋅             (21) 

According to (16) and (17): 

( ) 4247 38265 471 4247 0.222LMT I LMT Iu Sθ θ
ε = ∆ = + =         (22) 

Taking into account (23), the lowest possible absolute uncertainty for JNT 
(CoPSI ≡ LMТΘI) is given by the following: 

( )29 29 2 20.222 9.0 10 2.0 10 m kg KLMT I LMT I kS sθ θε − −∆ = = × × = × ⋅ ⋅⋅    (23) 

In this case, the lowest possible relative uncertainty (rmin)LMTθI for JNT and the 
achieved mentioned results is the following: 

( )( ) 29 23 6
max min 2.0 10 1.3806475 10 1.4 102LMT I LMT Ir k kθ θ

− − −= ∆ + = × × = ×  (24) 

This value agrees well with [33]. Guided by the IARU method, one can calcu-
late the achieved comparative uncertainty in each experiment (Table 4). There is 
a large gap between the comparative uncertainty calculated according to the in-
formation-oriented approach εLMТθI = 0.222 and the experimental magnitudes 
achieved during measuring k by JNT. Unfortunately, there has been no progress 
to achieve higher accuracy during the last eight years. 

There are obvious problems that can apparently be solved: a long measure-
ment time required for low uncertainty. To achieve a relative uncertainty in the 
range of 1 × 10−5 with a normal detection bandwidth of 20 kHz, a measurement 
time of about 5 weeks is required, during which unpredictable voltage surges in 
the network are possible. In addition, because of the inconsistency between the 
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transfer lines of the thermal resistor and of the reference noise source, the expe-
rimental ratio spectrum varies with frequency. Therefore, the power spectral 
density ratio of the noise of the resistor to the noise of the quantum voltage must 
be simulated, causing another significant source of error. Progress in reducing 
the uncertainty of these factors suggests that a high potential of this method is 
possible when measuring the Boltzmann constant. 

3.4. Doppler Broadening Thermometer 

The DBT method uses the measurement of the Doppler width of the spectral line 
in a gas at a known temperature to determine the value of the Boltzmann con-
stant. All experiments consist in measuring the Doppler width for a sample 
maintained at a temperature very close to TTPW. In principle, many different 
atoms or molecules can be used for the Doppler method of thermometry. Small, 
simple, non-polar, seemingly the best choice: the lighter the mass, the greater the 
Doppler width at a given temperature; in addition, lighter molecules have more 
widely separated vibrational transitions than heavy molecules. Non-polar mole-
cules (O2, CO2, C2H2) have lower collisional self-expansion than polar ones. Ul-
timately, the choices made by groups measuring the Boltzmann constant were 
often based on history, previous knowledge of the molecular structure, and 
equipment developed at the appropriate wavelength [23]. The results are shown 
in Table 5 [36]-[41]. 

Following the method IARU, one can discuss the order of the desired value of 
the relative uncertainty belonging to CoPSI ≡ LMТΘF. An estimated observation 
interval of k is chosen as the difference in its values obtained from the experi-
mental results of two projects: kmax = 1.380802 × 10−23 m2·kg·s−2·K−1 [38] and kmin 
= 1.3805813 × 10−23 m2·kg·s−2·K−1 [39]. In this case, the possible observed range Sk 
of k placing is equal to: 

( )27 2 2
max min 2.2 10 m kg s KkS k k −= − = × ⋅ ⋅             (25) 

Taking into account (25), the lowest possible absolute uncertainty for DBT 
(CoPSI ≡ LMТΘF) is given by the following: 

( )27 28 2 20.222 2.2 10 2.9 10 m kg KLMT F LMT F kS sθ θε − −∆ = = × × = × ⋅ ⋅⋅    (26) 

In this case, the lowest possible relative uncertainty (rmin)LMTθI for DBT and the 
achieved mentioned result is the following: 

( )( ) 28 23 5
max min 2.9 10 1.38069165 10 2. 02 1 1LMT F LMT Ir k kθ θ

− − −= ∆ + = × × = × (27) 

This value agrees well with [41]. Using the IARU method, it is possible to cal-
culate the achieved comparative uncertainty in each experiment (Table 5). 
There is a large gap between the comparative uncertainty calculated in accor-
dance with the information approach εLMТθI = 0.222 and the experimental values 
achieved by measuring k with the DBT method. However, sufficient progress to 
achieve higher accuracy in the last eight years is obvious. To improve the accu-
racy of measurements, it is necessary to solve the following problems. 
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Table 5. Determinations of the Boltzmann constant and achieved relative and 
comparative uncertainties using DBT. 

Year CoP 

Boltzmann’s 
constant 

Achieved  
relative  

uncertainty 

Absolute  
uncertainty 

Calculated  
comparative 
uncertainty* 

Ref. 
k·1023 

rk·105 
Δk·1028 εk'' =Δk/Sk 

IARU m2 kg/(s2 K) m2 kg/(s2 K) 

2007 

LMТΘ F 

1.38065260 19.0 26.2 110.59 [36] 

2008 1.38066952 3.8 5.2 22.119 [37] 

2009 1.38080200 14.0 19.9 83.826 [38] 

2011 1.38058130 16.0 22.1 93.125 [39] 

2014 1.38066120 8.7 12.0 50.640 [40] 

2015 1.38066313 2.4 3.3 13.969 [41] 

* No summarized data about a value of the standard uncertainty required for calculation of the comparative 
uncertainty by IACU. 

 
In DBT, the shape of the absorption line is not a purely Gaussian profile due 

to collisional broadening (the natural width of the line due to spontaneous emis-
sion is usually negligible). For polyatomic molecules, such as water and ammo-
nia, used to measure k, the pressure-dependent broadening coefficients cannot 
be calculated at the beginning. In addition, line shapes are analysed using more 
or less complex models, none of which describe ideally the interaction of light 
and matter. The validity of such models is a stumbling block for higher accuracy. 
In this respect, atomic helium has non-ideal properties. Although its collision 
broadening coefficients can be calculated with slight uncertainty, helium reson-
ance lines lie in the vacuum ultraviolet range, where there are no sources of con-
tinuous laser waves yet. Even in this case, besides fragile window cells and de-
tectors, photoionization of excited particles will undoubtedly complicate the 
analysis of the line shape [23]. 

4. Discussion  

The reality is not so simple. Estimates and measurements always have uncertain-
ties. This concept is absolutely important for scientific research: what you know 
is far less important than how well you know it. The real main idea of any scien-
tific discussion is to delve into uncertainties and how they are evaluated. 

As mentioned above, to estimate the accuracy achieved in various natural and 
technological processes, including measurements of fundamental physical con-
stants, the concept of relative uncertainty is used. This method of determining 
the measurement accuracy does not indicate the direction in which the true val-
ue of the fundamental physical constant can be found. In addition, it includes an 
element of subjective judgement [3]. 

Under the proposed approach, for each mathematical model of a physical law 
there is an uncertainty, which initially, before the full-scale experimental studies, 
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or computer simulations, describes its proximity to the examined physical phe-
nomenon or process. This value is called the comparative uncertainty. It de-
pends only on the number of selected quantities and the observation interval of 
the selected primary quantity. One of the interesting features of the proposed 
hypothesis is that the minimum achievable comparative uncertainty is not con-
stant and varies depending on the class of phenomena choice. Moreover, theory 
can predict its value. In particular, this means that when switching from a me-
chanistic model (LMТ) to CoPSI with a larger number of the base quantities, this 
uncertainty grows. This change is due to the potential effects of the interaction 
between the increased number of quantities that can be taken into account or 
not taken into account by the researcher. That is why, within the framework of 
the information approach, in contradiction with the concept approved by 
CODATA, it is not recommended to determine and declare only one value of 
relative uncertainty when measuring the Boltzmann constant by different me-
thods. 

In addition to the comments made in Section 3 regarding the analysis of the 
measurement results of the Boltzmann constant based on four different methods 
using IACU and IARU (summarized in Table 6), the following should be noted. 

The greatest success in achieving high accuracy in measuring k was achieved 
using DCGT, given the significant difference in the magnitude of the compara-
tive uncertainties between CoPSI ≡ LMТΘF (AGT − 0.1331) and CoPSI ≡ LMТΘI 
(DCGT − 0.2220). However, experimenters involved in DCGT will have to 
carefully check all sources of error. This is due to the requirement of the infor-
mation method, according to which the experimental relative uncertainty is al-
ways greater than the relative uncertainty, theoretically calculated. 

At the moment, the DBT method seems to be very limited (in terms of its 
physical acceptability for measuring k) in the possibility of achieving higher ac-
curacy. This is explained by the fact that the values of relative uncertainty, cal-
culated according to CoPSI ≡ LMТΘF and achieved in the experiment, are very 
close (2.1 × 10−5 and 2.4 × 10−5). 

 
Table 6. Summarized data. 

Variable AGT DCGT JNT DBT 

CoP LMТθF LMТθI LMТθI LMТθF 

Comparative uncertainty  
according to CoPSI 

0.1331 0.2220 0.2220 0.1331 

Sk = kmax − kmin, 
m2 kg/(s2 K) 

2.4 × 10−29 2.7 × 10−29 9.2 × 10−29 2.2 × 10−27 

Relative uncertainty  
according to CoPSI 

2.3 × 10−7 4.3 × 10−7 1.4 × 10−6 2.1 × 10−5 

Achieved experimental  
lowest relative uncertainty 

6.0 × 10−7 3.7 × 10−7 2.7 × 10−6 2.4 × 10−5 
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The data on the JNT method, when compared with the DCGT method, make 
it possible to assert the possibility of achieving higher measurement accuracy k, 
given the large gap between the relative uncertainty calculated according to CoP-
SI ≡ LMТθI (1.4 × 10−6) and experimentally achieved (2.7 × 10−6). 

It would seem that the significant difference between the theoretical value of 
the relative uncertainty for AGT (2.3 × 10−7) and the achieved (6.0 × 10−7) allows 
hope for its constantly decreasing value when using this method. However, given 
the fact that the interval of possible placement of k for the AGT method (2.4 × 
10−29 m2·kg/(s2·K)) is the smallest compared with other methods, it is difficult to 
expect any achievements in increasing its accuracy. 

5. Conclusions 

In addition to analysing the relative uncertainty, the introduced approach may 
allow a new methodology that will help further monitor the accuracy of the 
Boltzmann constant measurement. The use of the μSI-hypothesis only limits the 
scope of the theory of measurements for uncertainties that are much larger than 
the model uncertainty due to its finiteness. 

The μSI-hypothesis might be applicable to experimental verification. In general, 
it is available when the researcher has all the information about the uncertainty 
interval of the main quantity. 

Because the proposed method is not associated with a specific structure of the 
model, which may change, it is more common, easy and leads to the solution of 
specific problems, without requiring detailed information about the set of quan-
tities. However, it does not disclose the internal mechanism of phenomena. 

Equation (1) clearly indicates that it is impossible to develop an experimental 
device that would allow achieving the exact value of the chosen comparative un-
certainty for a given measurement result. The μSI-hypothesis, given in equation 
(1), makes the lower limit of the entropy change of the selected model inaccessi-
ble from theoretical considerations. This trend is reflected in the gap between 
the value of the calculated experimental comparative uncertainty and its theo-
retical lower limit, the value of which depends on the selected class of pheno-
mena. 

The information-oriented approach, in particular IARU, allows calculation of 
the relative uncertainty, which is in good agreement with the CODATA recom-
mendations. The principal difference between this method and the existing sta-
tistical and expert CODATA methodology is the fact that the information me-
thod is theoretically justified. Thus, the presented method can serve as a practic-
al tool for ascertaining the preferences, advantages and disadvantages of various 
methods of measuring the Boltzmann constant. 
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