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Abstract
Natural convective boundary layer flow and heat and mass transfer of a fluid with variable viscosity and
thermal radiation over a vertical stretching surface in the presence of suction/injection is investigated by Lie
group analysis. Fluid viscosity is assumed to vary as a linear function of temperature. The symmetry groups
admitted by the corresponding boundary value problem are obtained by using a special form of Lie group
transformations viz. scaling group of transformations. An exact solution is obtained for translation symmetry
and numerical solutions for scaling symmetry. The effects of fluid viscosity and thermal radiation on the dimensionless velocity, temperature and concentration profiles are shown graphically. Comparisons with previously published works are performed and excellent agreement between the results is obtained. The conclusion is drawn that the flow field and temperature profiles are significantly influenced by these parameters.
Keywords: Scaling Group of Transformations, Free Convective Flow, Temperature-Dependent Fluid
Viscosity, Suction/Blowing, Thermal Radiation

1. Introduction
The study of natural convection flow for an incompressible viscous fluid past a heated surface has attracted the
interest of many researchers in view of its important applications to many engineering problems such as cooling
of nuclear reactors, the boundary layer control in aerodynamics, crystal growth, food processing and cooling
towers. In this paper, symmetry methods are applied to a
natural convection boundary layer problem. The main
advantage of such methods is that they can successfully
be applied to non-linear differential equations. The symmetries of differential equations are those continuous
groups of transformations under which the differential
equations remain invariant, that is, a symmetry group
maps any solution to another solution. The symmetry
solutions are quite popular because they result in the reduction of the number of independent variables of the
problem.
A class of flow problems with obvious relevance to
polymer extrusion is the flow induced by the stretching
motion of a flat elastic sheet. In a melt-spinning process,
the extrudate from the die is generally drawn and simulCopyright © 2010 SciRes.

taneously stretched into a filament or sheet, which is
thereafter solidified through rapid quenching or gradual
cooling by direct contact with water or chilled metal rolls.
In fact, stretching imports a unidirectional orientation to
the extrudate, thereby improving its mechanical properties and the quality of the final product greatly depends
on the rate of cooling. Crane [1] was the first who studied the motion set up in the ambient fluid due to a linearly stretching surface. Several authors see e.g., the references cited in [2], have subsequently explored various
aspects of the accompanying heat transfer occurring in
the infinite fluid medium surrounding the stretching
sheet. The hydrodynamics of a finite fluid medium, i.e. a
thin liquid film, on a stretching sheet was first considered
by Wang [3] who by means of a similarity transformation reduced the unsteady Navier–Stokes equations to a
non-linear ordinary differential equation. The accompanying heat transfer problem was solved more recently by
Andersson et al. [2]. In these studies the film surface was
planar and free of any stresses.
The production of sheeting material arises in a number
of industrial manufacturing processes and includes both
metal and polymer sheets. It is well known that the flow
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in a boundary layer separates in the regions of adverse
pressure gradient and the occurrence of separation has
several undesirable effects in so far as it leads to increase
in the drag on the body immersed in the flow and adversely affects the heat transfer from the surface of the
body. Several methods have been developed for the purpose of artificial control of flow separation. Separation
can be prevented by suction as the low-energy fluid in
the boundary layer is removed [4,5]. On the contrary, the
wall shear stress and hence the friction drag is reduced
by blowing. Free convective phenomenon has been the
object of extensive research. The importance of this
phenomenon is increasing day by day due to the enhanced concern in science and technology about buoyancy induced motions in the atmosphere, the bodies in
water and quasisolid bodies such as earth. Natural convection flows driven by temperature differences are very
much interesting in case of Industrial applications. Buoyancy plays an important role where the temperature differences between land and air give rise to a complicated
flow and in enclosures such as ventilated and heated
rooms (Elbashbeshy and Bazid [6]).
So such type of problem, which we are dealing with, is
very much useful to polymer technology and metallurgy.
Cheng and Minkowycz [7] and Cheng [8] studied the
free convective flow in a saturated porous medium.
Wilks [9] had studied the combined forced and free convection flow along a semi-infinite plate extending vertically upwards with its leading edge horizontal. Boutros
et al. [10] solved the steady free convective boundary
layer flow on a nonisothermal vertical plate. Recently,
any studies were made on the steady free convective
boundary layer flow on moving vertical plates considering the effect of buoyancy forces on the boundary layer
Chen and Strobel [11], Ramachandran et al. [12], Lee
and Tsai [13]. The radiative effects have important applications in physics and engineering particularly in
space technology and high temperature processes. But
very little is known about the effects of radiation on the
boundary layer. Thermal radiation effects may play an
important role in controlling heat transfer in polymer
processing industry where the quality of the final product
depends on the heat controlling factors to some extent.
High temperature plasmas, cooling of nuclear reactors,
liquid metal fluids, power generation systems are some
important applications of radiative heat transfer from a
vertical wall to conductive gray fluids. The effect of radiation on heat transfer problems have studied by Hossain and Takhar [14], Takhar et al. [15], Hossain et al.
[16]. In all of the above mentioned studies, fluid viscosity was assumed to be constant. However, it is known
that the physical properties of fluid may change significantly with temperature. For lubricating fluids, heat generated by the internal friction and the corresponding rise
in temperature affects the viscosity of the fluid and so the
fluid viscosity can no longer be assumed constant. The
Copyright © 2010 SciRes.

ET

AL.

increase of temperature leads to a local increase in the
transport phenomena by reducing the viscosity across the
momentum boundary layer and so the heat transfer rate
at the wall is also affected. Therefore, to predict the flow
behaviour accurately it is necessary to take into account
the viscosity variation for incompressible fluids. Gary et
al. [17] and Mehta and Sood [18] showed that, when this
effect is included the flow characteristics may changed
substantially compared to the constant viscosity assumption. Mukhopadhyay et al. [19] investigated the MHD
boundary layer flow with variable fluid viscosity over a
heated stretching sheet. Recently, Mukhopadhyay and
Layek [20] studied the effects of thermal radiation and
variable fluid viscosity on free convective flow and heat
transfer past a porous stretching surface.
Many authors have constructed an exponential type of
exact solution using the translation symmetry and a series type of approximate solution using the scaling symmetry and also discussed some boundary value problems.
So far no attempt has been made to study the heat and
mass transfer in a vertical stretching surface using Lie
groups and hence we study the problem of natural convection heat and mass transfer flow past a stretching
sheet for various parameters using Lie group analysis.

2. Mathematical Analysis
We consider a free convective, laminar boundary layer
flow and heat and mass transfer of viscous incompressible fluid over a vertical stretching sheet emerging out of
a slit at origin (x = 0, y = 0) and moving with non-uniform velocity U(x) in the presence of thermal radiation
(Figure 1).
The governing equations of such type of flow are, in
the usual notations,
u v

0
(1)
x y

Figure 1. Physical model of boundary layer flow over a
vertical stretching surface.
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when the viscous dissipation term in the energy equation
is neglected (as the fluid velocity is very low). Here u
and v are the components of velocity respectively in
the x and y directions,  is the coefficient of fluid
viscosity,  is the fluid density (assumed constant), T
is the temperature,  is the thermal conductivity of the
fluid, D is diffusional coefficient,  is the volumetric

coefficient of thermal expansion,  * is the volumetric
coefficient of concentration expansion, g is the gravity
field, T is the temperature at infinity, where U ( x) is
the stream wise velocity and V ( x) is the velocity of
suction of the fluid, Tw is the wall temperature.
Using Rosseland approximation for radiation (Brew4 T 4
where  1 is the
ster [21]) we can write qr   *1
3k y
Stefan–Boltzman constant, k* is the absorption coefficient.
Assuming that the temperature difference within the
flow is such that T 4 may be expanded in a Taylor series and expanding T 4 about T and neglecting

higher orders we get T 4  4T 3T  3T 4
Therefore, the Equation (3) becomes
  2T 16 1T3  2T
T
T
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y  c p y 2 3 c p k * y 2
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We now introduce the following relations for
u, v,  and  as
C  C


T T
,v  
, 
and  
(7)
x
y
Tw  T
Cw  C
where u is the stream function. The stream wise velocity and the suction/injection velocity are taken as

u

m1
2

U ( x)  c x m , V ( x)  V0 x
(8)
Here c  0 is constant, Tw is the wall temperature,
the power-law exponent m is also constant. In this
study we take c  1 .
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The temperature-dependent fluid viscosity is given by
(Batchelor [22]),
   * [a  b(Tw  T )]
where  * is the constant value of the coefficient of
viscosity far away from the sheet and a, b are constants
and b( 0) . For a viscous fluid, Ling and Dybbs [23]
suggest a viscosity dependence on temperature T of the
form  



[1   (T  T )]

where c is a thermal property

of the fluid and  is the viscosity away from the hot
sheet. This relation does not differ at all with our formulation. The range of temperature, i.e., (Tw  T ) studied
here is (0  230 )C .
Using the relations (5) in the boundary layer Equation
(2) and in the energy and diffusion Equations (3) and (4)
we get the following equations
  2   2


y xy x y 2
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where   b(Tw  T ), v* 

*


The boundary conditions Equation (5) become
m 1



2
 xm ,
 V0 x ,
y
x

    1 at y  0;
 0,   0,   0 as y  
y

(12)
We now introduce the simplified form of Lie-group
transformations namely, the scaling group of transformations (Mukhopadhyay et al. [19]),
 : x*  x e 1 , y*  y e  2 ,  *   e 3 ,
u *  u e  4 , v *  v e   5 ,  *   e   6 ,  *   e   7

(13)

Equation (13) may be considered as a point-transformation which transforms co-ordinates ( x, y, , u, v,  ,  )
to the coordinates ( x* , y* ,  * , u * , v* ,  * ,  * ) .
Substituting (13) in (9), (10) and (11) we get,
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These relations give  6   7  0,  2  1   3 .
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 , F ,  and  in Equations (19), (20) and (21):
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The boundary conditions take the following form
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transformations  , we would have the following relations
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In terms of differentials these yield
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(25)
(26)

 *c p
is the Prandtl number,


 k*
v*
N
is the Radiation parameter, Sc  is the
3
D
4 1T
Schmidt number. The boundary conditions take the following forms.
where

Pr 

v*  c p

(24)



f   1, f  S ,     1,
at  *  0 and f   0,   0,   0 as  *  

(27)
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g 4 2
4
where S  V0 ( 1 ) v , S  0 corresponds to suction
3
b
and S  0 corresponds to injection.

3. Numerical Solution
The set of non-linear ordinary differential Equations (24)
to (26) with boundary conditions (27) have been solved
by using the R. K. Gill method, (Gill [24]) along with
Shooting Technique with  , Pr, Sc, a and N as prescribed parameters. The numerical solution was done
using Matlab computational software. A step size of
 = 0.001 was selected to be satisfactory for a convergence criterion of 10 7 in nearly all cases. The value of
 was found to each iteration loop by assignment
statement  =  +  . The maximum value of  ,
to each group of parameters  , Pr, Sc, a and N , determined when the values of unknown boundary conditions
at  = 0 not change to successful loop with error less
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Prandtl number Pr , Schmidt number Sc and radiationparameter N . For illustrations of the results, numericalvalues are plotted in the Figures 2-9. In all cases we
take a  1.0 .
In the absence of diffusion equations, in order to ascertain the accuracy of our numerical results, the present
study is compared with the available exact solution in the
literature. The temperature profiles for Prandtl number
Pr are compared with the available exact solution of
1.2
1
0.8
0.6
 ( )
Pr = 0.3
Pr = 0.5

0.4
0.2

than 10 7 . Effects of heat and mass transfer are studied
for different values of temperature-dependent viscosity at
the wall of the surface and the strength of thermal radiation. In the following section, the results are discussed in
detail.

Pr = 1.0
0

0

0.5

1

1.5



4. Results and Discussion

Figure 2. influence of Prandtl number over the temperature
profiles. Sc  0.0, N  0.1, a  1.0, S  0.5,   0.5 .

To analyze the results, numerical computation has been
carried out using the method described in the previous
section for various values of the temperature-dependent
viscosity parameter  , suction/injection parameter S ,

Comparison of the temperature profiles ( present result )
with Mukhopadhyay and Layek [20]
Symbol : Re sult for Mukhopadhyay and Layek [20];
Solid line : Current result .
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Figure 3. Effects of thermal radiation over the temperature profiles. Pr  0.3, a  1.0, S  0.5,   0.5, Sc  0.62 .
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Figure 4. Effects of fluid viscosity over the velocity profiles. Sc  0.62, N  0.1, a  1.0, S  0.5, Pr  0.71 .
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Figure 5. Effects of fluid viscosity over the temperature profiles. Sc  0.62, N  0.1, a  1.0, S  0.5, Pr  0.71 .

Mukhopadhyay and Layek [20], is shown in Figure 2. It
is observed that the agreements with the theoretical solution of temperature profiles are excellent. For a given N ,
it is clear that there is a fall in temperature with increaseing the Prandtl number. This is due to the fact that
there would be a decrease of thermal boundary layer
thickness with the increase of Prandtl number as one can
see fromFigure 3 by comparing the curves with
Pr  0.3 and Pr  1.0 . This behavior implies that fluids
having a smaller Prandtl number are much more responsive to thermal radiation than fluids having a larger
Prandtl number.
Copyright © 2010 SciRes.

Figure 3 illustrates the typical temperature profiles for
various values of the thermal radiation parameter N . At
a particular value of N , the temperature decreases with
accompanying decreases in the thermal boundary layer
thickness by increasing the values of Pr . Further, it is obvious that for a given Pr , the temperature is decreased
with an increase in N . This result can be explained by
*
the fact that a decrease in the values of ( N   k )
4 1T3
for given k * and T means a decrease in the Rosseland
radiation absorptivity. According to Equations (2) and (3)
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Figure 6. Effect of suction over the velocity profiles. S  1.0, N  0.1, a  1.0,   0.5, Pr  0.71 .
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Figure 7. Influence of suction over the temperature profiles. Sc  0.62, N  0.1, a  1.0,   0.5, Pr  0.71 .
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Figure 8. Effects of Suction over the concentration profiles. Sc  0.62, N  0.1, a  1.0,   0.5, Pr  0.71 .
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Figure 9. Effects of Schmidt number over the concentration profiles. S  1.0, N  0.1, a  1.0,   0.5, Pr  0.71 .
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qr
increases
y
as  decreases which in turn increases the rate of radiative heat transferred to the fluid and hence the fluid temperature increases. In view of this explanation, the effect
of radiation becomes more significant as N → 0 ( N ≠
0) and can be neglected when N → ∞. Also, it is seen
from Figure 3 that the larger the N , the thinner the
thermal boundary layer thickness for both values of Pr .
In addition, radiation demonstrates a more pronounced
influence on the temperature distribution of ( Pr  0.3 )
than that of ( Pr  1.0 ).It is noticed from the figure that
the temperature decreases with the increasing value of
the radiation parameter N . The effect of radiation parameter N is to reduce the temperature significantly in
the flow region. The increase in radiation parameter
means the release of heat energy from the flow region
and so the fluid temperature decreases as the thermal
boundary layer thickness becomes thinner.
Figure 4 exhibits the velocity profiles for several values of  with Pr = 0.71 in presence of suction (S = 0.5)
when N = 0.1. In the case of uniform suction, the velocity of the fluid is found to increase with the increase of
the temperature-dependent fluid viscosity parameter 
at a particular value of  except very near the wall as
well as far away of the wall (at  = 5). This means that
the velocity decreases (with the increasing value of  ) at
a slower rate with the increase of the parameter  at
very near the wall as well as far away of the wall. This
can be explained physically as the parameter  increases, the fluid viscosity decreases the increment of the
boundary layer thickness.
In Figure 5, variations of temperature field  ( ) with
 for several values of  (with Pr = 0.71 and N = 0.1)
in presence of suction (S = 0.5) are shown. It is very
clear from the figure that the temperature decreases with
the increasing of  whereas the concentration of the
fluid is not significant with the increasing of  . The
increase of temperature-dependent fluid viscosity parameter (  ) makes decrease of thermal boundary layer
thickness, which results in decrease of temperature profile  ( ) . Decrease in  ( ) means a decrease in the velocity of the fluid particles. So in this case the fluid particles undergo two opposite forces: one increases the
fluid velocity due to decrease in the fluid viscosity (with
increasing  ) and other decreases the fluid velocity due

the divergence of the radiative heat flux

to decrease in temperature  ( ) (since  ( ) decreases with increasing  ). Near the surface, as the
temperature  ( ) is high so the first force dominates and
far away from the surface  ( ) is low and so the second
Copyright © 2010 SciRes.
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force dominates here. Now we concentrate in the velocity and temperature distribution for the variation of suction parameter S in the absence and presence of temperature-dependent fluid viscosity parameter  .
Figure 6 presents the effects of suction on fluid velocity when the fluid viscosity is uniform, i.e.,  = 0.5.
With the increasing value of the suction (S > 0) (  =
0.5, Pr = 0.71 and N = 0.1), the velocity is found to decrease (Figure 6), i.e., suction causes to decrease the
velocity of the fluid in the boundary layer region. The
physical explanation for such a behavior is as follows. In
case of suction, the heated fluid is pushed towards the
wall where the buoyancy forces can act to retard the fluid
due to high influence of the viscosity. This effect acts to
decrease the wall shear stress. Figures 7 and 8 exhibit
that the temperature  ( ) and concentration  ( ) in
boundary layer also decrease with the increasing suction
parameter S (S > 0) (  = 0.5, Pr = 0.71 and N =
0.1).The thermal and solutal boundary layer thickness
decrease with the suction parameter S which causes an
increase in the rate of heat and mass transfer. The explanation for such behavior is that the fluid is brought closer
to the surface and reduces the thermal boundary layer
thickness in case of suction. As such then the presence of
wall suction decreases velocity boundary layer thicknesses but decreases the thermal and solutal boundary
layers thickness, i.e., thins out the thermal and solutal
boundary layers.
Figure 9 illustrates the influence of Schmidt number
Sc on the concentration. As Schmidt number Sc increases,
the mass transfer rates increases. Hence, the concentration decreases with increasing Sc. It is evident from this
figure that the concentration  ( ) takes its limiting
value C∞, for higher values of the dimensionless distance
 . From this figure, we observe that when the concentration difference ΔC is maintained constant, the dimensionless concentration profile decreases, in the since that
the values of the Schmidt number increases. The variation in the thermal boundary layer is very small corresponding to a moderate change in Schmidt number.
There are very small changes in velocity and temperature
distributions when moderate changes in Schmidt number.

5. Conclusions
By using Lie group analysis, first find the symmetries of
the partial differential equations and then reduce the
equations to ordinary differential equations by using
scaling and translational symmetries. Exact solutions for
translation symmetry and numerical solution for scaling
symmetry are obtained. From the numerical results, it is
predict that the effect of increasing temperaturedependent fluid viscosity parameter on a viscous incompressible fluid is to increase the flow velocity which in
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turn, causes the temperature to decrease. It is interesting
to note that the temperature of the fluid decreases at a
very fast rate in the case of water in comparison with air.
So, the thermal radiation effects in the presence of fluid
viscosity have a substantial effect on the flow field and,
thus, on the heat and mass transfer rate from the sheet to
the fluid. Decrease of the concentration field due to increase in Schmidt number shows that it increases gradually as we replace Hydrogen (Sc = 0.22) by water vapour
(Sc = 0.67) and Ammonia (Sc = 0.78) in the said sequence.
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