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Abstract
The present paper deals with the optimum shape design of an absolutely rigid impactor which penetrates into
a semi-infinite concrete shield. The objective function to maximize is the depth of penetration (DOP for short)
of the impactor; in the case of impactors with axisymmetric shapes DOP is calculated using formulas obtained by Ben-Dor et al. [1-3] with the method of local variations [4] and based on the mechanical model
proposed by Forrestal and Tzou [5]. In the present paper we show that using a different class of admissible
functions, more general than the axisymmetric one, better results can be obtained. To solve the formulated
optimization problem we used a custom version of the particle swarm optimization method (briefly denoted
by PSOA), a very recent numerical optimization algorithm of guided random global search. Numerical results show the optimal shape for various types of shields and corresponding DOP; some Ben-Dor et al. [1-3]
results are compared to solutions obtained.
Keywords: Impactor; Optimization; Particle swarm; Global Search

1. Introduction
A problem important both for the civil world as well as
for military research is to evaluate the depth of penetration (DOP) of a high-speed impactor when it penetrates a
shield. A quite general solution to such problem was
proposed by Forrestal et al. [5-7] in the case of concrete
targets. Four different models for the shield material are
considered: incompressible elastic-plastic (model 1),
incompressible elastic-cracked-plastic (model 2), compressible elastic-plastic (model 3) and compressible elastic-cracked-plastic (model 4). Supposing the impactor's
shape is axysimmetric with an unknown starting radius
(flat nose), given length and final radius, (we call K0
such class of shapes) and using the Forrestal et al. [5-7]
model, Ben-Dor et al. [1-3,8] we investigated the maximum depth of penetration and found corresponding numerical solutions. From a mathematical point of view,
the problem is reduced to a non-classical variational one
for a functional that is a function of integrals of the unknown impactor's shape; the technique used to solve it is
that of local variations, proposed by Banichuk et al.[4].
In the following we shall define a new class of impactors
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and show how to get corresponding formulas.
It is worth noting that in the current literature, some
penetration problems for three-dimensional bodies of
optimal shape are also present [9-12] and very recently
Banichuk and Ivanova [13] obtained new results applying the Forrestal and Tzou model to pyramidal impactors.

2. Model building
Let us consider an impactor whose impact velocity is
normal to the concrete shield and has modulus vimp. The
impactor has a shape built in the following manner: consider a body of revolution obtained revolving a curve of
function y = y(z) in the Cartesian coordinates (Oxy)
around z axis by 2 and let 0  z  L , where L is the
length of the impactor; we suppose also that y(z) ≥ zL/R
The function y(z) has the unknown value y(0) = y0 for z =
0 and the fixed value R for z = L (Figure 1). Next we cut
such body with two planes passing through y axis and
crossing the zx plane respectively through (0,0), (L,R)
and (0,0), (L,–R). Excluding the two external parts of the
body we get a new non-axisymmetric shape called
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Figure 1. Screwdriver impactor.

“screwdriver shape” or shape of class K1 (Figure 1). In
the shape so obtained we can distinguish two distinct
surfaces: S1, corresponding to the plane part, and S2 corresponding to the curved (remaining) one, that is S = S1 +
S2.
Using the model of Forrestal and Tzou (1997) and
Ben-Dor et al. [3] the drag force D of an axisymmetric
striker of class K1 of given length L and final radius R
has two different expressions depending on the current
penetration length h:
 h if 0  h  4 R

D   t dS if h  4 R
 S z

(1)

where   0 is an experimental constant; dS is the elementary surface of the impactor and tz the component
along z of the normal stress σ acting on dS (see Figure 1).
According to Forrestal and Tzou [5], σ is equal to the
following parabolic expression


 (v)   *  A0  A1kvn  A2 (kvn )  , k  m
*
2

(2)

Where ρm is the density of the shield, σ* its uniaxial compressive strength and A0, A1, A2 are given positive dimensionless constants shown in Table 1 (see [5]):
The drag force D when h  4 R (second stage of penetration), is caused by the force D1 applied to the plane
lateral surface S1, and D2, applied to the curved lateral
surface S2 of the impactor; so the total drag force D is
expressed by the following formula
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Table 1. Coefficients for different models of the shield.
Number of
the model
1
2

A0

A1

A2

5.18

0.00

3.88

4.05

1.36

3.51

Characteristec of the model
Incompressible,
elastic-plastic
Incompressible,
elastic-cracked-plastic

3

Compressible, elastic-plastic

4.50

0.75

1.29

4

Compressible,
elastic-cracked-plastic

3.45

1.60

1.12

D  D1  D2

(3)

Let us consider now a thin strip of impactor realized
by cutting it with two planes distant one from the other
dz and orthogonal to z axis (see Figure 1). The surface
dS between such planes is decomposed in two parts: dS1
(plane part) shown in dark grey and dS0 (curved part)
showed in light grey. The elementary surface dS1 has the
following expression
dS1  2d

dz
sin(1 )

Where α1 is the angle between the negative direction of z
axis and the outer unit vector n1 normal to S1 and d is
the segment shown in Figure 1(b) and (c). Taking into
account that tan(α1) = R/L = p we can write
dS1  4 1  p 2

y 2  ( pz ) 2 dz

(4)

Whereas from Figure 1 (b) and (c) we have
dS 2  4OP 1  y 2 dz
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where prime denotes derivation with respect to z ; moreover OP  y ( z ) and   asin( pz / y ) so
 pz 
dS 2  4 y 1  y 2 asin   dz
 y 

B0 
B1 

(5)

D  D1  D2   t z dS1   t z dS 2
S1

(14)
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2
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Remembering that only the normal component tz of 
is responsible for the drag force, we can write
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1  p2
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(6)
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0
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(from now on tilde is omitted)
we get the following quadratic expression for D:

D  a0  a1V  a2V 2

(12)

where
a0  A0 ( B0 I1  B1 I 2 )
a1  A1 ( B0 B2 I1  B1 I 3 )
a2  A2 ( B0 B22 I1  B1 I 4 )
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yy 3
dz
1  y 2

V
dV
a0  a1V  a2V 2

(16)

P

DOP is the dimensionless expression of DOP
4R



m
is an dimensionless coefficient
4 R 3 k

of the drag force D in the first stage of penetration has
the same value of D in the second stage of penetration
[3]:
a  a12  4(a0   )W 2 (a2   )
(17)
V*  1
2(a2   )
where W = kvimp is the dimensionless impact velocity. Of
course to get real values of V * the discriminant in (17)
must be nonnegative.

Introducing the following dimensionless variables:

D 

dz

V * is the adimensional velocity of the impactor for
h  4 R found imposing that for h  4 R the expression

where vn has the expression
p

on S1
 v cos(1 )  v
1  p2

vn  
y
v cos( )  v
on S2
2

1  y 2


1  y 2

where

D  4 *  ( A0  A1kvn  A2 (kvn ) 2 ) p y 2  ( pz ) 2 dz 
0

yy 2

Now applying the equation of motion of the impactor
(for details see [3] we find the following expression
P 1  

Substituting (2) in (8) we have

L

(15)

0

(13)

3. Building a Better Solution
In the case of shape of revolution of class K0 Ben-Dor et
al. [3] found the solution for a large set of problem parameters and showed that the optimal shape has a flat
nose and is concave. Let us now show with an example
that using a shape of class K1 a better solution than that
corresponding to class K0 is obtained. To begin, we consider the following problem parameters: model number:
3(compressible elastic-plastic shield); ω = 14; τ =0.5;
W = 3.5. The optimum DOP value for a body of class K0
is P  14.1 [3]. Using the same problem parameters, let
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us now build a shape of class K1 choosing a generatrix of
the form

0.5

y ( z )  az b  c

(18)

0.4

where a  0.491; b  0.38; c  5.616 103 (Figure 2).
Now, applying Equation (13)-(17) we found that P =
14.4 > 14.1. This is sufficient to show that class K1 can
give better solutions than class K0. We note that several
theoretical and numerical considerations about screwdriver shapes can be found in [14] and the references
given there, although applied to the Newton problem of
optimal aerodynamic bodies.
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Figure 2. A solution on class K1.

4. Formulation of the Optimum Design
Our task is not only to show that class K1 can give better
solutions than class K0 as we have seen in the previous
section, but also to find the generatrix y(z) for which the
corresponding impactor shape belonging to K1 maximizes DOP:
DOP  DOP ( y )  max y
with y (0)  y0 (free) and y (1)   (fixed)

(19)

We shall show in the following part of the paper one
possible strategy of solution.

5. Psoa Algorithm
To solve this problem we will use the method PSOA
(Particle Swarm Optimization Algorithm), a recent heuristic suitable for finding global optima solutions. PSOA
was introduced about one decade ago [15,16], inspired
by the behaviour of school of fish, flocks of birds or
swarm of bees observed in nature. Like genetic algorithms (GA) and ant colony optimization methods (ACO),
PSOA is also a stochastic, population-based global
search algorithm. In a natural swarm each individual or
particle changes position toward better places, to reach
food or to escape from predators, exchanging information with the neighbourhood and without any central
control. In the mathematical model at each individual
corresponds a particle i and at every particle i is associated a position vector xi in a n -dimensional space,
to which corresponds a certain value of the objective
function f ( xi ) that represents the quality of xi ; of
course xi should be a feasible solution to the problem
under study . If some constraints must be considered, the
objective function can be modified using the penalty
technique. When the algorithm starts, a collection (swarm)
of m particles is randomly chosen using a uniform
probability distribution. Then the vector position of each
particle is updated at every iteration adding a displace
Copyright © 2010 SciRes.

ment based on the information about the previous swarm
positions; the knowledge of the gradient of f is not
needed. So the iteration rule is the following

xi( k 1)  xi( k )  si( k 1)

(20)

Where xi( k ) and xi( k 1) = positions of particle i at
k  th and k  1 -iteration, si ( k 1) = displacement of

particle i at k  1 -iteration.The formula for si ( k 1) is

si ( k 1)  wsi( k )  c1r1 ( pi  si( k ) )  c2 r2 ( pg  si( k ) )

(21)

Formula (21) is the core of the algorithm and contains
some fundamental information about the neighbourhood
of particle i: w is called inertia and serves to control the
influence of the previous displacement on the new one.
Recommended values of w range from 0 to 1.4; pi is
the best position found for the particle i to iteration k,
whereas pg is the best position inside the swarm up to
iteration k; c1 and c2 are two positive constants used to
balance the cognitive and social aspect: usually c1= c2 = 2.
r1 and r2 are random parameters in the range [0,1], sampled from a uniform distribution. The algorithm stops
when a prescribed number of consecutive iterations
without improvement in the objective function is reached.
From (20) and (21) it is clear that PSOA takes account of
the previous random walks of particles. During iterations
typically two main problems can arise: the first is the
explosion of the swarm: it means that the maximum distance between two particles grows indefinitely and consequently an overflow error occurs; the second is the
stagnation of the swarm which means that all the particles occupy the same position, leading to a suboptimalsolution. To try to avoid such inconveniences the two
following additional rules are included in the algorithm:
the first rule is the limitation of the maximum displacement: si ( k )  smax where smax is a constant which is
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problem dependent; the second one is called craziness:
with an assigned probability Pcr (for example 0.005), the
displacement si ( k 1) is not calculated with (21) but completely randomly, with the only condition that its
modulus must be ≤smax. The PSOA algorithm preposed
has several advantages with respect to classical optimization algorithms: 1) it is able to find the true optimum
solution in the entire search space (global optimum); 2) it
is easy to implement; 3) it can handle non-differentiable
function and no calculation of derivatives is required.
The main disadvantage is that it can be quite timeconsuming. The PSOA algorithm so far described is only
one among many others possible that can be found in the
current literature [15,17-19]. For the problem under consideration the swarm is formed by m particles and each
particle is a generatrix yi(z) to which corresponds an impactor shape of class K1 and a certain value of the objective function f (DOP); each generatrix is approximated
by the vector yi where every component of yi is a
value of yi; the z axis has been discretized into n-1 intervals so we have n points in which to calculate the generatrix; as a consequence the vector yi belongs to an
n-dimensional space; because we know in advance that
the most critical zone of the impactor shape in near z =
0, the n-1 intervals of z axis are not equals, but shorter
near z = 0 and longer as we go toward z = 1. In our calculations n (which corresponds to the swarm size) has
been fixed to 30. In Figure 3 some generatrices of optimum impactors of class K1 are shown using the following common parameters: Model n.3, τ =0.5, ω = 14
for different impactor’s speed W = 1.0, 2.0, 3.0, 3.5.
In Table 2 the comparison of DOP of impactors of
class K1 illustrated in Figure 3, and the corresponding
impactors of class K0 (surfaces of revolution) with the
same problem parameters model n.3, τ =0.5, ω = 14, is
shown for W = 1.0, 2.0, 3.0, 3.5.
Table 2 shows clearly that the classical and intuitive
search space of axisymmetric high speed impactors does
not guarantee the best solution (i.e. the maximum DOP).
In fact in the cases studied show that an impactor shape
belonging to a more general class K1 (non-axisymmetric
shape called “screwdriver shape”), can give better results.

6. Concluding Remarks
Starting from the mechanical model proposed by Forrestal et al. and using formulas obtained by Ben-Dor et al.
for finding the best impactor shape in the class K0 of axisymmetric bodies, we presented a different shape of
impactors in the new class K1 which is different from the
standard axisymmetric shape, and show that bodies belonging to class K1 can give better results compared to
corresponding K0 bodies. We also finalized a code based
Copyright © 2010 SciRes.
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Figure 3. Some generatrices of optimum impactors.
Table 2. Comparison of DOP of impactors.
DOP of impactors of class class
K1 with the following common
parameters:
modeln.3,  = 0.5,  = 14
Impaactor’s
speed

DOP of impactor
of class K1

W = 1.0
(curve 1 on
figure.3)
W = 2.0
(curve 2 on
figure.3)
W = 3.0
(curve 3 on
figure.3)
W = 3.5
(curve 4 on
figure.3)

Corresponding DOP of
impactors of class K0 using
the same parameters:
modeln.3,  = 0.5,  = 14
DOP of
Impactor’s
impactor of
speed
class K0

2.0

W = 1.0

2.0

6.0

W = 2.0

5.8

11.6

W = 3.0

11.2

14.7

W = 3.5

14.1

on PSOA heuristic algorithm to find the best generatrix
in class K0 once some problem parameters are fixed.
Some results are also given in a tabular form. We must
emphasize that the class K1 is not the most general class
of impactors we can imagine so the problem of the best
impactor remains open.
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