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Abstract

After developing the concept of displaced squeezed vacuum states in the non-
unitary approach and establishing the connection to the unitary approach we

calculate their quasiprobabilities and expectation values a'*a in general
form. Then we consider the displacement of the squeezed vacuum states and
calculate their photon statistics and their quasiprobabilities. The expectation
values of the displaced states are related to the expectation values of the un-
displaced states and are calculated for some simplest cases which are sufficient
to discuss their categorization as sub-Poissonian and super-Poissonian statis-
tics. A large set of these states do not belong to sub- or to super-Poissonian
states but are also not Poissonian states. We illustrate in examples their pho-
ton distributions. This shows that the notions of sub- and of super-Poissonian
statistics and their use for the definition of nonclassicality of states are prob-
lematic. In Appendix A we present the most important relations for

SU(1,1) treatment of squeezing and the disentanglement of their operators.

Some initial members of sequences of expectation values for squeezed vacuum
states are collected in Appendix E.

Keywords

SU (1,1) Group of Squeezing and Rotation, Wigner Quasiprobability,
Unitary Approach to Squeezing, Nonclassical States, Uncertainty Matrix,
Distance of States, Jacobi, Ultraspherical, Legendre and Hermite Polynomials,
Poisson Statistics

1. Introduction

Besides the number states |n> and the coherent states |a> the squeezed
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coherent states or, what is the same, the displaced squeezed vacuum states
belong to the most interesting states in quantum optics for which, practically, all
interesting parameters and quasiprobabilities may be calculated in closed exact
way. The coherent states are the vacuum states |n = 0> displaced by a complex
parameter A in the phase space (for one mode). The higher number states |n)
with n=0 are the discrete excitations of the ground state |n = 0> of a
harmonic oscillator and they also can be displaced and squeezed but this we do
not consider in present article. All minimum uncertainty states belong to the
squeezed coherent states and therefore some aspects of these states were already
considered in the early years of the development of quantum mechanics
although not under this name, for example, by Schrodinger [1], Pauli [2] and
Louisell [3]. The name “squeezed states” appeared in the eighties by Walls [4]
and others and numerous articles and reviews are published since this time, e.g.,
[5]-[14] and, e.g., [15] [16] [17] [18] [19].

In the narrow sense the squeezing operations form together with rotations in
a plane (the two-dimensional phase plane) the Lie group SU (1,1) with 3 real
parameters. This Lie group possesses different realizations in quantum optics of
a single mode and also a basic nontrivial realization in a two-mode system. We
will deal with in this article a single mode where the basic operators of the Lie
group SU(L,1) are realized by quadratic combinations of the annihilation and
creation operators (a, aT) of this mode but in Appendix A we represent in
detail the basic relations for SU (1,1). Besides this, the Lie group SU (1,1) may
find application within a single mode also for the treatment of phase states and
as mentioned possesses a basic realization in a two-mode system (e.g., [15]).
Dynamical squeezing appears if the Hamiltonian or Liouvillean of a process is
described by quadratic combinations of annihilation and creation operators.

The main purpose of this paper is the representation of the formalism of
SU (1,1) squeezing in two approaches concerning the complex squeezing
parameter which we call non-unitary and unitary approach and the calculation
of expectation values and of the basic quasiprobabilities for squeezed vacuum
and squeezed coherent states. The squeezed coherent states are well appropriate
to demonstrate some problems of the distinction of sub- and super-Poissonian
photon statistics because the whole set of these states can be not assigned to only
one of these two kinds of statistics and it requires substantial efforts to find out
to which of these statistics it belongs in a special case. The cases when they are
neither sub- nor super-Poissonian statistics may be very far from a Poisson
statistics that can be seen by the distance parameter. This shows in an example of
nonclassical states the problems of classification of statistics in quantum optics

in this way and is discussed in Section 11.

2. Squeezed Vacuum States in Non-Unitary Approach and
Their Photon Statistics

In this section we begin with the discussion of squeezed vacuum states in the

non-unitary approach. For their definition we apply the non-unitary operator
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exp(—%a”j with ¢ as a complex parameter (|é’ |<1) onto the vacuum

state |0> . As usual, (a, aT) denote a pair of annihilation and creation
operators of a single boson mode with the commutation relations
[a, aTJ =aa'—a'a=1, (/ unity operator) and they act onto the number states
| n) which are orthonormalized and complete

a|n):«/ﬁ|n—1), a*|n):M|n+1), N|n}=a'a|n)=n|n),

(Om)=6u Zfnhial=1, =220}, (1-012-). @D

Now, we define the squeezed vacuum states |0,§ > in the non-unitary

approach by

|og>ocexp[ a*2j|0) z( )

where the zero in the notation |0,§' > is arranged for the substitution by a

|0)= i(_) ﬂ§ "|2m), (2.2)

= 2"m!

complex displacement parameter g in the later generalization to displaced

vacuum states | B.¢ > (see Figure 1 and from Section 7 on).
_&at2
Since e ? is not a unitary operator the right-hand side of (2) is not
(2m)t

normalized and using the Taylor series Z (" =——= we find the

m022mm|2 [1_q

normalization factor

0,¢)=(1-¢¢ )4exp[ ga*zjlf)) 03
2.3

(e 3 A oo (0.£10.) -1 ¢ =B <1

m=0

The complex parameter ¢ is restricted in the non-unitary approach for
normalizable states to |§ | <1 but can be continued to non-normalizable states

for |§ | >1. In the unitary approach (2) we apply a unitary operator

exp (% a’ —%amj to the vacuum state |0> according to

Arth|§| ¢ w2 _ £ 2 ¢
0,¢)= ep{ (Za Sa |0) =exp S -2a |0). (24)

]
The connection between the two parameters ¢ and ¢’ is given by
Arth((el) e At - <
{=— i =2 [ = AN,
] <] Ié“ [ Il

'Note that the operators S({ ".0,¢ ')sexp[%az—%a”j with complex ¢’ do not form a

group that means the product of two such operators with different parameters is, in general, not an
operator of this type but by a small extension one comes to the SU (1,1) group of squeezing and

rotation operators; see Appendix A.
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1 1
Ellipse positions of squeezed vacuum states with parameters |{] = E Displaced squeezed vacuum states with |{] = E B=50

P P

Quantum phase plane (q,p)

2 5 T2

5k

Figure 1. Position of ellipses of squeezed vacuum states in dependence on the phase of squeezing

parameter ¢ . The drawn squeezing ellipses for |¢ \:% are a contour of equal height of the Wigner

quasiprobability W (g, p). The mean value N of the number operator N depends for the squeezed

2
vacuum states only on the modulus |§| of the squeezing parameter ¢ and is Nzl‘é’\‘cjf and the
. : : 2l -1 —7 8 . .
variance is (AN) :W that means N=§ and (AN) =g in our case. This shows that all
1-¢

squeezed vacuum states possess a super-Poissonian photon statistics. In the second picture we have
shown a displacement of squeezed vacuum states in the quantum phase plane (see from Section 7 on).
The squeezing parameter remains the same under displacements. The circle on the left figure corresponds
to the vacuum state and on the right figure to a coherent state.

(), . _th(<)
(=— g &=t
<7 €'

The parameter ¢’ is stretched in comparison to ¢ and takes on the whole

¢", |¢]=th(i¢). (2.5)

complex plane for normalizable states but ¢ and ¢’ possess the same
directions in the complex plane. It is easy to rewrite the formulae derived in the
following from parameters (g“ Ve *) to parameters (;’ e ’*) using (5), for
example

1 ¢T 1:[¢]

=ch?(|¢]). =sh?(|¢)), =exp(£[¢]). (2:6)

The complex parameter ¢ has often some advantages in comparison to the

complex parameter ¢’ concerning compactness of formulae but sometimes,
e.g., in the dynamics to quadratic Hamiltonians in (a, aT) , the representation
by ¢’ is to prefer and ¢ in literature notations |a,§ > corresponds mostly
toour ¢'.In Appendix A we consider the relations in detail.

The equivalence of the two approaches is given by the following general

disentanglement of the unitary squeezing operator in (almost) normal ordering
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0 {Arth I¢] ( [aN's a_}_zj}
l£] 2 2
=exp(—§ J(l ¢c )( o T)exp[%azj.

The basic relations for squeezing operators between unitary and non-unitary

(2.7)

approach were developed already earlier (e.g., [18]) for the SU (l,l) group and
we collect the most important relations in Appendix A.
From (2.3) follow the probabilities p, to the photon statistics of squeezed

vacuum states
E<n|0f:><0¢|n>
~ 2 (2m-1)1, _om
pim =T AR = e D (8)

Pomit =0

The sum over the p, are normalized according to

> p,=1-Icf sz ,zle“l (2:9)

1
as one affirms from the Taylor series of the function (1 |g“ | ) Only the

probabilities for even n=2m are non-vanishing and the probabilities p,,
a r e
strictly decreasing ( Pomea) < Pam ) for increasing m.

From the commutation relations

exp (—% a j aexp (% a“j
a-§lata] 5[5 To Lot al] e

in connection with a|0):0 follows that the states |0, 4 > are eigenstates of

(2.10)

the operator a+¢a' to the eigenvalue zero
0= exp( s TZja|0) (a+§a*)exp(—%a*2j|0), (2.11)

that means
(a+¢a')[0,£)=0, < a]0,5)=-¢a’(0,¢). (2.12)
In representation by canonical operators (Q, P) this is equivalent to

1+§

(1+£)Q+i(1-¢)P)|0,£)=0, < P[0,£)=i—2Q[0,5). (213)

Thus both the states a|0,§) and a*|0,§> as well as the states Q|0,§>

and P|0, ¢ > are linearly dependent. Furthermore, from (2.12) follows

a'a|0,¢)=-¢a""*[0,¢), a'l0,¢)=-¢a""a’|0,¢). (2.14)
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If one forms the scalar products of these relations by multiplication with

(0,;’ | one obtains the expectation values of a™a and —¢a™ and the

expectation values a' and ~¢a'a’, respectively, with equality relations
between them. By differentiations of (2.3) with respect to ¢ and to ¢ in
connection with (2.14) for k=1 we find

N|0,&)=-¢a™|0,8) = ( 0.¢), (2.15)

o¢ 5é~“j

as a further interesting relation which can also be written as eigenvalue equation
for |0, 4 > to eigenvalue zero.

Another interesting characteristics of a state is its (Hilbert-Schmidt) distance
to the nearest coherent state which in case of squeezed vacuum states |0,§ > is
the vacuum state |0> It may be considered as a measure of nonclassicality of a
state [20] [21] [22]. For this distance one finds (see (5) for ¢ and ¢')

(|o £)(0,¢1.10) o| \/2 (0]0,¢) 0c;|o

= (_ 1 |g / |{;| (2.16)

e gl =l gle )

It depends only on the modulus of ¢ . For strong squeezing |§ | —1 this

distance goes to V2 that is the largest distance for normalized states in Hilbert

space and means orthogonality of the two states (Figure 2).

3. Wave Functions of Squeezed Vacuum States and
Uncertainty Matrix

The wave functions of squeezed vacuum states are the scalar products (q|0, < )
and <p|0,§’ > with the eigenstates |q> and |p> of the operators Q and P.

Their number representations are

- Lol S5t ()

where H, (z) denotes the Hermite polynomials. They are not normalizable as

it is well known and are only normalized by means of the delta function

(ala)=o(a~a). (p[p)=6(p—p),
(alp)- Jjﬂexp(l%j (pla” o

Using the number-state representation (3.3) of squeezed vacuum states we find by

applying the first of the generating functions (3.3) for even Hermite polynomials
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Distance of squeezed vacuum to vacuum state
d(10,4X0,41,10X01)

1.5+
v2r
125 . .
Squeezing parameter ¢, non-unitary approach

1.+
075k dG) = 2(1—\/1_]—“2) ———————————
0.5

025

0.0 0.2 0.4 0.6 0.8 1.0

Distance of squeezed vacuum to vacuum state
d(10,4X0,41,10X01)

1.+ Squeezing parameter ', unitary approach

0.75

0.5

025

. 1 1 1 e
0 2 4 6 8 10

Figure 2. Distance of squeezed vacuum states to vacuum state in dependence on
squeezing parameters ¢ and ¢’ in non-unitary and in unitary approach. The figures

show that for |[{|>1 the parameter |(’| is stretched up to © in comparison to |¢].

The maximal distance of two pure normalized states in Hilbert space is /2 .

(3.3)

From this follows

W (q) =(al0.£){0.¢]a) =

- exp[_ (1—44*)q2) ]

(1-¢)(1-¢")m (1-¢)(1-¢")n
W(p)5<p|o,g><o,;|p>=\/iexp[_i*)pz)], (3.4)

(1+¢)(1+¢7)hm (1+&)(1+¢")n

DOI: 10.4236/apm.2017.712044

712 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044

A. Wiinsche

with the normalization

["“dqw (q)=["dpw (p)=1. (3.5)

The functions W (q) and W ( p) are the Wigner quasiprobability W (q, p)
integrated over one of the canonical variable p or g. The functions (3.4) remain
invariant by interchanging the squeezing parameter ¢ with its complex
conjugate ¢ <> ¢ " . This shows in an example that, in general, a state (here
|0, ¢ > ) cannot uniquely be reconstructed from W (q) and W ( p) alone.

The functions W (q ) and W ( p) are two normalized Gaussian distribution

with the expectation values

_ = (1-0)(1-¢ = @)1
g-0, P=0, (AQ) :(f—)—irg)g (aP) :%g (3.6)

The product of their uncertainties (AQ)2 and (AP)2 (note inequality
22 +7? <277" for arbitrary complex z=X+iy in contrast to X°+ Yy’ >2xy

for arbitrary real xand y)

o Gt [ Gt L
(1-gy 44

It depends on the phase 4 of the complex squeezing parameter ¢ :|§ |ei"

(AQ)*(aP) (37)

that means on the position of the principal axes of squeezing in comparison to
the axes of the canonical coordinates (q, p) (see Figure 1). In contrast, the

sum of the uncertainties

1+¢¢”
(3Q) +(aP) =T 68
1-¢¢
does not depend on the phase of the squeezing parameter ¢ . For real squeezing

parameter ¢ =¢  we find for the uncertainties

2 1-Ch 2 1+4h .

AQ) =——, (AP) =—FZ=—, =¢ ), 3.9

(00f =153, (aPF 150 (e=¢) 69)
2

and their product is equal to T the minimal possible one. The principal axes

of the squeezing ellipses are then in direction of the coordinate axes (q, p) (see
Figure 1). Clearly, it is not satisfying to consider squeezed vacuum states |0, ¢ >
with real ¢ as minimum uncertainty states and such with complex ¢ which
are only rotated in the phase plane (Figure 1), in general, not as minimum

uncertainty states. The satisfying solution of this problem is to consider in

addition the uncertainty correlation %AQAP +APAQ [23] [24].

. . 17—~ . .
The uncertainty correlation EQP+ PQ arises in a natural way as non-

diagonal elements of the (symmetrical) uncertainty matrix S if we consider the
cumulant expansion of the Wigner quasiprobability W (q, p) or the
corresponding expansion of its Fourier transform W (u,v) [24]
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(AQ)* %AQAP +APAQ
S=
%AQAP +APAQ (APY?
PV U AT )2 A Aa _(Aat)?
) AaAa' + Aa Aa+((Aa) +(Aa ) j |((Aa) (Aa ) j "
i ((Aa)2 —(Aa*)zj AaAa’ + AaTAa—((Aa)2 + (AaT )zj 2
(3.10)

It is also called variance matrix [23] and is related to the covariance matrix [10]
(3.p. 61). The trace of the uncertainty matrix S denoted by (S)

(8)=(4Q)" +(aAP)’ =(saAa" +Aa'a (3.11)

is the uncertainty sum and the determinant of the matrix S denoted by [S] is

essentially the uncertainty product but modified by the uncertainty correlations

PURCYINRY — 2
[S]=(AQ) (AP)® —%(AQAP +APAQ)
- (3.12)
VYV VI 2 2|\ n® _n’
- {(AaAaT + Aa*Aa) —4(na)’ (Aa'") }T >
The chain of inequalities which generalizes the basic uncertainty relation of

quantum mechanics is ([18] [24])

g&/ﬁﬁw/@w <(s). (3.13)

Both quantities <S> and [S] are invariant with respect to rotations and
displacement of the states in the quantum phase plane and (S) is additionally
invariant with respect to squeezing [24].

For squeezed vacuum states |0,§ > we find wusing their number
representation (2.2)

%(AQAP+APAQ) :—i[(Aa)z —(Aa*)zjﬁ:i i
2 1-¢¢

and therefore for the modified uncertainty product [S] in (3.12) using the

h (3.14
2’ 14)

explicit expressions (3.7) and (3.14)
hZ
S[=—. 3.15
[s]=" 615

This modified uncertainty product for squeezed vacuum states does no more
depend on the position of the principal axes of squeezing ellipses in phase plane
of canonical coordinates (q, p) shown in Figure 1. It is the minimum possible
one characterizing the states as minimum uncertainty states in this generalized
sense.

By a rotation of the canonical coordinates (q, p) to new canonical
coordinates (q’,p’) one may bring them in the position of the principal axes of

the squeezing ellipses and since this is fully obvious we do not give the explicit
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transformation relations. However, this suggests that it is better not to exclude
squeezed vacuum states with arbitrary positions of the squeezing ellipses from

the minimum uncertainty states.

4. Bargmann Representation and Quasiprobabilities for
Squeezed Vacuum States

The Bargmann representation of a state is a representation by an analytic
function which, in particular, leads immediately to the Husimi-Kano
quasiprobability Q(a,a*) [25] (chap. 7) and [26]. For this purpose we

calculate the scalar product of a state with the analytic (but non-normalized)

coherent states || a) = exp(%)a) => with arbitrary complex «.

»
n:O\/m|n>
For the squeezed vacuum state |O,g’ ) this provides its Bargmann
representations

exp[ . j(o ¢la)=(1-¢ )ii(z—ml)m g2

m=0 m

NN C Y

:(1—§§*)‘l‘exp(—% 2] {eXp[ ]( o, 4)}

From this one obtains the Husimi-Kano quasiprobability Q(a,a*) for
density operator p = | 0, §'> (O, §|

Q(a,a*) = <a|0,§><0,§|a> = 1-¢ exp{—[aa* +é’—*052 +£a*2J},
247 42

T n
j%daAda*Q(a,a*) =1.

In representation by real canonical variables (0, p) this is

Q(q.p)=@exp{ h[( §+§]q +( ¢+ g]P ~i(¢ - é’)j }

2hm

[daAdpQ(a,p) =
(4.3)

There are different possibilities to calculate the Wigner quasprobability [27]
[28]. In most convenient way the Wigner quasiprobability W(a,a*) of an
arbitrary squeezed state can be calculated from the Wigner quasiprobability
W, (a,a*) of the corresponding non-squeezed state using the relation (4.9) of
Appendix B. The parameters for our non-unitary approach (4.4) are derived in
(4.18) where we have to set &=¢" and have

W a+§a a +d4 a] (4.4)
( ) {\/1 e \/1 44

Taking into account the well-known Wigner quasiprobability for the vacuum

state
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Wo(a,a*)ziexp(—Zaa*), (p=[0)(0]). (4.5)
we obtain
W(a,a*):gexp{—Z(OHga )(a*+§ a)}
T 1-¢¢
* * * 2 * ) (4.6)
E p{—2(1+§§ )aa +g:a +éa } IldaAdaW(a,a*)zl.
n 1-¢¢ 2
In representation by the real canonical variables (q, p)
W (g, p)
N (@)t +(1-¢)(1-¢7) PP -i(¢ ¢ )2ap
" P (1-¢¢7)n
N ) (4.7)
1| (@oaria-g)p)(pe)a-ii-¢)p)
" P (1-¢¢7)n ’

jdq A~dpW (g, p) =1.

Another often easy way to calculate the Wigner quasiprobability W (a, a*) is
to make first the normal ordering of the operator involved in the representation
(4.1) that leads to [22]

« 0 0 «
W{me >:<"eXp("°‘£‘a* aa*J>5(“'“ )
_ 0 0 1@ .
_<pexp( a 6O(,kjexp( a—aaj>exp[28aaa*J5(a,a) (4.8)
0 0\ 2 .
=<pexp(—af aa*jexp(—a£)>;exp(—2aa )

For example, one obtains then immediately from it the already used Wigner

quasiprobability for the vacuum state (4.5) since the application of the operator

0 0
exp[—a—j to the state |0> and of exp[—a* *j from the right to <0|
oa oa

reproduces them. In the real representation one may use the following
equivalent definitions where the first corresponds to the definition given by
Wigner [27] [28] for pure states (written here with density operator p and

with Dirac’s notations for states)

1 +00 .2
W (a, p):%Lﬂdx(q—x|p|q+x)exp[|%j
(4.9)
_i +00 _ .E
_hnL” dy(p+y|plp y)exp(| . J

We checked (4.7) by these formulae using the wave functions (q|0,§ > and
<p|0,§'> derived in (3.3).
Without presenting its detailed calculation let us give the more general
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quasiprobabilities Fr(a,a*) with the parameter r and defined by [29] (*
means convolution)

2

F ()= exp(zajaa ]w(a,a*)

) o (4.10)
aa .
= exp| — *Wia,a ),
ol wlae)
Our result for the squeezed vacuum states |0, 4 > is
o 1 1-¢¢
Fr(a,a ):— I 5 5
T (mj _(Hj é’é’*
2 2
* (4.11)

I+r 1-r .. & L
-t +2-a+=
( > ¢ jaa 5 a Za

NEEEE

For r=0 one obtains the Wigner quasiprobability W(a,a*), for r=+1

x eXp< —

the Husimi-Kano quasiprobability Q(a,a*) and for r=-1 the Glauber-
Sudarshan quasiprobability P(a,a*). The Glauber-Sudarshan quasiprobability
P(a,a*) for squeezed vacuum states is a singular generalized function and
makes for ¢ =0 the transition to the delta function & (a,a*) . The
representation of (4.10) by real canonical variables (q, p) is easily to make.
Furthermore, with some calculation one may bring all quasiprobabilities in
representation by real variable to principal axes form that, however, we do not

demonstrate here.

5. Expectation Values of Powers of Number Operator and
Related Ordered Operators for Squeezed Vacuum States

We now calculate expectation values for the squeezed vacuum states. In
particular interesting are the expectation values of ordered powers of the
annihilation and creation operators (a, aT). We begin with the special
expectation values a“‘a“ since from these expectation values one may calculate
the expectation values N' of the number operator N.

Using the number representation (2.3) of the squeezed vacuum states |0,§ >

we proceed quickly for the expectation values a™a* which depend only on
|§ | =./¢¢"  to the following intermediate result

Tk 5k
2" = (0.¢[a"a" [0.¢) = JiICT zzmm,z T

=41 |§| |§| a|é,|k z 22mm|2 |§| (5.1)
=\1-leFlel — =
6|§ -k —|
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where we used that the last sum on the right-hand side is the Taylor series of

(1 |§ | ) This result can be expressed by the Ultraspherical polynomials

PIE“"’) (u) as special case o =p of the Jacobi polynomials Prsa'ﬁ) (u) (eg. [30]

[31]) in two essentially different ways. We represent this in a slightly more
general form as needed here in Appendix C. The result specialized for (5.1) is

ol k{ 2l¢] ] d 1)

1-I¢f
k (5.2)
ERRES

B-lef ) e )

where Pn(u)zPrEO'O)(u) are the Legendre polynomials as special case of the

=kl —

Jacobi polynomials P{**) (u) . More explicitly this provides

W

g j| iz )

2(1-¢f

Remarkable in these transformations is that we could split an essential factor

aTkak =k!

[%J multiplied by a polynomial in comparison to the infinite sums in
1-¢

(5.1).

The expectation values of symmetrically ordered power operators Sia { va k}

are connected with a'*a" by (see, e.g., Equation (7.6) in [22])

R Kk k|2 1 _
{ Tk k} z (E) a.w‘k—lak—l. (5'4)

S(k-1)P

Inserting for @ ""a"~ the result (5.3) one may transform the arising double

sum by reordering to

- 2
gl k! k!
S{ } (2(1_|§|2))k§j!2(k—2j

)!|é,|2j (1+|§|2)k—2j
(5.5)

T ) e

The transition from the first line to the second line is possible after Taylor

k-2
series expansion of (1+ |§ |2) and applying then Vandermonde’s convolution

identity which provides a particularly interesting representation with the
squared binomial coefficients involved. One may also directly make the
transition to representations of the result by the Jacobi polynomials and by its
special case of Legendre polynomials using their explicit representations and

transformation formulae as follows
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2
S e[ :(z(l-k|;|z))k A -2 )

=k! e Pé”’””[l—iz].
2(1-1¢T’) <]

In Appendix E we give some first members of the explicit representation of

(5.6)

the sequence S {a”‘ak} .

The expectation values N of powers of the number operator can be

calculated from the expectation values a'™a* by the relation
_ k [
N¥=3"s(k,I)a"a, (5.7)
=0
where S(k,l) denotes the Stirling numbers of second kind. We could not find

up to now a closed representation of the coefficients in front of powers of |§ |2

K —
in the polynomial in the numerator over the denominator (l—|§ |2) in N¥

and we give explicit results in Appendix Eupto k=5.

From the calculated expectation values we find in first order

— ¢’

ala=N=

1-|¢[*

Ll gLt
S{a'aj = =N+, 8
{a'a} ZGﬂﬂﬂ +2 (5.8)

and in second order (see also Appendix E for more and higher-order

expectation values)

2 142 2 . 2 2 2
a“azzm(Jr—Ji')zr\T(mu), szm ( +|fl ):N(sN 2)

(-1T) (2-1T)
2 4

sfaa) =2 g ). L (5.9)

2(1-F) i
From this follows for squeezed vacuum states using |é’ |2 = NN+1 <1

- 2

(ANY =N2-(N) = 2e] 7=2N(N+1), (5.10)
(21T

that means the number uncertainty for squeezed vacuum states is larger than,

for example, for coherent states ( (AN )2 =N ) and furthermore

S — 1 R I
amaZ_(waf::Llj__gL):(AN)Z—N::N(2N+1)
(11T’
2 4
S{aTzaz}—(S{a*a )2:%:%+2N(N_+1)2%. (5.11)
4(1—|§| )
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—\2
This shows that sub-Poissonian statistics a'?a® —(aTa) <0 does not exist

2
for squeezed vacuum states and that S{afza }—(S{aTa}) 2% satisfies the

general inequality for this quantity [22].

6. Further Expectation Values for Squeezed Vacuum States

In this Section we calculate more general expectation values for the squeezed

vacuum states of the form a™a' =a™a“ than in the preceding Section. They

are only non-vanishing if the difference k—1 is an even number 2m. This
follows from symmetry considerations of the squeezed vacuum states or from
their number-state representation which contains only even number states

|2m) Therefore, we now calculate separately the expectation values a'*a?

and a'"a”" . They depend on ¢ and ¢ separately and, therefore, we use

here the pair of variables (;’ N *) for the representation of the results.

For a'*a” using (2.2) and doubling relations for the Gamma function

applied to (ZX)! we arrive at the intermediate result

aa? =(0,¢[a™*a? [0,¢)

. 1 . 1
1—4/5;* K+l xg |w(1+k_2)!(J+l_2)! *\ 1
- 2) D) o) 6D
(D)
2

By comparison of this expression with explicit expressions for the Hyper-
geometric function ,F (a, 87, Z) we see that this is a polynomial case with the
Jacobi polynomials Prga’ﬂ )(u) involved. The main polynomial case of the
Hypergeometric function is

KIG =D iy
ZFl(_n'ﬁ;%Z):(nf_};/_f)!Prgy v )(1_22)

=Hznpg-ﬂ—n,ﬂ—y—ﬂ) [1_§J (6.2)

=,R(B-nrz),

and the other possible polynomial case is ( see [32] Section 5 there)

— Iyl n
z" zFl(—g,—nTl;a +1;—Zi2j =i(\/l+ it ) Pé“'“{

(n+a)!

z
ne) ¢

By transformation relations of the Hypergeometric function, in general, and

in possible special cases we find the relation between the Jacobi polynomials

(1-2) Pl (1*—3 = Pl (1 97), (6.4)

and in special case if one of the upper indices is an integer
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n! (ij pm1) () = (i] PO (1), (6.5)

(n+p8)Nu-1 (m+p)u-1
Together with the more trivial relation
P (u) = (=2)" P (~u), (6.6)

this provides many possibilities to represent our final results.
Our final result admits the following two equivalent representations showing

some symmetry with respect to interchanging k <> |

k!(l —1j! o a )
W:(_Z)m 2) ¢°¢ Pk[_z’l_kj[l-i- ¢¢ j
(_1} (1-¢¢7) 1-¢¢
g (6.7)
"("‘1)' 1
: ’ —= k-1
(2" 2) ¢ ](1+ gg*],
Y
or alternatively
k'(l _1j| o 1
alzkg? _( 2)k+| 2 4 C{ - Pk(7§7 7|75] (1 Zéféf*)
( 1). (1-¢¢)
2 (6.8)
|!( —1] e (1
Y AT M
(—1j! (1-¢¢)
2
In case of the expectation values a'>"a’*" the analogous intermediate result

to (6.1) is

. 0N, , 1
et |18k okt o |°°(J+k_2j!(1+l_2)! o)
a#+ig? = T(—1) ety (7). (69)

= (j—;j!(j—l)!

Using the relation to the Hypergeometric function and the Jacobi polynomials

from this follows in analogy to (6.7)

kl(|+1jl *k+1 141 1 *
agit (gt L 2) ¢ P(zv'kl(w;j
(1) (- )t -

2

[3)

MK+=1' i 1 «

_ (_2)k+l 2) ¢7°¢C Pl[?k_l} (14' g@:}
R

or, alternatively, in analogy to (6.8)

(6.10)
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k I(I + 1)' *K+1 e+l (l,k,Fg]
af2kig2 _ (_2)k+l : 2 ¢ §k+l+l P, 2’ 2 ( _ *)
U! (1-¢¢)
2 (6.11)

I!(k+lj! el o141 (l_k_|-§
(-2)" 2) ¢ pa

j1—2 ).
oG P (1-2¢¢7)

We checked the special cases k=1 in comparison with the representation
(5.2) by the Legendre polynomials. We checked too that the right-hand sides of

this formula gives for all the four different representations the same result.

There is yet an interesting mathematical aspect. In (5.2) Section 5 we
calculated the expectation values a'™a' in the special case k=1 by formulae
which involve Jacobi polynomials (or their special case Legendre polynomials)
without distinction of even and odd & whereas in present Section we calculated

the more general cases k=1 and had to distinguish the cases of even & and /

and of odd &k and / and in the specialization k =1 there are involved Jacobi
polynomials which are different from that for k=1 and it is not possible (or
simple) to join these polynomials for k=1 to one common formula. The

manifold of different transformation relations for Jacobi polynomials is very
astonishing (see Appendix C and [27]).

As alternative to the calculation of expectation values by the number
representation of squeezed vacuum states one may calculate them from the
quasiprobabilities that, however, is also not very simple. With the Wigner
quasiprobability W (a,a*) one may calculate basically the expectation values
of symmetrically (Weyl) ordered operators, for example, by integration over the

" 1 1
function aa for the expectation value of the operator E(aaT + aTa) =N +§I .

With the Husimi-Kano quasiprobability Q(a,a*) one may calculate basically
the expectation values of anti-normally operators which one has then to
transform to the more interesting expectation values of normally ordered
operators. The expectation values of a™ and of a' can be calculated with an

arbitrary quasiprobability with the parameter r considered in Section 4.

7. Displaced Squeezed Vacuum States or Squeezed Coherent
States in Non-Unitary Approach

As a generalization of squeezed vacuum states we derive here shortly their
representation in the basis of number state and discuss a very interesting aspect.
It is difficult to deal with squeezing in full generality and one may find in
literature many approaches which are special ones (squeezing only in directions
of coordinate axes (q,p)) or with absent calculation of basic functions
connected with them.

We define displaced squeezed vacuum states in the non-unitary approach by

applying the displacement operator D(ﬁ, ﬁ*) to squeezed vacuum states
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|O, é’) according to

8.¢)=D(B.5)0.¢)=D(8.57)s(¢".0.¢")|0),
, ey A(C]) (7.1)
(é/,é’ )_ |§| (414/ ),

where S(cf ”,0,¢ ’) is the squeezing operator in unitary approach. We may
change the order of operations of displacement and squeezing where the
squeezing operator remains the stable part and the displacement operator has to
be change. The basic relations for this provides the fundamental representation
(A.7) setting there =0 and substituting ¢ — —¢’

(s(¢".0.¢)) (aa)s(¢"0.¢)
=5(~¢".0¢")(aa')(s(~¢".0.¢")) (7.2)

1 e

-l e

VI

V-l el

These transformations of (a, aT) after transition to the Hermitean basis of

operators (Q, P) are very similar to Special Lorentz transformations of (X, Ct)
with X one space coordinate and ¢ the time and this is not incidental since it is

for real parameter ¢ the same one-parameter Lie group. From (7.2) follows
(s(¢7.0.¢")) DEB.AIS(¢7.0.¢)
- (s(g’*,o,g’))T exp(Ba’ - p"a)s(¢",0,¢")

=exp| S a —da_ *a ¢a’ J (7.3)

N
B+B at ﬂ+§ﬂ]

-l el

{ﬂﬂfﬂ B +-§ﬂ}
Jlel leP

Applied to (7.1) we find (see also Schleich [13], p. 125)

=exp

18.6)=D(B.5°)]0.£)=D(8.5)s(¢".0.")|0)
=s(¢".0.¢") {ﬂl;ff ﬂ%li“ﬂ} (7.4)

B+B ﬂ*ﬂf*ﬂJ

=5(¢7,0,¢")|A.0), (ﬂ"/”’*){m’m '
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as alternative representation of squeezed vacuum states. This means that we
make first a displacement of the vacuum state |0> to a coherent state | ﬂ',O)
with the changed displacement parameter S’ and after this the squeezing of
the coherent state with the same squeezing operator S (é’ ”,0,¢ ’) as in the first
variant. Therefore, displaced squeezed vacuum states are fully equivalent to
squeezed coherent states with the changed displacement parameters as seen
from (7.1) and (7.4). For £ =0 one obtains from |ﬂ,§> the coherent states

and for B=0 the squeezed vacuum states
15.0)=D(5.5)0,0)=| ).
0,£)=5(¢",0,¢)|0,0), |0,0)=|0).

The squeezing operator is the stable part in these two alternative

(7.5)

representations. Figure 3 shows schematically the displacement of squeezed
vacuum states under fixed complex squeezing parameters ¢ in different
directions of the complex phase plane described by the complex parameter A
(| ﬂ| =const in the four particular pictures).

In generalization of the well-known eigenvalue equation of coherent states
| ,B,0>E| /3) the displaced squeezed vacuum states | p.¢ > are right-hand
eigenstates of the operator a+¢a' to eigenvalues S+¢f  according to

(a+¢a")|B.¢)=(B+¢B)|B.S)- (7.6)

This follows from the relation
(a+¢a')exp(pa’ - a)|0,¢)
:exp(ﬁa*—ﬁ*a)(a+ﬂ| +§(a*+ﬂ*l))|0,§) (7.7)
=(B+¢B )exp(pa’ - pa)[0,¢),

using that |0, ¢ > are right-hand eigenstates of a+¢a' to eigenvalue zero (see
(2.12)).

We now derive the number representation of displaced squeezed vacuum
states. Using the normally order form (2.7) of the squeezing operator and the

following normally ordered form of the displacement operator
D(ﬂ,ﬂ*)=exp( 2 jexp(ﬂaT)exp( -pa), (7.8)

from the definition (7.1) follows

|15.€)
=exp[ 728 j(l & )4exp(ﬁa Jexp(- ﬂa)exp( éVa*2]|0)

=(1-¢¢" ) exp( s Jexp(ﬁa )exp(—%(aT—ﬂ*l)zjexp(—ﬁ*aﬂo) (7.9)
=(1-¢¢7) exp( 722 5’8 Jexp((ﬂJr;ﬂ*)aT—%a“jm).
DOI: 10.4236/apm.2017.712044 724 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044

A. Wiinsche

Squeezing ellipses to different displacements, { = + |{] Squeezing ellipses to different displacements, { = + i |{]
p p

s

Squeezing ellipses to different displacements, { = - i ||

Figure 3. Squeezing ellipses in relation to the displacement parameter of squeezed coherent states (schematically). The mean value
‘I\T‘ of the number operator N depends for squeezed coherent states only on the modulus [¢| of the squeezing parameter ¢ left
constant here and on the modulus || of the complex displacement parameter B and, therefore, is the same on the shown
circles in all four partial figures. The case of squeezing in direction of the displacement parameter S is also called “amplitude
squeezing” (in g¢-direction in first figure) and in opposite direction to the displacement parameter B “phase squeezing” (in

p-direction in first figure).

If we now apply the generating function (D.1) for Hermite polynomials to the
factor in front of |0> we obtain the following form of the representation of

displaced squeezed vacuum states

i [ BF B[N L) (BB
|8.£)=(1-¢¢") exp( > Jzon{ ; aj Hn[—\/z J|0),(7.10)
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and using the generation of number states |n) from the vacuum state |0> (see

(2.1)) one finds the final form of the number-state representation’

|B.¢)= (1_45*)% eXp[_WJgﬁ[gJ H, {%} n).(7.11)

M, H2m+l(0) =0

one obtains the number representation (2.3) of squeezed vacuum states |0,§ >

It is easy to see that for f=0 using H,, (0):

. 1
and for ¢ =0 using IImeTHn(Z)zl the number representation of
z

coherent states | ﬂ) .

From (7.10) one finds the probabilities p, of the photon statistics

P =(n| £.£){B.< M)

e exp(_ 208"+ & P +§ﬁ*2j 1 {J? J 12

2 nt{ 2

H (ﬂ%ﬂ*jH BB
n \/z n \/E

By means of the generating function (D.2) for products of two Hermite

polynomials it can be affirmed that the states |3,¢) are normalized and that
the probabilities p, satisfy the necessary relation

>p, =1 (7.13)

In contrast to the photon distributions of coherent states |S)=|/,0) which
depends only on | ,B|2 =B and of squeezed vacuum states |0,¢) which
depends only on |4’|2 =¢¢" <1 the photon distribution (7.12) depends in
addition to the moduli also on the phases of ¢ and g in the complex plane.

The nearest coherent state to the state |f,¢) is the state |f) and for this
distance d(|8,£){(B.<].|B)(B|) one obtains the same value as on the
right-hand side of (2.16). This means that it does not depend on f.

8. Wave Functions of Displaced Squeezed Vacuum States or
Squeezed Coherent States

As important characteristics of the displaced squeezed vacuum states | B.¢ ) we
now calculate their wave functions (q|g,¢) and (p|B,¢) in the eigenstates
|g) and |p) of the canonical operators Q and 2 (in the usual standardizations

(ala’)y=s(a-q'), jf:dq|q)(q|=l and similar for |p)). From the number

representation (7.11) of the states and the well-known number representation of

|q) and |p) follows as the first step in the calculation

’In both parts with /2 one has to choose the same sign of the root but which sign does not mat-

ter.
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Lo )™ e
(1@ [ BB+
(plﬂ.é“)—[ < ]exp{ LA
. (8.1)
) (L)H pep
e 2"l n \/% n \/E .

The infinite sums can be calculated in closed form using the generating
function (D.2) for the product of two Hermite polynomials. We represent the
result by the mean values (55<ﬂ,§|Q|,B,§> and P=(B,J|P|B.¢) of the
canonical operators Q and P. For squeezed vacuum states |O, < ) these mean
values vanish already due to the symmetry and for the displaced squeezed
vacuum states they are simply connected with the complex displacement

parameter ( 5, ﬁ*) according to

6:\/?(/%/?*), 5=—i\/§(ﬂ—ﬁ*). (8.2)

With these parameters the result of the evaluation of the sums in (8.1) can be

represented in the form

(al2.€)

1—4“5*% 1 P(29-Q) (1+¢)(a-Q)
:[ hin J\/l——gexp[' oh JeXp 2= [
{pl£.€)
(1@} 1 Q(2p-P) 1-¢)(p-P)| 63
_[ i j\/1+§exp BT A I T EvS TR

One may make cross checks of these relations using the pair of Fourier

transformations

(plﬁ,§>=ﬁjf:dqexp(—i%)(qlﬂ,§>,

(8.4)
(o.) == a0exs 12 (pl.0)

From (8.3) one finds the Gaussian distributions
W (a)=(a[£.¢)(5.¢|a)
I IS R Sl )
(1-¢)(1-¢")hm (1-¢9)(1-¢7)
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W (p)=(p|B.¢)(B.¢|p)
:J__j;éé;__ex - (p-Pf| )

(1+&)(1+¢7)hm P (1+&)(1+¢7)  n

with the normalization
[daw (a)=""dpw (p)=1. (8.6)

The functions W (q) and W (p) are equal to the Wigner quasiprobability
W (g, p) integrated over one of the canonical variables p or g and nothing
speaks as known against an interpretation of genuine one-dimensional
probability densities. They remain invariant with interchanging ¢ <> ¢” and
the states are not uniquely reconstructible from W (q) and W (p) alone. In
our case of (8.5) they are one-dimensional normalized Gaussian distributions

around Q and P, respectively, with the variances of Q and P

2 1_5 1_4’*

(AQ) :(1)#2
-¢¢ 2 87)

PY :—(1+§)(1+*; )ﬁ,

1-¢¢ 2

The uncertainty product (see also (3.7))
——— (=) 1-¢P) 2 2

(s oy - 2 o (5.3)

(1_4«;*)2 4 4’

is only for real squeezing parameter ¢ but not for complex ¢ the minimal
possible one.

In case of real squeezing parameter ¢ =¢” one obtains from (8.3)

(alp.¢)= ; 1exp[i§(22h_6)]e><p —(f(;f))z
[2 (AQ)an4

Q(2p-P ~pY
(p|,8,g“)= 1 1exp{—iQ( p )Jexp _H , (8.9)
— 2h 4(AP)
[2 (AP) nj
with the variances of Qand P
(AOV_l¢h g l+ch S oow B
(2Q) 17 (AP) =r7 (AQ)" (aP)" =, (¢=¢7), 8.10)

As already explained in Section 3 only in case of real ¢ =¢" the squeezing
axes coincide with the axes of (g, p) and the uncertainty product becomes the
minimal one but taking into account the uncertainty correlation the Gaussian
states with other positions of the squeezing axes can be included into the

minimum uncertainty states (see Section 3).
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By differentiation of relations (8.9) with respect to variables gand p follows

_i i.,. q s = - ih y
" o 280) (a|p.¢)=(al P Z(AQ)ZQ 1£.€)
P gi.2),
2(AQ)
in| <+ P O=(pllQr—"_p|p¢
P 2AP) (plAc)=( 2(AQY’ 4] .10
|G+ lip| 5.2,
2(AP)

where we used (q| P =—ih%<q| and <p|Q = ih%(m . The normalization of

.P
the states in (8.10) and the pure phase factors exp(il 2—2} do not follow from

the differential equations (8.11) and must be determined where the mentioned
phase factors must be present to get full agreement with the usual definitions of
the phases of the states |q) and |p).

Pauli in his hand-book article [2] (pp. 20, 21) derives the first of the
differential equations (8.11), however, with the right-hand side equal to zero that
means he does not take into account the possible displacements Q and P
that corresponds to squeezed vacuum states (displaced squeezed vacuum states
were not known or discussed at that time but Schrédinger considered already
coherent states although not under this name in [1]). More general and complete
are the derivations in the monographs of Louisell [3] (p. 50, Equation (1.12.23))
and of Leonhardt [14] (p. 32, Equation (2.85)). The derivations of Pauli are the
usual ones in the theory of elements (states) and operators in a Hilbert space
known already at that time. Starting from the axiom of positive definiteness of
the norm (square root of scalar product of an element with itself) of non-zero
elements they consider the superpositions of two arbitrary states and from their
norms they derive first the Cauchy-Bunyakovski-Schwarz inequality and second
from the vanishing of the superpositions of the two states that they have to be
linearly dependent [33]. In the derivations of uncertainty relations this is applied
to two states which are generated from one state |y/) by applying two different
operators to this one state (here of Q—Ql and P — Pl ). For the minimum of
the norm (equal to zero) this superposition has to be linearly dependent as seen
in (8.11). This leads then to the superposition of the two states (Q -Ql )|ﬂ, g’)
and (P—I3I)|ﬁ,§> (see also (2.13)) with real ¢ and A in which Pauli in
foresight of the result introduced (AQ)2 instead of a more indifferent real
parameter A . Thus the result is connected with the basic assumption that all
states in quantum optics may be considered as states with positive norm in a

Hilbert space.
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The displaced squeezed vacuum states or squeezed coherent states | B.< ) are
the most general pure states with Gaussian distributions.

9. Bargmann Representation and Wigner Quasiprobability
for Displaced Squeezed Vacuum States

The Bargmann representation of states is the representation by an analytic

function of o obtain by forming the scalar product of the state with the

analytic but non-normalized coherent state ||a> = |0> (see Section 4).

n=( O\/_
From the number representation of displaced squeezed vacuum states (7.11)

using the generating function for Hermite polynomials (9.1) we find

*

oo 2 0.cle) (10" oS - |

[exp[ J( |0 GV)]* 9.1)

The Bargmann representation of a state contains the full information about
the state. From (9.1) one finds the Husimi-Kano quasiprobability

Q)= {812ENP )

717

1

:ﬁexp{_[(a_ﬂ)(“* _ﬂ*)+%(a—ﬂ)2 +%(a* —ﬂ*)zj}’ (9.2)
I%daAda*Q(a,a*)zl_

This is the corresponding Husimi-Kano quasiprobability (4.2) for squeezed
vacuum states with argument displacement.

In Appendix B it is shown by a very simple transformation that the Wigner
quasiprobability W (a,a*) of a displaced state can be obtained from Wigner
quasiprobability W, (a, a*) of the corresponding undisplaced state by a simple
argument displacement (a,a*) —>(a— B.a /)’*). This is also true for other
quasiprobabilities such as for example the Husimi-Kano quasiprobability
Q (a, a*) as we saw and for the Glauber-Sudarshan quasiprobability P(a, a*) .
In this way one obtains from (4.6) for the Wigner quasiprobability of displaced

squeezed vacuum states

W(“’“*)Zzexp _2(0:—/;’+§(a 7 ))(“*_ﬁ +(a-p)) :
" e 9.3)

j%daAda*\N (a,a*)zl.

As discussed in Section 7 as alternative we may first make a displacement of

the vacuum state to a coherent state with the displacement parameter
[ﬂ%’ﬂ* gep
-6 -g

] that provides the Wigner quasiprobability
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W (v}~ 2oxp Z[MJ(MJ e

n J-¢ N
If we now make the squeezing of coherent state with the same squeezing
operator as in the other variant (see (7.4)) we have to transform the arguments
a+la o +¢a
=& =g

obtain again the Wigner quasiprobability (9.3) that affirms the inter-

in (9.4) according to (a,af)—)[ ] (see also (4.4)) and we

changeability of squeezing and displacement according to (7.4).

The Wigner quasiprobability for displaced squeezed vacuum states in the
representation by canonical variables (g, p) can be obtained from (4.7) by the
following substitution of the canonical variables (q, p)

.. (Q+iP Q-iP P
q.p)—>(g-Q,p-P).(a,a z[ B.B ,(a =a ).(9.5)
(6.9) > ) (@8)=| o |7 (BF)

We do not write down this. In analogous way we may find the other
quasiprobabilities in the representation by canonical variables.

The given quasiprobabilities can be used for the calculation of expectation

values for displaced squeezed vacuum states or squeezed coherent states but in

next Section we present an alternative for such calculations.

10. Calculation of Expectation Values for Displaced States
from the Expectation Values of the Undisplaced States

An alternative for the calculation of expectation values of ordered powers of the
annihilation and creation operator for displaced states from that for the
undisplaced states is the following possibility presented here for normal ordering.
Using the unitary displacement operator D( B, ﬂ*) one finds applied to

displaced squeezed vacuum states
(a™a) =(p.cla"a|p.c)
=(0.¢|(D(s. B") a™a'D(5.8)[0.¢) (10.1)
=(0.£](a"+41)'(D(5.5°)) B(8.5 )(@+p1)|0.)

that after Taylor series expansion of the binomials can be written

), Sk

|0]0

)J.(| )ﬂ pi(aa) (102)

where index 0 at expectation values means the expectation values before the

displacement and with index p after the displacement with the complex

parameter f3.

For squeezed vacuum states the expectation values (a”‘a‘) are only non-
0

vanishing if the difference |k —1| is an even number. Taking this into account
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we find for displaced squeezed vacuum states the expectation values of the

operators a and a'

@), =(0),=4. (&), =7 (1),=4" 103)
and for the expectation values of the operators a® and a'?

E) =¥)+ 2(1) =- §*+ 2

(@), (&), 2 (D ==+

(F)ﬂ = (E)O +47(1), = —1_4;4* +p%. (10.4)

Next we calculate expectation values of operators which are important for the

photon statistics. The expectation value of the number operator N =a'a
depends only on the squared moduli |§|ZE§§* and |ﬂ|25ﬂﬂ* of the
complex ¢ and S and we find
(N) :(E) :(E) + 5 (T) :§—§*+ﬂﬂ*=ﬁ+|ﬁ|2 (10.5)
s , 0 0o 1-¢¢ 1-|¢f’

For the discussion of sub- and super-Poissonian statistics of displaced
squeezed vacuum states we need in addition the expectation value of the
operator a'’a’. It does not only depend on the moduli of ¢ and g but also
on their phases and from (10.2) we find

(W)/i - (W)O L 4B (ﬁ)o () (1), + (?)O LB (?)

0

& (1r2ggt) e o
= 4 ™~ .
oy i “(#7) (10:6)
2 & e ¢
rra v

The expectation values for the squeezed vacuum states can be taken from
Appendix E where they are collected. From this follows for the expectation
value of the operator N? =a'a’+a'a

—\ ¢ (2+¢¢ ~1+3¢¢” 2

(v°) :(—*z) T -

B (1_§§ ) 1-¢¢

i ——p7 3 (10.

+pp o o

7)

and for the variance of the number operator
— _ .
AN ) :(NZ) ~(N
((an)7) =(W¥), (W),
2¢¢”

_ A+
(1—;4*)2+ﬂﬂ 1-¢¢ 7 1-¢¢ 1-¢¢

e (BB

(1) 1-¢¢”

*

ﬂZ g _ _ﬂ*Z g (108)

*
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Finally we calculate the expectation value which plays a role for the definition

of sub- and super-Poissonian statistics by its sign

(@), -(a7a) =((an)7) -(¥),

B
R ) P S S s (109)
(t-z) e e e
) e ) )
(-¢¢) e

The expectation values (10.6)-(10.9) depend not only on the moduli of g
and ¢ but also on their phases € and €. For comparison with (10.9) one
finds for the corresponding symmetrically (Weyl) ordered quantity

(S{a“az})ﬁ —(S{a*a})

2

Vi
() ()
2 +(ﬁ—4ﬁ*)(ﬁ*—c*ﬁ)+3>3
(-) 1-¢¢ 44

This quantity is greater than or equal to 1/4 in every case but depends also
on the phases of # and ¢ .

11. Sub- and Super-Poissonian Photon Statistics for
Displaced Squeezed Vacuum States or Squeezed
Coherent States

The sign of the quantity (10.9) was taken by Mandel to define of sub- and
super-Poissonian statistics as follows [11]

- -2 — _
a'2a? —(a*a) =(AN )2 —N <0, (sub-Poissonian),

R -2 —
a'a? —(a*a) =(AN )2 —N >0, (super-Poissonian). (11.1)

We now investigate the photon statistics of this quantity for displaced
squeezed vacuum states starting from (10.9). First we denote the phases of S

and ¢ in the the complex plane as follows
B=|Ble”, ¢ =|¢]e". (11.2)

The mean value N of the number operator N according to (10.5) does not
depend on the angle between g and £ and if we change only the angle ¢
of f leaving |B| and ¢ constant the mean value N remains constant and
the squeezing ellipses change in their position in comparison to the
displacement g . This is shown in Figure 2. In the following we show that the
photon statistics may change from sub- to super-Poissonian statistics if the

displacement S moves around the circles shown schematically in Figure 2 and

DOI: 10.4236/apm.2017.712044

733 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044

A. Wiinsche

if |p| is sufficiently large and somewhere between this has to be a position

where it possesses the same values of N =a'a and a'a’- (aTa) as the
Poisson statistics of coherent states with the same N .
From (10.9) and from definition (11.1) follows as condition for sub-

Poissonian statistics of squeezed coherent states | B¢ )
<TaeleT) |2|4|<cos 1)-1¢)

(-1 1-f¢f

or resolved to |ﬂ|2 for cos(y,)—|¢|>0 (pay attention that in case of

<0, (ro=x-29), (11.3)

“ »

cos(x,)—|¢| <0 the inequality (11.3) cannot be satisfied or changes “>” into
if divided by cos( x, —|§’| <0l

o> le+let)
2(1-[¢]")(cos (o) ~I¢1)

>0, (cos(x)>[¢]). (11.4)

For possible sub-Poissonian statistics it is necessary that cos(y,)>|{]
whereas in case of cos(y,)<|{| we have super-Poissonian statistics. For

%o =0 or cos(y,)-|¢{|=1-|¢]>0 that means for squeezing in direction of
the displacement parameter S (amplitude squeezing, see Figure 3) the
necessary condition for sub-Poissonian statistics is satisfied but according to
(11.4) the modulus || of the displacement parameter has to be greater than a
minimal value defined by the equality sign in (11.4). For y,=m or
cos(x,)—|¢|=-1-|¢| <0 the left-hand side of (11.3) is positive and we have
super-Poissonian statistics. Thus one of the necessary conditions for
sub-Poissonian statistics is (see Figure 4, inner circle)

cos ;(0 >0, (11.5)

with the limiting curve by substitution of “>” by the equality sign “=” in (11.5).
In the other necessary condition (11.4) it is better to substitute the displacement
parameter | ﬁ| by the expectation value N of the number operator since it is
then easier to compare the results with coherent states with the same N .

We express now the displacement parameter £ in (10.9) by the expectation

value N of the number operator N using (10.5)

e
1-[¢]

where we have omitted the index g in (l\_l)/} since we use it in the following

|2
>0 (11.6)

2—1

o =N -

also for coherent states. If we do so then we obtain from (10.9) with abbreviation

Yo=X—2¢

at2a2 T\ |é’|2 1"'|§|2 _ 2 cos(z,)—
() () :g_{N_ i etz

5 1 2\2 B é,z 1_4,2
( +|¢] ) 'q Iq 117)
g '| '| 7 (ke )2 (9 1)) (cos() 1)}
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Polar diagram of { = [{] eX and statistics, 8=|8| in positive axis direction

1] = cos (x)

141 = cos (x)

(AN -N >0

Figure 4. Polar diagram |{]=f(y) of sub- and super-Poissonian statistics in
dependence on the complex squeezing parameter in non-unitary approach ¢ =|¢|e”
and with displacement parameter g =|gle” with fixed ¢=0 (in positive axis
direction) and therefore y, =y —2¢p =y . Sub-Poissonian statistics is only possible
within the inner circle |¢|=cos(y,). Within this circle the ellipse-like curves with

constant N  separate regions of sub-Poissonian statistics from regions of
super-Poissonian statistics where sub-Poissonian statistics is within the ellipse-like inner
regions to the crescent-like outer regions with super-Poissonian statistics. The center
¢ =0 (y arbitrary) corresponds to coherent states of arbitrary N . Constant |§ | (cir-

cles around coordinate origin) correspond for fixed S = | ﬂ| to constant N touching

the separatrices with the same N at y=0. Using the squeezing parameter ¢’ in the
unitary approach (see (5) and (6)) this scheme would take on the whole complex plane

and, in particular, for parameters ¢ with |(|—>1 one has a large stretching of

corresponding parameters ¢’ with || > and the inner circle |{|=cos(y) becomes

¢'|=Arth(cos(z)).

Setting this expression equal to zero one obtains an equation for states which
belong neither to sub- nor to super-Poissonian statistics. This is a third-order

equation for |;’ | in dependence on N and on the angle y, as follows

- Z(N_+1)cos(;(0)| Pl 2N cos( ) o

2 — (11.8)
2N +1 2N +1

As a third-order equation for |;’ | with real coefficients in dependence on N

and y, it may possess, in principal, three real or one real and two complex
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conjugate solutions but for our purpose the real solutions have to be positive
ones and have to be restricted to |¢|<1. The results are presented in Figure
4 as polar diagram of ¢§ = |g“|e"‘. The ellipse-like regions of the inner smaller
circle (11.5) in Figure 4 belong to sub-Poissonian and the outer crescent-like
regions to super-Poissonian statistics in dependence on N shown as
separatrices.

Figure 5 shows that between sub- and super-Poissonian statistics may lie
statistics which are very far from a Poisson statistics, in case of || —>1 even
maximally far (distance d to nearest coherent states goes to J2). Alternatively
to Figure 5 one may demonstrate the existence of displaced squeezed vacuum
states with (AN )Z—Nzo also in the following way. One begins with an
arbitrarily chosen displacement parameter ¢ and looks according to condition

(11.4) for displacement parameters S above the minimal possible one for

. —-— A A2 T — T —
Probabilites p,, N=25, |{|=0.86444, xo=0, (AN)’-N=0 Probabilites p,, N=25, |{]=0.82723, xo=* E (AN?-N=0
Pn
Pn
0.15-
0.15+
0.10 | 8| =4.69504 010k 18] = 4.77832
d=0.99726 d = 0.93609
0.05+ 0.05 -
N
. i L h i L L n
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
L — T 5 - — 3 —_—
Probabilities p,, N=25, [{]=0.67058, xo=#% " (AN*-N=0 Probabilities p,, N=25, |{|=0.37276, xo=% . (AN -N=0
Pn Pn
0.15 0.15F
0.10+ 18] = 4.91761 0.10+ 1Bl =4.98384
d=0.71856 \ d = 0.37966
0.05+ 0.05+ /
_/ /
/
— , — \\
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50

Figure 5. Probabilities p, for squeezed coherent states (joined points) with N =25 and (AN )2 ~N =0 such as for a
coherent state (orange points) with N =25 and nearest distance d to coherent states |B) with N=pp" or a=p.
Additionally, the displacement parameter || is given. The last partial figure with small squeezing parameter |§ | is in its
photon statistics already “visibly” near to a coherent state with N =25 but the nearest distance to a coherent state (with
N = 3" =24.8387 ) is not yet very small and shows that this measure is very sensible. All four partial figures belong to states with

photon statistics which is neither sub- nor super-Poissonian but also not a Poisson statistics. For \4’ \ =0, {=0,y=y4,= iE

(but, in principle, arbitrary) one has exactly a coherent state (see also Figure 4, center of diagram).
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which one has sub-Poissonian statistics if B possesses the same or the opposite
direction of ¢ (amplitude squeezing). Then by rotating the phase €’ of ¢
from » =0 (amplitude squeezing) up to y =m (phase squeezing) leaving
constant the modulus || (see Figure 1, right partial figure) the photon
statistics makes the transition from sub- to super-Poissonian statistics and one
comes unavoidable to a value of the phase y where (AN )2 —N =0 but which
does not belong to Poisson statistics. The same effect one has if we rotate the
displacement parameter S leaving constant the squeezing parameter ¢ in
modulus and phase (see Figure 3). If the time evolution of a squeezed state is

determined by a Hamiltonian A which is a linear combination of a?,a and

of %(anr + aTa) then there may appear a complicated picture of changing with

time from sub- to super-Poissonian statistics or from amplitude to phase
squeezing since then also the modulus of the squeezing parameter changes with
time.

Clearly, one may make the division of photon statistics in sub- and super-
Poissonian ones but both categories are very inhomogeneous concerning the
comprised states and the set of states which are neither sub- nor super-
Poissonian ones is also very large and inhomogeneous and the prefixes “sub”
and “super” are here problematic. There are hardly to expect clear differences
and correlations in experiments with states of both statistics or, moreover, even
qualitatively different behavior. In general, a photon statistics is determined by a
countable infinite number of parameters (e.g., p, or moments of the
distribution) and for states which belong neither to sub- nor to super-Poissonian
statistics only one from this countable infinite set is fixed ((AN )2 -N= 0) and
this can be considered in dependence on arbitrary N . Therefore, also the
classification of states with sub-Poissonian photon statistics as nonclassical states
is highly problematic. In the same way it is also problematic to define the states
with no regions of negativity of the Wigner quasiprobability as the classical
states since then the set of these states is too large and inhomogeneous to be
useful for comparative purpose (all squeezed coherent states belong then to
them). Better seems to be for this purpose to use the nearest distance to a
coherent state as quantitative measure but this measure cannot change its sign
and is in every case positive or zero [20] [21]. In this definition it is evident that
the category of states with large distance to the nearest coherent states is very

inhomogeneous and large.

12. Conclusions

A main purpose of this article was to discuss the distinction of cases of sub- and
super-Poissonian statistics within the displaced squeezed vacuum states where
the non-unitary approach is preferable. For this case it was necessary to calculate
the expectation values of powers of the number operator for these states. We

have chosen for this purpose mainly its calculation from the number-state
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representation and posed this in a more general connection to the calculation of
properties of these states. For squeezed coherent states, practically, all interesting
parameters can be calculated in exact and not very difficult way and, therefore,
this category of states is very suited to demonstrate in examples more principal
definitions for all states.

The means developed in this article can be applied without substantial

changes to squeezing of the number state |1) and then to its displacement since

*

the operator exp(—%azj in its disentanglement (2.7)) acts on |1} by

reproducing it (case k :% in (A.4)). This becomes more complicated if we

apply it to the number states |n) with N2 and to extend the theory to these

cases.

References

[1] Schrédinger, E. (1926) Der stetige Ubergang von der Mikro zur Makromechanik.
Naturwiss. 14, 664-666. https://doi.org/10.1007/BF01507634

[2] Pauli, W. (1958) Die allgemeinen Prinzipien der Wellenmechanik. Handbuch der
Physik, Band V, Teil 1, Herausgegeben von S. Fliigge. Springer, Berlin, 1-168. (This
Is a Republication of the Same Article with Small Changes in Old “Handbuch der
Physik”, Band XXIV, Teil 1, herausgegeben von Geiger und Scheel, 1933).
https://doi.org/10.1007/978-3-642-80539-4_1

[3] Louisell, W.H. (1973) Quantum Statistical Properties of Radiation. John Wiley &
Sons, New York.

[4] Walls, D.F. (1983) Squeezed States of Light. Nature, 306, 141.
https://doi.org/10.1038/306141a0

[5] Kimble, J. and Walls, D.F. (1987) Squeezed States of the Electromagnetic Field.
Journal of the Optical Society of America (JOSA), B4, 10.

[6] Loudon, R. and Knight, P.L. (1987) Squeezed Light. Journal of Modern Optics, 34,
709. https://doi.org/10.1080/09500348714550721

[7] Perelomov, A.M. (1977) Generalized Coherent States and Some of Their Applica-
tions. Uspekhi Fizicheskih Nauk, 123, 23-55 (1977) (In Russian). Soviet Physics
Uspekhi, 20, 703 (In English). https://doi.org/10.3367/UFNr.0123.197709b.0023

[8] Perelomov, A. (1986) Generalized Coherent States and Their Application. Springer,
Berlin. https://doi.org/10.1007/978-3-642-61629-7

[9] Perelomov, A.M. (1987) Obobstschonnyje kogerentnyje sostoyanya i ikh prime-
nyenyje. Nauka, Moskva (Is Not Fully Identical with [8]).

[10] Walls, D.F. and Milburn, G.J. (1994) Quantum Optics. Springer, Berlin.
https://doi.org/10.1007/978-3-642-79504-6

[11] Mandel, L. and Wolf, E. (1995) Optical Coherence and Quantum Optics. Cam-
bridge University Press, Cambridge. https://doi.org/10.1017/CBO9781139644105

[12] Scully, M.O. and Zubairy, M.S. (1997) Quantum Optics. Cambridge University
Press, Cambridge. https://doi.org/10.1017/CBO9780511813993

[13] Schleich, W. (2001) Quantum Optics in Phase Space. Wiley-VCH, Berlin.
https://doi.org/10.1002/3527602976

[14] Leonhardt, U. (1997) Measuring the Quantum State of Light. Cambridge University

DOI: 10.4236/apm.2017.712044

738 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044
https://doi.org/10.1007/BF01507634
https://doi.org/10.1007/978-3-642-80539-4_1
https://doi.org/10.1038/306141a0
https://doi.org/10.1080/09500348714550721
https://doi.org/10.3367/UFNr.0123.197709b.0023
https://doi.org/10.1007/978-3-642-61629-7
https://doi.org/10.1007/978-3-642-79504-6
https://doi.org/10.1017/CBO9781139644105
https://doi.org/10.1017/CBO9780511813993
https://doi.org/10.1002/3527602976

A. Wiinsche

[20]

(21]

[25]

[26]

[27]

(28]

(31]

(32]

Press, Cambridge.

Fan, H.-Y. (1990) Squeezed States for Two Types of One- and Two-Mode Squeezing
Transformations. Physical Review A, 41, 1526-1532.
https://doi.org/10.1103/PhysRevA.41.1526

Buzek, V. (1989) Time Evolution of an Anharmonic Oscillator in an Initial Hols-
tein-Primakoff SU(1,1) Coherent State. Physical Review A, 39, 5432.
https://doi.org/10.1103/PhysRevA.39.5432

Vourdas, A. (1993) Phase States: An Analytic Approach in the Unit Disc. Physica
Scripta T, 48, 84. https://doi.org/10.1088/0031-8949/1993/T48/012

Wiinsche, A. (2003) Squeezed States. In: Dodonov, V.V., Man’ko, V.I., Taylor and
Francis, Eds., Theory of Nonclassical States of Light, London and New York,
95-152.

Dodonov, V.V. (2002) Nonclassical States in Quantum Optics: A “Squeezed” Re-
view of First 75 Years. Journal of Optics B: Quantum and Semiclassical Optics, 4,
No. 1. https://doi.org/10.1088/1464-4266/4/1/201

Wiinsche, A. (1995) The Distance to Poissonian Statistics as a Supplementary
Measure in Quantum Optics. Journal of Applied Physics, 60, 119-122.

Dodonov, V.V., Man’ko, O.V.,, Man’ko, V.I. and Wiinsche, A. (2000) Hil-
bert-Schmidt Distance and Nonclassicality of States in Quantum Optics. Journal of
Modern Optics, 47, 633-654. https://doi.org/10.1080/09500340008233385

Wiinsche, A. (2017) About Classical to Quantum Weyl Correspondence. Applied
Mathematics, 07, No. 10. https://doi.org/10.4236/apm.2017.710034

Dodonov, V.V., Man’ko, O.V. and Man’ko, V.I. (1994) Photon Distribution for
One-Mode Mixed Light with a Generic Gaussian Wigner Function. Physical Review
A, 49, 2993. https://doi.org/10.1103/PhysRevA.49.2993

Wiinsche, A. (2015) Quantum-Mechanical Cumulant Expansions and Their Appli-
cation to Phase-Space and to Phase Distributions. Physica Scripta, 90, Article ID:
074063. https://doi.org/10.1088/0031-8949/90/7/074063

Klauder, J.R. and Sudarshan, E.C.G. (1968) Fundamentals of Quantum Optics.
W.A. Benjamin, Inc., New York.

Klauder, J.R. and Skagerstam, B.-S. (1985) Coherent States, Chapter I: A Cohe-
rent-State Primer. World Scientific, Singapore.

Wigner, E. (1932) On the Quantum Correction For Thermodynamic Equilibrium.
Physical Review, 40, 749 (Republished in [28]).
https://doi.org/10.1103/PhysRev.40.749

Kim, Y.S. and Noz, M.E. (1991) Phase Space Picture of Quantum Mechanics. World
Scientific, Singapore (With Republication of Article [27]).
https://doi.org/10.1142/1197

Wiinsche, A. (1996) The Complete Gaussian Class of Quasiprobabilities and Its Re-
lation to Squeezed States and Their Excitations, Quantum Semiclass. Optical, 8,
343-379.

Szegd, G. (1959) Orthogonal Polynomials. 2nd Edition, American Mathematical
Society, New York (1st Edition 1939).

Bateman, H. and Erdélyi, A. (1953) Higher Transcendental Functions, Vol. IL
McGraw-Hill, New York.

Wiinsche, A. (2015) Operator Methods and SU(1,1) Symmetry in the Theory of Ja-
cobi and of Ultraspherical Polynomials. Applied Mathematics, 7, 213-261.

DOI: 10.4236/apm.2017.712044

739 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044
https://doi.org/10.1103/PhysRevA.41.1526
https://doi.org/10.1103/PhysRevA.39.5432
https://doi.org/10.1088/0031-8949/1993/T48/012
https://doi.org/10.1088/1464-4266/4/1/201
https://doi.org/10.1080/09500340008233385
https://doi.org/10.4236/apm.2017.710034
https://doi.org/10.1103/PhysRevA.49.2993
https://doi.org/10.1088/0031-8949/90/7/074063
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1142/1197

A. Wiinsche

(33]

(34]

(35]

Akhiezer, N.I. and Glazman, .M. (2013) Teoriya lineinykh operatorov v gilber-
tovym prostranstve, Nauka, Moskva 1966. English Translation: Theory of Linear
Operators in Hilbert Space, Dover, New York.

Vourdas, A. and Wiinsche, A. (1998) Resolutions of the Identity in Terms of Line
Integrals of SU(1,1) Coherent States. Journal of Physics A: Mathematical and

General, 31, 9341-9352.
https://doi.org/10.1088/0305-4470/31/46/024

Wiinsche, A. (1997) Radon Transform and Pattern Functions in Quantum Tomo-
graphy. Journal of Modern Optics, 44, 2293-2331.
https://doi.org/10.1080/09500349708231885

DOI: 10.4236/apm.2017.712044

740 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044
https://doi.org/10.1088/0305-4470/31/46/024
https://doi.org/10.1080/09500349708231885

A. Wiinsche

Appendix A

Squeezing Operators and Their Disentanglement

Squeezing of states in the narrow sense is connected with the Lie group
SU(1,1)=Sp(2,R)=SL(2,R) with 3 real parameters (or one complex and one
real in our representation) of squeezing operators [7] [8] [9]. Its complex
extension Sp(2,C)=SL(2,C) contains 3 complex parameters (or 6 real ones)
and comprises also the SU(2) group in the right specialization. In this
Appendix we give a short but general and systematic representation of the action
of SU (1,1) squeezing operators in quantum optics. We cannot take care
without making too clumsy notations in some cases to the notations in the main
text but this concerns mostly the notations of the squeezing parameters with and
without prime (or in non-unitary and unitary approaches) and one must pay
attention to this when going from formulae of this Appendix to that of the main
text.

We define operators S(&,7,{) with 3 complex parameters which are

operatorsin SL(2,C) as follows
S(&m.¢)=exp{EK_+i2nK, - ¢K, } (A.1)

where (K_,K,,K,) are three abstract operators of the Lie algebra sl(2,C) to
the Lie group SL(Z,(C) satisfying the commutation relation [7] [8] [9] [34]

KK ]=2K,, [Ke K ]=-K_, [KyK,]=+K,, (A2)
with Casimir operator C

C=KZ-KZ-KZ=K? —%(KJQ +K,K.), [CK]=0. (A3)

One basic discrete realization of these operators in quantum optics of a single

mode is

1w 1,5 5 .
K+EEaT :E(Q -P’-i(QP+PQ)),

3 1 3
C:k(k—l)l_—E, k_z, (ork—zj, (A.4)

where (a, a*) is a pair of boson annihilation and creation operators (A.1) and

k :% belongs to squeezed number states |1> (and their displacement) not

dealt with in this article. Each realization of the commutation relations (A.2) is
appropriate for the following derivations but for the two-dimensional
fundamental representation it is important to know two basic operators for
which (a, aT) are particularly convenient in combination with the realization

(A.4). Squeezing with SU (1,1) operators within two modes and genuinely
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different from single-mode squeezing is also possible [8] [15]. A further
realization of SU (1,1) for a single mode is connected with coherent phase
states.

The transition from SL(2,C) to SL(2,R)=SU(1,1) can be made by
specializing the parameters (&,7,¢) in (A.1) according to

*

* * § o M (oot ¢ 12
S(&n=n ., :exp{—a i—(aa'+a'a)-2a }
(=) 2" " 2( +a'a) 2 (A.5)

=(s(~¢"=n=-n"~¢))

with complex parameter ¢ and real parameter 7 . The operators
S (g*, n=n, g) are then unitary operators S =S in the
infinite-dimensional unitary representation in Hilbert space and we have
(Kj, KJ, KI) = ( K. K, Kf) . Instead of (K_,K,) one may introduce
Hermitean operators (K,,K,) by K. =K, FiK, butwe do not write down all
relations for these new operators that is easy to make and is diligent work.

We now consider the generation of the two-dimensional fundamental
representation of the group SL(2,C) by calculating the matrix with elements

(r,A,p,v) in the following relation
s(&n.¢)(a aT)(S(f,n,g“))fl =(a a*)[z j] =(xa+ua’, 2a+va'). (a.6)

This step is essentially a Bogolyubov transformation. It can be represented by
(e.g., [18])

{Sh () USh (¢) ' (A7)

& &
=& -1’

For £2>0, (& real) we call this transformation squeezing-like and for

£°<0, (& imaginary) rotation-like. In last case it is better to write the

hyperbolic functions by trigonometric functions. The special case ¢=0

Kk A (l-ip, & o
FAEI )

could be called cone-like. The matrices (A.7) are unimodular
Kk A
Hov

The inversion of (A.7) which is unique can be simply written

ASN(9) - _xovASh(9) - A

9 2 9 9

=kv—Au=1, (A.9)

but in general, not unitary.

with the following relations between the abbreviations ¢ and 4
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g=Arch(K;LVj=Arsh{ (K;rvjz —1J=Arsh[ (K;ij +/1,uJEArsh(,9),
A e, = an

From Arch(z) the sign of Arsh (\/ZZ —1) does not follow uniquely but

Arsh (\/ﬂ)

Jz? -1 in numerator and denominator.

We now write down some special correspondences between the operators

is then uniquely determined if one chooses the same sign of

S(&,m,¢) and its two-dimensional matrices in the fundamental representation

S(f,0,0):exp(fK)%exp(gazj, = [; fj

—in
S(O,n,O):exp(iUZKO)aexp{ig(aaT+a*a)} N (eo,, e?”]’

1, 0
‘ J. (A.12)
The triangular operators S(&,0,0) and $(0,0,¢) and their correspondent
two-dimensional matrices form a group for themselves and in the same way the
operators S$(0,7,0) together with its matrices. However, the operators
$(£,0,£) do not form a group its extension to a group needs all operators
s(&n.¢)-
We may decompose the matrices in (A.7) into products of special matrices, in

particular, in the following for us important ways

S(0,0,g)=exp(—§K+)—>exp(—%a”j, o (

e ) [1 01 an)(< 2
uv) £ 1lo 1 )0 =
K K
1 0Yx O 1 i}
=l u 1 K
2 1o =
i )0 1
© 01 o1 2
“lo Lflue 1 K
K 0 1
1 0|1 AVJ Lo
0 v 0 1 " 1
L AL o)t 0
= viv Ko (A.13)
0 1)lo v
1 A1 oyt o
= v 1Y , kv—Au=1
o 1)\ Hlo v
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As consequences we obtain the following disentanglements of the general

operator S(&,7,¢) into products of partial operators
S(&m¢)=exp(EK_+i2nK, —¢K, )
/; Jexp(/l;cK )exp(—2log (x)K,)

)
)

=exp(2log(v)K, )exp(AvK_ exp(—ﬁK ]

=exp

= exp(—ﬁ K, Jexp 2 Iog exp
K

Al xS

=exp(-2log(x)K, )exp(-uxK, exp(
5 v (A.14)
=exp| = jexp(ZIog exp[—ﬁK j
v |4
A
=exp(—Kjexp( uvK, )exp(2log(v)K, ).
14

For the operators (Kf,KO,K+) we may insert the realization (A.4) of
SU (1,1) but every other realization of SL(2,C) is also appropriate.
In the special case =0 of operators S(f,n,g) the matrices (A.7)

specialize
N
$(£,0¢) < (# VJ: sh(\/z) , (A.15)
¢ \/E ch(\/g)
that leads to the disentanglement relations
S(£,0,{)=exp(¢K_-¢K,) (
th(J&) NS ) 2K
:exp[—g \/g K+]exp[§ 2\/_ ](ch(\/g))
o <D Yo o 2
:(ch(\/g))moexp[ g\z/\/_i) Jexp[gthf/\é_i_g)&}
(o ] B Juf B,
(A.16)
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where again we may insert the realization (A.4). In addition to the operators
K_ and K, we have involved then on the right-hand side also the operator
Ko-

If we make in (A.15) the transition to the variables in the non-unitary approach

Arth(\/%) £0 Arth(\/g)

S(£,0,8)—>S ,0, ¢ |, (A.17)
S B
then the matrix in (A.15) makes the transition to
1 g
[K' lj—> o Vi (A.18)
v g 1

-8 1-&
as it is easily to see.
The next considerations are the effort to split the general operator S(&,7,¢)
into products of a proper squeezing operator S (é’, 0, ’) and a proper rotation

operator S(0,7',0) . The general two-dimensional matrix (A.7) can be split also
in the following two ways

[K,Z]MZS\EO

Y
# ,uK KV 0 Y

K K
\/E 0 || Vav z\ﬁ
14 K
0 \/Z u\ﬁ Jiv
K 1%

This corresponds explicitly to the two possibilities (& =+/& —7n? )

(A.19)
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(A.20)
(K /ljz Ch( f'é") f’_cf'é" (e—iqo Oj
#ov sh(V¢') 0 em
{—— ()
11 (A.21)

oh(JET) §”Sh(\'§"§”)
(e_iﬂo O j Igﬂéf!/
O eiﬂo Sh g”C”
4"—(? = ) oh(V2'2")
The rotation operators are the same in both cases and the squeezing operators

distinguish themselves only by phase factors in the non-diagonal matrix
elements. We have

eiirlo 0 i”—o(aaTJraTa)
(o ej & S(07,,0)=e2" (A.22)

The first possibility of the splitting in a squeezing and a rotation part is

Ch(g)—inSh(S) fSh(g)

VRS IREIERR
\/mz () (<) sh(z)
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" Arsh @Shig)j
\/%Sh(g) 7 sh(e¢)

& &

Ce. (A24)
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The parameters in the factorized matrices are ( x, 4, 1,v are such as in (A.7))

$(¢m.¢)

Arsh (@Shg(g)j h(z)~in shig)

=S ¢,0,
V& \/ch2(5)+772 Shzgg)
Afsh[@shgg)j h(e)+in 18
£E__¢
Ve \/chz(g)+772 Shzgg)
~S[O,iArsh[—MJ,0 .
&2+ &¢sh? (&) (A.25)

The second possibility with interchanged order of the splitting in a squeezing
and a rotation part is

s

oy S
o o) ME)

on(JET")
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(A.26)

\/E 0 VKV Kﬂ,
v K
0 \/Z \/E 1 NKV
K 1%

The diagonal matrix of a rotation with parameter 77, is the stable part in the
two factorizations (A.23) and (A.26). These considerations show that without
disadvantage for the generality we may use the special squeezing operators
S(&£',0,¢") which are equivalent to the general operators S(&,7,¢) after
splitting rotation factors. However, these special squeezing operators alone do

not form a group.

Appendix B

Influence of Displacement and Squeezing of States onto the
Wigner Quasi-Probability

The displacement of states and the squeezing make transformations of the
variables in the Wigner quasiprobability which can be given in a general form.
For the derivation we use the representation of the Wigner quasiprobability by
complex variables (a,a*) in the following form [22] [29] which is equivalent
to the definition given by Wigner [27] [28]

W(a,a*)=<pexp(— E)aa Tai*j>5(0!,0!*), (B.1)

where p is the density operator of the state. First we investigate the displace-

ment of a state with the density operator p, and the Wigner quasiprobability
W, (a, a*) according to

p=D(5.5)m(D(8.5)) (B2)

Then one finds for W («, a*)

W(a,a") :<D(Igﬁ*)po(D</3,ﬂ*))T exp(—a%—a+ %D&(a,a*)

(2

0 0 " .
<p0 exp[—aa—aT 6a*jD('B"B )>5(a,a )
<po "ex p( (a+,8|)%—(a*+ﬂ*l)6i*j>5(a,a*)(B.3)

.0 o .0 .
<p0ex ~a £J>exp(—ﬂ£ aa*jé( )
<p exp| — az j>§(a_ﬂ’0‘*—ﬂ*)'

Therefore we obtained
W (a,a") =Wy (a—p.a" - ). (B.4)

This means that the Wigner quasiprobability W(a,a*) for the displaced
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state is equal to the Wigner quasiprobability W, (a,a*) for the undisplaced
state with displaced arguments corresponding to the displacement parameters
( B, ﬁ*) . This displacement property is one of the minimal requirements for a
phase-space function F (a,a*) in quantum theory to be «called a
quasiprobability.

In widely analogous way one may treat the squeezing of a state with density

operator p, according to
P=S(é’*177=77*,é’)p0(5(§*,77=77*,§))T. (B.5)

Instead of the unitary squeezing operators S (cj ‘n=n".¢ ) we will calculate
the transformations first a little more general with the operators S(&,7,{) and

at the end we will specialize the result to &=¢" and 5 =5". Therefore, we

—>(s(&m.¢)) =8(=¢,-1,~¢) and

°az*j>5(a,a)
2 Jsen))olaa)
j>5(a,a*)

et ote

> vy —py',=Ay +xy") (B.6)

have first to substitute (S (g*, n=n", {))T
find

S(&m.8) po(S(Em, e“))lexp(—

~(-1a+xa )

0, EXP va ua )

)=
</30 (&m.¢)) exp(
|

0, EXP —a——

o _a(v__i
{

= <,00 exp| - >
7
Formally this can be written
W(a,a*)EWO(y,)/'), (B.7)
with the matrix elements in explicit form given in (A.7). This corresponds to the
transformation
« , O 0 0
y=ka+uo, a=vy—uy, —=v——»A—,
oy oa o
(B.8)
"=da+va, o =-Ay+xy —=—yi+x
4 ’ "oy da  oa

In the last step in (B.6) was used that the two-dimensional delta function
S(y,y'") is invariant with respect to a (complex) unimodular transformation of
the variables. This can be proved, for example, by transition to real variables and
transformation to principal axes (see below).

In the special case of unitary transformations with the operator

S(;’*,qzq*,/;) we can substitute x —>v',A— 4 and y'— " and (B.7)
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using (B.8) can be specialized to [35]
w (a, a*) =W, (V*a +ua’, wa+ va*) =W, (a’, a’*). (B.9)

We mention that a displacement relation of the form (B.4) is true for all
quasiprobabilities (e.g., Q(a,a*) and P(a,a*)) whereas for squeezing of
states the form (B.9) is only true for the Wigner quasiprobability. The reason is

. 0 0 .
that we do not have in other cases the operator —a——a'—= as a whole in

oa o

the exponent of only one exponential function.

The transformation of the variables (a’, a’*) © (a, a*) possesses the
property
danda’ = (v*da' + yda”) A (y*da +vda’*)

. . . . (B.10)
:(vv — )da'/\da' =da'Anda",
and therefore
dq/\dp:lda/\da*:lda'Ada'*:M. (B.11)
2h 2 2 2h

This means that each area element of the Wigner quasiprobability W, (a, a*)
is mapped in a new area element of W (a,a*) of the same area with
preservation of the topology but without preservation of angles such as for
transformations in classical mechanics. Therefore, for example, if the Wigner
quasiprobability possesses regions of negativity (squeezed coherent states do not
possess such regions) then after the transformation the area of negativity
remains the same as before the transformation. The similar property is true for
displacements and is here obvious.

A simple proof of the invariance of the two-dimensional delta function under

(in general, complex) unimodular transformations of the variables by a matrix

a b
(C dj with ad —bc=1 can be given by extension of coordinates (x,y) to

their own complex planes according to

5(ax+by)s(cx+dy)

- 5[(add;bc)x]5(d [§x+ yD - 5(85@ &H yD (B.12)
=5(dﬁj5(dy) =5(x)5(y), (ad—bc=1).

This is then also correct for the representation of the two-dimensional delta
function by complex variables.

Appendix C

An Identity between Jacobi Polynomials with Different Arguments

We derive here an identity between Jacobi polynomials which we used in

Section 5 in specialized form.
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Starting from the right-hand side of (5.1) we make a transformation of the

following more general expression

(1- yz)a% o1

1y (C.1)

nl o}
Y (n—jyem-

Il
N
|
[N
|
N
<
)
N—
=
§
|
|
|
?
N |
I
Nl
—~
N—

i=0

This is an operator identity which in the last line is written in the entangled

form derived in [32] and was given there in the following here slightly changed

[i_i’+ij”
oy 1l-y 1+
2

i o 1o
-3 - pla=ip=i) n_¢
j_O{ 1_ yzj ] (y)(n_ J)!aynfj

and can be proved by complete induction. With Prfa’ﬂ )(u) are denoted the

form

<

(C2)

Jacobi polynomials.
The operator identity (C.1) can be applied to arbitrary functions of the
variable y. If we apply it to the function f(y)=1 we find

(1_ y? )a% a_n;]_

8yn (1_y2)a+5
n 2 V(g 711%4 | ol
S LAt e (©
= Ll

Up to this point it may be considered as a transformation of the (Rodrigues-
kind) definition of specialized Jacobi polynomials given by Szeg6 [30] (see also
(31]).

The special case of Jacobi polynomials with equal upper indices Prfﬂ Z (y) is
called Ultraspherical polynomials and they are related to the Gegenbauer
polynomials C; (y) in the following simple way

50 (o 2B+ B) s
p! >(y)_mcn (y). (C.4)

They possess the following for us interesting expansions (Equations (4.5) and
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(5.2) in [32])

[ﬂ (—1)j(n+ﬁ)! o
:J':oj!(n—2j)!(j+ﬂ)!221(1_y) y"

1
Substituting in (C.5) f=-a —3" n and using transformation relations for

the factorials one finds the following representation of the Ultraspherical

polynomials involved in (C.3)

Ty
(a2 (nea) a
- 22”(2a)!(n+a)!kzok!(n—2k)!(k+a)!( e

(C.6)

In [32] (Equation (5.4)) it was derived an identity which can be written

(241447 ) Pﬁ“‘“)[\/lj = jj

or after the substitution X =iy

cevirlgs
& (e

Sk(n—2k)1(k+a)!

NS
i}

(D (n+a)t o
zok!(n—2k)!(k+a)!(zx) . (C7)

=

(C.8)

NE]

(2y)™.

An identity for these polynomials and their explicit representation is

421—y2”qm“[ iyZ]
I

(-1)" 2" (2a){(n+a)! _[-a—j-n-a—3-n
~ al(n+2a)! P”( ](

These relations were applied in Section 5 to get the representation of a™a*

by known polynomials.

Appendix D

Generating Functions for Hermite Polynomials

For easy use we collect here the most important generating functions for

Hermite polynomials. The basic generating function for Hermite polynomials is

i%Hn(z):exp(th—tz). (D.1)
n=0 '1:
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The basic generating function for products of two Hermite polynomials with
different arguments is the Mehler formula [31] (chap. 10.13, Equation (22))

» 1 n 1 2txy —t? (x* + y?
Z—(iJ H,(x)H,(y)= —exp (2 ) ) (D.2)
n=0 ni{ 2 (1—t2)5 1-t

(-1)" (2m)!

m!

By setting y=0 and using H,,(0)= and H, ,(0)=0 one

obtains for even Hermite polynomials and by its differentiation with respect to
variable z for odd Hermite polynomials the following non-trivial generating

SO0 )= p(fZJ

functions

m=0 m'

i(_l)m GJMHM(Z): tz 36Xp[—§t_zzzj- (D.3)

mo m! (1—t2)5

The generating functions for even and odd Hermite polynomials which may

be easily derived from (D.1) are different from the generating functions (D.3).

Appendix E
Expectation Values for Squeezed Vacuum States

We compile here expectation values for ordered operators calculated from the
formulae derived in the main text of Section 5.

For a few initial numbers of expectation values a'*aX we calculated by (5.2)
and (5.3) or from (6.7)-(6.11)

a.WLOaO :1,

ol 1

-l
¢ (1+2l¢F)
f-lef)
3¢l (3+ 2|g|2)
f-lef)
3|g|“(3+24|g|2 +8|;|“)
folef)
15[ (15+40[c [ +8J¢]")
B

aTZaZ —

13,3 _

a‘a

aT4a4 _

15,45

ava (E.1)
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The expectation values of symmetrically (Weyl) ordered operators calculated
according to (5.4) are

S{a”ao} =1,
S{aTlal} :ll+|§|z ,
21-|¢]
S{afzaz}:%M,
(-1T)
S{a*3a3 :%1+9|§|2 +9|f|: +|§|6 ,
(2-1T)
ST -2l e 16 +lef
(-eT")
1-f¢f

The coefficients in front of powers of || in the numerators can be obtained
forming the squares of the numbers in the Pascal triangle and, therefore, the
polynomials in the numerator are palindromic ones.

For the corresponding expectation values of powers N' of the number

operator Nwe found from (5.7)

N° =1
1 |4’|2 2 ’\_l
1P =Rt
— P2+ 2
_|§| ( +el ) AN = 2l¢] :2N(1+N)

o _l¢f (a+t0lef +[eT')
(-f)
54l (1+leT)

(1-lef)
—_ cf (s+ 60|¢| +36/¢]* +|;|6)
ey
- 4¢f (2+21fef +2)c])
oef)

= 4N (1+N)(1+2N),

= (AN)
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= ¢ 16+ 296|¢ " +516|¢]* +116]¢]" +|¢ )

f1-lef) |
2 2 4 6 (E.3)
ey el 101t 4K ]
(2-1¢T)

The photon distribution p, of squeezed vacuum states (2.8) is highly
asymmetric to the mean value N with a longer tail to higher values of 1 and,
therefore, (AN )k is nonnegative for all odd k (in addition to all even & for
which this is trivial).

We give yet the initial members of the sequences of expectation values a?
and a'a®? for squeezed vacuum states calculated by computer from the more
general formulae in Section 6. We found

a =1,
PO S o
1-¢¢ 1-¢¢
?: 3¢° a'ad =— 3¢
(1-¢¢) (1-c)
o 15¢° R 15¢7¢°
(1-&) -y
5:%, a*a7:—£§44, (E.4)
(1-¢¢7) (1-¢¢7)
o M50 g 9450
(1-¢¢7) (1-g7)

The expectation values a'®* and a'**'a follow from (E.4) using the

*

general relation a™a' —a'a* . The obvious relation seen from (E.4)
a'a?t=(0,¢|a"a?|0,¢) =—¢"(0,¢]a]0,¢ ) =—¢"a?,
o (-1) (21 -1)n¢’ (E.5)
-y
results from the eigenvalue Equation (2.12) written for the left-hand squeezed

vacuum states (0,¢| as follows
(0,¢](a" +¢™a)=0. (E.6)

We calculated some of the members in (E.4) in independent alternative ways

and did not find contradictions.

Notations

A pair of boson annihilation and creation operators (a, aT) is connected with
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h
the Hermitean canonical operators (Q,P) by (7= P with A PlancKk’s action
s

quantum)

 (Q+iP Q-iP R+
(a,a):( Ton E) (Q,P):\/;(a+a,—|(a—a )) W
[aa"]=1, [QP]=inl.

Corresponding pairs of complex conjugate variables (a,a*) and real

canonical variables (q, p) are related by

()[R ER), ()= [ (aa i),

« _dgadp
2n

(2)

Lda/\da
2

Furthermore: [A,B] denotes the commutator of operators 4 and Band (A)
the trace of an operator A (usually in Hilbert space) and [A] the determinant
of two-dimensional operators A. Expectation values of operators to pure states

|z//> or density operators p are denoted by overlining, i.e.

A=(y|Aly)=(pA).
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