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Abstract
In this paper, collocation method based on Bernoulli and Galerkin
method based on wavelet are proposed for solving nonhomogeneous
heat and wave equations. The two methods have the linear systems
solved by suitable solvers. Several examples are given to examine
the performance of these methods and a comparison is made.
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1. Introduction

Recently, there has been a great deal of interest in “global” methods
(Galerkin and collocation methods) for the numerical solution of twopoint boundary value problems. By this, we mean methods which find
Lorem ipsum dolor sit amet, consectetuer
a solution in the form
adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur
N
X
dictum gravida mauris. Nam arcu libero,
uN (x) =
ak ψk (x)
(1)
nonummy eget, consectetuer id, vulputate a,
k=1
magna. Donec vehicula augue eu neque. Pellentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas. where {ψ (x)}N
k
k=1 is a basis for an N -dimensional subspace of funcMauris ut leo. Cras viverra metus rhoncus
tions,
S.
The
functions
ψk (x), k = 1, 2, · · · , N, are called test functions
sem. Nulla et lectus vestibulum urna fringilla
and
the
space
S
is
called
the test space.
ultrices. Phasellus eu tellus sit amet tortor
N
gravida placerat. Integer sapien est, iaculis in,
To simplify the computations, the basis test functions {ψk (x)}k=1
pretium quis, viverra ac, nunc. Praesent eget are taken to be orthogonal and in many cases they are polynomisem vel leo ultrices bibendum. Aenean fauis a
cibus. Morbi dolor nulla, malesuada eu, pulv- als, splines, sinc or wavelet. In essence, the Galerkin method
N
inar at, mollis ac, nulla. Curabitur auctor sem- discretization scheme in which the expansion coefficients {ak }k=1 are
per nulla. Donec varius orci eget risus. Duis obtained by solving a set of N algebraic equations.
nibh mi, congue eu, accumsan eleifend, sagitFor example, consider the problem Lu = f, where L is a self-adjoint
tis quis, diam. Duis eget orci sit amet orci
operator
and f is a known function. The Galerkin method yields the
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, system of equations
sollicitudin vel, wisi. Morbi auctor lorem non
N
justo. Nam lacus libero, pretium at, lobortis
X
vitae, ultricies et, tellus. Donec aliquet, torak hLψk (x), ψj (x)i = hf (x), ψj (x)i, j = 1, · · · N,
tor sed accumsan bibendum, erat ligula aliquet
k=1
magna, vitae ornare odio metus a mi. Morbi
ac orci et nisl hendrerit mollis. Suspendisse
ut massa.
Cras nec ante. Pellentesque
a nulDOI:
10.4236/am.2018.911083
Nov. 21,
2018
1270
Applied Mathematics
la. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullamcorper
vestibulum turpis. Pellentesque cursus luctus
mauris.

M. El-Gamel et al.

which is an algebraic system of equations that can be solved for the
unknown coefficients ak .
In the collocation method no quadrature sums are required. The
unknown coefficients ak in (1) are determined by the linear system
LuN (xj ) = f (xj ),

0 < xj < 1,

j = 1, 2, . . . , m

The aim of this paper is to develop the wavelet and Bernoulli bases
for solving PDE of the form
∂αu
∂2u
=
+ η(x, t),
α
∂t
∂x2

0 ≤ x ≤ 1,

t > 0,

(2)

subject to the boundary conditions
u(0, t) = h1 (t),

u(1, t) = h2 (t),

(3)

and the initial conditions
u(x, 0) = f (x)
(α − 1) ut (x, 0) = (α − 1) g(x)

(4)

where α ∈ {1, 2}.
In this paper, there are two different approaches for solving twopoint boundary value problems. Galerkin is based on wavelet and
collocation is based on using Bernoulli operational matrix to reduce
the problem into solving a system of linear algebraic equations. Recently, there has been a lot of research papers dealing with waveletGalerkin. Those papers include solution of partial differential equations [1], two-point boundary value problems [2], integro-differential
equations [3], second-kind integral equations [5], Fredholm integral equations numerically [4,6], nonhomogeneous time-dependent problems [7], singularly Perturbed convection-dominated diffusion equation [8],
telegraph equations [9], eigenvalue problem of a compact integral operator [10], fourth-order multi-dimensional elliptic partial differential
equations [11], fourth order linear and nonlinear differential equations [12], stochastic fractional differential equations [13], Schordinger equations with general nonlinearity [14], generalized wavelet-Galerkin
method [15]. El-Gamel et al. [16], have compared the wavelet-Galerkin
and sinc-Galerkin techniques in solving nonhomogeneous heat equations. Moreover, El-Gamel has compared the wavelet-Galerkin and
Adomian decomposition methods of boundary-value problems [17].
Bernoulli matrix method has been used to find the approximate solutions of two-dimensional hyperbolic telegraph equations [18], linear
partial differential equations [19], pantograph equation [20], nonlinear
fuzzy Hammerstein-Volterra delay integral equations [21], fractional
Fredholem-Volterra integro-differential equations [22], the Blasius and
MHD Falkner-Skan boundary-layer equations [23], linear multidimensional diffusion and wave equations [24], optimal control problems [25]
and Fuzzy integral equations [26]. Recently, El-Gamel and Adel [27]
proposed a new approach to solving higher-order boundary value problems via Euler matrix method.
The rest of this article is organized as follows. In Section 2,
we describe the wavelet-Galerkin method. In Section 3, Bernoullicollocation method is introduced. Section 4, gives specific three examples to test the two proposed methods and compare the results.
Closing with conclusion In Section 5.
DOI: 10.4236/am.2018.911083
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2. Wavelet Bases
2.1. Governing Equation
Setting
∂α u
ui+1 − α ui + (α − 1)ui−1
≈
∂ tα
(4 t)α
Equation (2) may be approximated by
 i+1

u
− αui + (α − 1)ui−1
d2 ui+1
=
+ η(x, ti+1 )
(∆t)α
d x2
where ti = i∆t, i = 0, 1, 2, . . . . Then, rewriting Equation (5)


d2 ui+1
1
−
ui+1 = M (x, ti+1 )
d x2
(∆t)α

(5)

(6)

where
M (x, ti+1 ) = −η(x, ti+1 ) −






(α − 1) i−1
α
i
u
+
u .
(∆t)α
(∆t)α

We assume that
η(x, t) = h(t)z(x) =

m
X

ci xi h(t).

i=0

2.2. Daubechies Wavelet Bases
More detailed discussions about Daubechies wavelets can be found
in [28–31].

2.3. Wavelet-Galerkin Method
Let the solution uJ (x) at the (i + 1)th time level of the problem be
approximated by
uJ (x) = 2J/2

J
2X
−1

ak φ(2J x − k),

k ∈ Z,

(7)

k=2−D

By substituting the solution uJ (x) in Equation (6), yields
J
2X
−1

2J/2

k=2−D

ak


d2  J
φ(2 x − k) − 2J/2
2
dx



1
(∆t)α

J
 2X
−1

ak φ(2J x − k)

k=2−D

(8)
= M (x, ti+1 ).
We use the inner product of both sides of Equation (8) with
2J/2 φ(2J x − l) leads the following equation
J
2X
−1

k=2−D

bJkl



1
ak −
(∆t)α

J
 2X
−1

cJkl ak = dJml , l = 2−D, 3−D, ..., 2J −1.

k=2−D

(9)
where
bJkl = 2J
Z

Z

1

φ(2J x − k)φ(2J x − l)dx

0
2J −l

φ(y − (k − l))φ(y)dy

=

(10)

−l

= Γ0k−l (2J − l) − Γ0k−l (−l),
DOI: 10.4236/am.2018.911083
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cJkl = 23J

Z

1

φ00 (2J x − k)φ(2J x − l)dx

0

Z

2J −l

φ00 (y − (k − l))φ(y)dy
−l


= 22J Γ2k−l (2J − l) − Γ2k−l (−l) ,
2J

=2

(11)

and
1






(α − 1) i−1
α
i
u
+
u
φJl (x)dx
−η(x, ti+1 ) −
(∆t)α
(∆t)α
0
"


Z 1
m
X
α
i+1
i
=
−h t
ci x −
ui
α
(∆t)
0
i=0


(α−!) i−1
+
u
φJl (x)dx
(∆t)α

Z 1 
m Z 1
X
α
i
i+1
ci x φJl (x)dx −
ui
= −h t
α
(∆t)
0
0
i=0


(α − 1) i−1
+
u
φJl (x)dx
(∆t)α
m
X


ci
c00
= −h ti+1
Mli 2J − ( 1 )J Ml0 2J .
1
)J
(i+
2 2
2 2
i=0
(12)

dJml =

Z



The algorithm for calculating Γ0k−l , Γ2k−l , and Mlm has been described in [32].
The matrix-vector form of the Equation (9) is


 
1
W−
R A = S,
(13)
(∆t)α
where
 
W = bJkl 2−D ≤ k, l≤ 2J −1 ,

 
R = cJkl 2−D ≤ k, l≤ 2J −1 ,

S = [dJml ]2−D ≤ l≤ 2J −1 ,

A = [a2−D , a3−D , . . . , a2J −1 ]t ,

where t denotes the matrix transpose. Now we have a linear algebraic
system that can be solved by the Q-R method.

3. Bernoulli Bases
More detailed discussions about Bernoulli operational matrix can be
found in [18, 22, 23, 25].

Bernoulli-Collocation Method
Let the solution of (6) is
uN (x, ti+1 ) = uN (x)i+1 '

N
X

an Bn (x) = B(x) A

(14)

n=0

where
At = [a0 , a1 , . . . , aN ]
B(x) = [B0 (x), B1 (x), . . . , BN (x)]
DOI: 10.4236/am.2018.911083
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then the matrix form of the second derivative is
2
d2
d2
i+1
u
(x,
t
)
=
uN (x)i+1 = B(2) (x) A = B(x) Mt A. (15)
N
dx2
dx2
where M is (N + 1) × (N + 1) Bernoulli operational matrices
ferentiation described by



B0 (x)
0 0 ...
0
 B1 (x)

 1 0 ...
0





..
0 
M =  0 2 ...
 and B(x)t = 
.

 ..
.. . .
.. 
 BN −1 (x)
 .
.
.
. 
BN (x)
0 ...
N 0

of dif







By replacing each term in Equation (6) with the approximation
defined in Equation (14) and (15) and collocate them at x = xk defined
as the equal collocation points where
xk =

k
,
N

k = 0, 1, 2, . . . , N.

We reach the following theorem
Theorem 1. If the assumed approximate solution of the boundaryvalue problem (6) is (14), then the discrete Bernoulli system is given
by
"

N
X
n=0

#
N
X
1
Bn (xk ) an
Bn00 (xk ) −
(∆t)α n=0

= −η(xi , ti+1 ) −

α
(α − 1)
u(xk , ti ) +
u(xk , ti−1 ). (16)
(∆t)α
(∆t)α

Proof. By replacing each term of Equation (6) with the corresponding
approximation represented in Equation (14) and (15) and collocate
them with x = xk collocation points.
The fundamental matrix for the above system is
ΦA = F
where
Φ = B Mt

2

− JB,

and


B0 (x0 )
 B0 (x1 )


B =  B0 (x2 )

..

.

B1 (x0 )
B1 (x1 )
B1 (x2 )
..
.

B2 (x0 )
B2 (x1 )
B2 (x2 )
..
.

...
...
...
..
.

B0 (xN ) B1 (xN ) B2 (xN ) . . .


−η(x0 , ti+1 ) −

α
i
(∆t)α u(x0 , t )
α
i
(∆t)α u(x1 , t )

+


+
 −η(x1 , ti+1 ) −
F=
..


.
α
i
−η(xN , ti+1 ) − (∆t)
α u(xN , t ) +
DOI: 10.4236/am.2018.911083
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BN (x0 )
BN (x1 ) 

BN (x2 ) 
,

..

.
BN (xN )

(α−1)
i−1
)
(∆t)α u(x0 , t
(α−1)
i−1
)
(∆t)α u(x1 , t

(α−1)
i−1
)
(∆t)α u(xN , t
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1
(∆t)α

 0


0
J=

 ..
 .
0

0
1
(∆t)α

0
0
1
(∆t)α

0
..
.
0

..
.
0

...
...
...
..
.
...

0
0
0
..
.
1
(∆t)α





.




Then, substituting the approximation from (14) in the boundary
conditions in Equation (3) yields
N
X

an Bn (0) = h1 (ti+1 )

(17)

an Bn (1) = h2 (ti+1 ).

(18)

n=0

and

N
X
n=0

Replacing the first and the last row in the augmented matrix [Φ; F]
with the boundary conditions from Equations (17) and (18) will lead
to the new augmented matrix [Θ; F̃ ] which is an N +1 linear equations
in N + 1 unknowns defined as
ΘA = F̃
where


B0 (0)



Θ=
 ...


B0 (1)


B1 (0)

B2 (0)
..
.

...

Φ
..
.

B1 (1)

B2 (1)


BN (0)



...
... 
,


. . . BN (1)
...

h1 (ti+1 )
i−1
 −η(x0 , ti+1 ) − α α u(x0 , ti ) + (α−1)
)
(∆t)
(∆t)α u(x0 , t


(α−1)
α
i+1
i
i−1
−η(x
,
t
)
−
1
u(x
,
t
)
+
u(x
,
t
)

1
1
1
(∆t)α
(∆t)α
F̃ = 
.

..


i−1
 −η(xN , ti+1 ) − α α u(xN , ti ) + (α−1)
)
(∆t)
(∆t)α u(xN , t
i+1
h2 (t ).












This system is solved using the Q-R method for finding the unknown
N
coefficients {an }n=0 , but with known approximate u(xk , ti−1 ) and
i
then u(xk , t ) can be evaluated, respectively.

4. Numerical Examples
Three examples are considered to demonstrate the efficiency and accuracy of the proposed methods in homogeneous and nonhomogeneous
boundary conditions. Daubechies 6 wavelet, D = 6, is used and each
example was run for J = 9 and we take 4 t = 0.001. The maximum
absolute error is taken as
kEW G k = uexact − uwavelet-Galerkin ,
and
kEBC k = uexact − uBernoulli-collocation .
Example 1 [17] Consider the following problem
ut = uxx
DOI: 10.4236/am.2018.911083
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subject to the boundary conditions
u(0, t) = exp(t),

u(1, t) = exp(t + 1),

and the initial condition
u(x, 0) = exp(x),
whose exact solution is
u(x, t) = exp(t + x).
Table 1 shows the comparison between the absolute errors kEBC k
and kEW G k .
Table 1. Maximum absolute errors for Example 1.

(x, t)

kEBC k, N = 10

kEW G k,J = 9.

(0.25, 0.1)
(0.5, 0.1)
(0.75, 0.1)
(0.25, 0.5)
(0.5, 0.5)
(0.75, 0.5)
(0.25, 1.0)
(0.5, 1.0)

4.631913E−06
6.838514E−06
6.751201E−06
5.340952E−05
7.813925E−05
6.350286E−05
1.769145E−05
2.588038E−05

8.5436E−05
9.3299E−05
1.7983E−05
5.4634E−04
7.6003E−04
5.7020E−04
1.3965E−03
1.7219E−03

Example 2 [17] Consider the following problem
ut = uxx

0 ≤ x ≤ 1, t > 0,

(20)

subject to the boundary conditions
u(0, t) = 0,

u(1, t) = sin 1 e−t ,

and the initial conditions
u(x, 0) = sin x
whose exact solution is
u(x, t) = sin x e−t .
The computational results are summarized in Table 2.
Table 2. Comparison between the maximum absolute errors for Example
2.

DOI: 10.4236/am.2018.911083

(x, t)

kEBC k, N = 10

kEW G kJ = 9.

(0.25, 0.1)
(0.5, 0.1)
(0.75, 0.1)
(0.25, 0.5)
(0.5, 0.5)
(0.75, 0.5)
(0.25, 1.0)
(0.5, 1.0)
(0.75, 1.0)

1.00112E−06
1.70939E−06
1.58965E−06
6.18197E−06
9.80818E−06
8.19902E−06
7.60298E−06
1.20468E−05
1.00501E−05

3.2750E−05
5.5452E−05
4.3456E−05
1.9567E−05
5.4572E−04
7.7654E−04
1.6562E−04
3.7982E−03
4.4324E−03
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Example 3 [17] Consider the following problem
utt = uxx + 2 exp(−π t) sin (π x),

0 ≤ x ≤ 1, t > 0,

(21)

subject to the boundary conditions
u(0, t) = 0,

u(1, t) = 0,

and the initial conditions
u(x, 0) = sin (π x)
ut (x, 0) = −π sin (π x)
whose exact solution is
u(x, t) = exp(−π t) sin (π x).
The computational results are summarized in Table 3.
Table 3. Comparison between the maximum absolute errors for Example
3.

(x, t)

kEBC k, N = 10

kEW G kJ = 9.

(0.25, 0.1)
(0.5, 0.1)
(0.75, 0.1)
(0.25, 0.5)
(0.5, 0.5)
(0.75, 0.5)
(0.25, 1.0)
(0.5, 1.0)
(0.75, 1.0)

4.64123E−05
6.23950E−05
4.64123E−05
1.28684E−04
1.72999E−04
1.28684E−04
1.13949E−03
1.63140E−03
1.13949E−03

4.7799E−03
3.8654E−03
2.7143E−03
6.5798E−02
7.3478E−02
1.8764E−02
3.2385E−01
5.7492E−01
4.2954E−01

5. Conclusion
The main objective of this article is to develop two accurate methods
to solve nonhomogeneous heat and wave equations. Bernoulli operational matrix with collocation method and wavelet with Galerkin
method have reduced the problem into the linear algebraic system.
Some illustrative problems are given to ensure the high efficiency of
the proposed algorithms.
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