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Abstract
In this paper, a multi-objective optimization model is presented, based on
Parzen Window method which can make a theoretical analysis of the probability density function of passengers and determine the demand over a corresponding period by integration. This model can minimize the total of waiting time of passengers and the running cost of school buses with several constrains including the passengers’ numbers and the longest endurance time.
Moreover, the data from Wuhan University of Technology, used as an example, verify the feasibility of the model. At last, the whole results are calculated
by the Particle Swarm Optimization.
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1. Introduction
With the development of education, there are more colleges establishing some
new campuses which need school buses back and forth to meet students’ demand their daily life. However, because of the unreasonable arrangement of
buses’ sites, timetable and routes, there exists the waste of the spending and the
oil resources. Moreover, students are now wasting too much time waiting for the
buses. Therefore, solving these problems of school bus in time is very essential
and the interest of this work is two-fold.
In the past, early models of school bus problem mainly concerned on the
route and sites setting, such as Zhang Fu, Zhu Taiying (2012) [1], Hao Zhongna
(2016) [2], Zhang Miao (2008) [3]. Recently, there are some researches focusing
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on the timetable like Zhao Shasha, Xiong Wei (2015) [4]. They analyzed the
congestion time and gave a time schedule and the departure number of the
school bus. Unfortunately, due to the lack of real-time data, the paper couldn’t
give the specific departure time of each vehicle. However, with the emerging of
travel credit card, it becomes much easier to collect the demanding data. Hence,
to cope with the problem, we now use the real-time data to estimate the distribution of passengers by the non-parametric estimation method and then establish a
multi-objective optimization model to specify the timetable and departure bus
numbers.
Realistically, the advantages of the optimization of the school buses’ timetable
and departure numbers are the following:
1) On one hand, it can cut down the waste of resource and reduce the school
investment when demands vacant by shortening the total operating time. On the
other hand, it can shorten the waiting time of students which can bring a great
convenience.
2) The optimization model can provide some theoretical and practical guidance to the arrangement of transportation in other field, for example, the city
bus.
3) As a branch of vehicle target planning, the research has further developed
the theory and practice of vehicle target planning.

2. Preliminary Data Processing
2.1. Advantages of Prazen Window Estimation
It is tough to get the real-time number of passengers when students take a school
bus. In order to easily obtain the real-time data, we utilize the school bus charge
card system. Every student can only pay the fee through the machine when they
need to take the bus. By recording “1” when someone get on at a moment or recording “0” contrarily, the numbers of passengers can be known. In the actual
situation, it is not determined whether there will be passengers show up. A student who took the school bus at 12:35:01 is possible to take the school bus at
12:36:59 the next time. The possibility is influenced by many conditions. Hence,
it is required to take all the sample points into consideration by using the Parzen
Window estimation method and then figure out the number of passengers.

2.2. Calculate the Window Function and Window Width
Assuming that the data x1 , x2 , , xn are taken from a continuous distribution
[5]. A kernel density estimate at any point x is defined as:

pˆ n ( x ) =

1 n  x − xi 
∑K
nh i =1  h 

(1)

where n is the sample size, K ( ⋅) is defined as Window function, h is the
bandwidth. In order to ensure the rationality of the probability density function,
it is necessary to ensure its value the non-negative and the total results of integration will add up to 1. And those conditions can be obtained by requiring the
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kernel function K ( x ) the distribution density.
Generally, it can choose square window, normal window to be the window
function. But considering that the smoothness of the normal function will make
the estimation function changes smoothly and changes only with one parameter
change, the normal window is decided to be the kernel function.
So the kernel function is:

 ( x − xi )2 
1
exp −

2h 2 
2π h



=
K ( x, xi )

(2)

The window width h is the only parameter needed to be adjusted. If the width

h is too long, then the resolution will be very low. But if the width h is too short,
the statistic change will be too high. Generally as long as the width h can minimize AMISE (Asymptotic Mean Integrated Squared Error), it is the optimal
window width. However, in this way, the bandwidth can only be used as a starting point to explore the optimal estimation. From the practical point of view,
Rudemo (1982) and Bowman (1984) propose a recursive method to determine
the final bandwidth by cross validation method [5].
Determine h to minimize the ISE ( h ) :

n n
 Xi − X j
ISE ( h ) = n −2 h −1 ∑ ∑ K ⋅ K 
h
=i 1 =j 1


n

−1
 − 2n ∑ pˆ −i ( X i )
=i 1


(3)

 Xi − X j 
where K ⋅ K 
 is the convolution, pˆ − i ( X i ) is the estimation of proh


bability density after removing the point X i .

2.3. Calculate the Specific Numbers of Passengers over the
Corresponding Period
According to the data from the card management center, the record of passenger’s at every second is “1”or “0”. So with the record in the total time T, the Par-

zen Window method can figure out the probability density function: p ( x ) ,
which have the features:
 p ( x ) ≥ 0;

 T
 ∫0 p ( x ) dx = 1

(4)

To visually represent the probability value of having a passengers arriving at
the parking site per second, p ( x ) needs to be disposed as following:
=
pt p ( x ) x=t ⋅ N

(5)

which N indicates the total number of passengers in the whole day at the school
bus-stops. Then integrate pt which in the section of [T1 , T2 ] , and the number

of passengers during the time slot [T1 , T2 ] which is remarked as NTT12 can be
calculated:

NTT12 =∫T pt dt =∫T p ( x ) x=t ⋅ Ndt =N ⋅ ∫T p ( x ) dx
T2

T2

T2

1

1

1

(6)
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3. Model Analysis and Assumptions
3.1. Model Analysis
This paper intends to draw a conclusion about the reasonable timetable and
number of the departure school bus Firstly, based on the real-time data, Parzen
Window method can figure out the demanding number of passengers at any
different time. Then, establish multi-objective optimization model and calculate
the rational allocation of the school bus.
Considering the objective function, firstly from the perspective of students,
the aim is to minimize the waiting and travelling time; secondly from the perspective of school, the aim is to minimize the total travelling cost and the loss due
to the empty seat during the travelling. Moreover, considering the constraints,
one constraint is the capacity of the school buses. Their real carrying number
can’t beyond the maximum capacity. Besides, another constraint is the waiting
time, each student staying in the parking site or staying in the bus has a maximum endurable waiting time, so every school bus no matter in which station
should have a maximum time to stop and cannot overstay.

3.2. Model Assumptions
In order to facilitate the establishment and solution of the model, this paper
makes the corresponding assumptions based on the actual situation:
1) Assuming that the school bus is always at a constant speed during travelling.
2) Assuming that there is no overload during travelling.
3) Assuming that all the school buses are operating properly without any
maintenance and emergency situations.

4. The Mathematical Model
4.1. Establishment of Objective Function I
The shorter the total waiting time of students spend, the better. The student arrives at the stop at the time ti in the probability of Pi and takes the bus at the time

tj. The total time for all students to take the school bus notes as WT. The time
section that the school bus running from the starting time T1 to the ending time

T2 is divided into seconds from second 0 ~ second NT.
So the objective function is as following [6]:

min WT=

∑ Pi ( t j − ti )
NT

j≥i

i =0

(7)

4.2. Establishment of Objective Function II
The less the total cost of the school bus is, the better. With reasonable scheduling
as the main target, the model only considers the cost and loss of the school bus
seat rates, regardless of the bus purchase cost and school staff salaries and other
expenses. Assuming that the school bus only consider the distance cost when it
reaches its maximum capacity.
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Assuming that the university has NC school buses and NS school bus-stop sites,
then the other objective function is represented as shown below:

=
min CT

∑ ∑ ∑ ( Dkij + Ekij )
NC N S N S

=
k 1 =i 1 =j 1

D=
N kij × d kij
kij

(8)
(9)

where CT is total costs of the school bus operation, Dkij is travel costs that
school bus k travel from the site i to the site j, Ekij is costs that school bus k
travel from site i to site j due to empty seats, N kij is driving times that school
bus k travel from site i to site j, d kij is the cost of a single trip that school bus k
travel from site i to site j.

4.3. Establishment of Constraint I: School Bus Capacity Constraint
According to the actual situation, we take school bus safety and operating costs
into consideration, that is to say the number of students must reach a certain
number and cannot exceed its capacity whenever the school bus leaves the station. This constraint can be represented as follows:
(10)

0.5Qk ≤ Lik ≤ Qk

where Qk is the maximum capacity of the school bus k while Lik is the number of students that school bus k have accumulated at the site i.

4.4. Establishment of Constraint II: Waiting Time Constraint
Due to the limited time of students after class and normal endurable waiting, the
sum of the time Tkij required for school bus k to arrive at site j from the other
station i and the residence time Bkj of the school bus k at the i site cannot exceed the waiting limit Tc , which is determined by the questionnaire inferred.
We set the speed of each school bus is equal and the number of station is P. The
constraint is listed below [7]:

∑

( j =1,2,, P )

Tkij + Bkj ( i ≠ j ) ≤ Tc

(11)

0 ≤ Tkij ≤ T1

(12)

0 ≤ Bkj ≤ T2

(13)

In summary, the multi - objective optimization model is as follows:
Objective functions:


min WT =


min C
=
T


∑ Pi ( t j − ti )
NT

j≥i

i =0

∑ ∑ ∑ ( Dkij + Ekij )
NC N S N S

(14)

=
k 1 =i 1 =j 1

Constraints:

0.5Qk ≤ Lik ≤ Qk

∑ Tkij + Bkj ( i ≠ j ) ≤ Tc
( j =1,2,3,4
)

0
≤
T

kij ≤ T1
0 ≤ B ≤ T
2
kj


(15)
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5. Model Solution and Example
5.1. Model Solution
The traditional multi-objective optimization method solves the multi-objective
problem by weighted all the targets and summed them into single objective
problems. Since this method requires a priori knowledge of the problem, so in
the realistic issues, it is really complicated to determine the weight of each object.
It could be more appropriate to use a new way called evolving calculation to
solve the multi-objective problem. Particle swarm optimization algorithm (particle swarm optimization, PSO) is a kind of optimization algorithm proposed by
Kennedy and Eberhart in 1995, because of its easiness to understand and implement, has been successfully applied in many optimization problems.
The minimum of student’s waiting time and the running costs is in conflicted
with each other. Practically, if we enable students to get on the bus as soon as
possible, the bus needs to launch frequently. However, by this way, the driving
time and distance of the bus would be boosted, so the cost will increased relevantly. This particularity makes the problem difficult to be solved by the traditional weighted sum into a single objective, so we use the particle swarm optimization algorithm to solve the problem.
The flow chart of multi-objective search algorithm [8] [9] which based on the
particle swarm optimization is shown in Figure 1.
Where the module of population initialization will initialize the position and
velocity of the particle randomly; when calculating the value of fitness, each individual has two fitness value including the student’s waiting time and the
school buses’ operation cost, besides, each individual are required to meet all the
constraints; the particle update optimization means to update the individual optimal particle according to the new particle position; updating the non-inferior
solution set is to filter the non-inferior solution according to the now particle
dominance relation.
The particle velocity and position update formula is as follow:

(

)

(

V k +1 = wV k + c1r1 Pidk − X k + c2 r2 Pgdk − X k
k +1

X = X +V
k

k +1

Figure 1. The flow chart of multi-objective search algorithm.
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where w is the inertia weight, r and r2 is the random numbers between [ 0,1] , k
is times of current iteration, Pidk is the best location of individual particle, Pgdk
is the best global optimal particle position, c1 and c2 are the constant, V is the
particle speed, X is the particle position. When the particle adjusts its position
depending on the speed, it will be limited to the maximum speed Vmax. When Vi
exceeds Vmax, Vi are still be valued as Vmax. In other way, Vmax is the width of the
search space [8].
Among all the parameters, w, c1 and c2 account greatly on the performance of
the algorithm. There are many scholars have studied their setting and adjustment. In terms of choosing parameters, the literature review [10], through the
simulation of different parameters on the particle exploration ability, algorithm
and the successful rate of the algorithm performance, recommend a fixed set of
parameters: w = 0.7298 , c1 = 2.0434 , c2 = 0.9487 .

5.2. Case Study
Since the founding of Wuhan University of Technology, there exists many problems sin the school bus operating because of the much too distributed campus.
Those issues have already affect students’ daily life. Hence, we take Wuhan University of Technology as the research object. To understand students’ demand in
different period for different school buses, we did a survey on students through
questionnaire both online and offline and collect the real-time data from the
center of bus data.
5.2.1. Data Collection
In order to ensure the rationality and practicability of the scheme, the data
source must be true and reliable, we collected sufficient raw data through questionnaire and investigated the data from center of school bus. We know that the
total number of school bus NC now is 15. There are three types of the school bus
including large bus (L), medium-sized bus (M), small bus (S) whose maximum
capacity is 60, 35, 15 respectively. Besides, the total number of the school
bus-stop NS is 4. And the longest residence time of the school bus T1 is 10 minutes and the longest running time between two stops T2 is 15 minutes. And the
longest endurable waiting time of a student Tc is 10 minutes.
5.2.2. Data Processing
The probability distribution of the student passengers in South Lake campus on
Monday which is estimated by the Parzen Window method is shown in Figure
2.
Where the plot represents the time whose unit is 104 seconds, and the ordinate
represent the probability whose unit is 10−3. According to the distribution, we
can figure out that the peak probability usually distribute at the moment about
7:30, 9:40, 11:50, 13:30, 15:40, 17:40 which are the time of just finishing classes.
So we can draw the conclusion that the result of the Parzen window is credible
because the probability distribution is consistent with students’ actual travel
rules.
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Figure 2. The probability density estimation.

5.2.3. PSO Parameter Setting
In the last part of 5.1 Model Solution, the PSO parameter setting is: w = 0.7298,

c1 = 2.0434, c2 = 0.9487, the size of initial population N = 50, Vmax = 4.9 × 104.
5.2.4. Result
Through the MATLAB programming solution, we can get the best scheduling of
the school bus for every campus within a week. Because of the limited space, we
now only show the Monday schedule of each campus as follow:
Bus-stops
Timetable

Nanhu

Dongyuan

8:30 - 9:00

8:35(M)

8:50(S)

9:00 - 9:30

9:03(M)

9:22(M)

9:41(M)

9:35(M)

9:45(L)

9:43(L)

10:00 - 10:30

10:11(M)

10:20(S)

10:30 - 11:00

10:46(M)

11:00 - 11:30

11:18(M)

11:22(M)

11:45(M)

11:53(M)

9:30 - 10:00

11:30 - 12:00

11:53(L)
11:58(L)

12:00 - 12:30

628

12:05(M)

10:33(M)
10:52(L)

11:58(L)
12:10(S)

Shengsheng

Jianhu

9:17(M)

9:08(M)

9:31(M)
10;17(M)
10:53(M)

10:51(M)

11:25(M)

11:07(M)
11:52(M)

11:35(S)

11:57(L)
12:12(M)

J. C. Zhao et al.

6. Conclusion
In this paper, we use the non-parametric estimation called the Parzen Window
Method instead of a simple estimate of the probability distribution to estimate
the probability distribution of students’ taking school bus every day. This method takes all the sample points’ influences into consideration rather than a part
of them, so the estimated probability is more realistic. Next, according to the
demand of student passengers, a multi-objective programming model is established, which can be adjusted and allocated to different time periods, different
school districts, different types of school bus and the number of buses they own.
Through the modeling of the Wuhan University of Technology, the model can
get the detailed timetable. However, because we did not consider that the congestion period will have influences on the time of school bus travelling between
two bus-stop stations, the final result is a little bit ideal. If the following research
can fix this drawback, the model can be more consummative.
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