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Abstract

The purpose of this paper is to define the concept of mixed saddle point for a vector-valued La-
grangian of the non-smooth multiobjective vector-valued constrained optimization problem and
establish the equivalence of the mixed saddle point and an efficient solution under generalized (V,
p)-invexity assumptions.
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1. Introduction

Jeyakumar and Mond [1] have introduced the notion of V-invexity for vector function and discussed its applica-
tion to a class of multiobjective problems. Mishra and Mukherjee [2] and Liu [3] extended the concept of
V-invexity of multiobjective programming to the case of nonsmooth multiobjective programming problems and
duality results are also obtained. Jeyakumar [4] introduced p-invexity for differentiable scalar-valued functions.
Also, Jeyakumar [5] defined p-invexity for nonsmooth scalar-valued functions, studied duality theorems for
nonsmooth optimization problems, and gave relationship between saddle points and optima. In [6] (Bector), a
sufficient optimality theorem is proved for a certain minmax programming problem under the assumptions (B,
n)-invexity conditions.

Kuk, Lee and Kim [7] discussed that weak vector saddle-point theorems are obtained under V-p-invexity for
vector-valued functions. Bhatia and Garg [8] defined (V, p)-invexity, (V, p)-quasiinvexity and (V, p)-pseudo-
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invexity for nonsmooth vector-valued Lipschitz functions using Clarke’s generalized subgradients and established
duality results for multiobjective programming problems. Bhatia [9] introduced higher order strong convexity
for Lipschitz functions. The notion of vector-valued partial Lagrangian is also introduced and equivalence of the
mixed saddle points of higher order and higher order minima are provided. In [10]-[13], saddle point theory in
terms of Lagrangian functions was introduced. In [14] (Reddy and Mukherjee), some problems consisting of
nonsmooth composite multiobjective programs have been treated with (V, p)-invexity type conditions and also
vector saddle point theorems were obtained for composite programs. Yuan, Liu and Lai [15] defined new vector
generalized convexity.

In this paper, we define the concept of mixed saddle point for a vector-valued constrained optimization prob-
lem and establish the equivalence of the mixed saddle point and an efficient solution under generalized (V, p)-
invexity assumptions. Further mixed saddle point theorems are obtained.

2. Preliminaries

In this section we require some definitions and results.

Let R" be the n-dimensional Euclidean space and R be its nonnegative orthant. Throughout this paper,
the following conventions for vectors in R" will be used:

a) x>y ifandonlyif x>y, i=12--,n,

b) x=vy ifandonlyif x =vy,,i=12---,n,

c) X#Yy isthenegationof x>y.

The following non-smooth multiobjective programming problem is studied in this paper:

MOP Minimize f(x):[fl(x),fz(x),---,fp(x)],
subject to g, (x) <0, j=12---,m,
xeR".
where

1) f:R" >R, i=12-,p and g;:R" >R, j=12.--,m are locally Lipschitz functionson R".

2) Let S={xeR":g;(x)<0, j=12,-,m}. be the set of feasible solution of problem (MOP). Now let

M={1,2,---,m},J=M and K=M\J, |J| denotes the cardinality of the index set J and
rz{Xe R":9,(x)<0,ke K}

clearly Scr.

Problem (MOP) can be associated to problem (MOP,):

MOP, Minimize f, (x)

subjectto  f(x)< f(X), i=1,2,--,p, i#r,
9;,(x)<0, j=1,2,--,m,
xeR"

Now, we introduce the following definitions:

Definition 1. A vector function f : X — RP, locally Lipschitz at ue X , is said to be (V, p)-invex at u if
there exist functions 7,1 : X xX — R", a real number p and 6, : X x X — R"\{0},i=12,3,---,p such that
forall xeX for i=12,---,p

f() =, (u)2 6 (x,u)&n(xu)+ ply (xu)[
forevery ¢ edf (u),i=12,--,p,vVxeX,x#u andfor i=12,-,p
(0~ £, () > 6, (x) & (xu)+ ol (xu)f

forevery ¢ edf;(u),i=12,---,p, then f iscalled strictly (V, p)-invexat u.

Definition 2. A vector function f : X — RP, locally Lipschitz at u e X , is said to be (V, p)-pseudoinvex at
u if there exist functions 7, : X xX — R", a real number p and ¢ : X xX — R"\{0},i=1,2,3,---,p such
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that for all x e X
> e (xu)+ ol (ru)f 20
i=1

:‘éﬂ (6u) (x)zgﬂ (xu) , (u)

forevery & edf,(u),i=1,2,---,p,
VXxeX, XU

S0z el (o

N gqil (xu) . (x) > gqﬁl (xu) . (1)

forevery & edf,(u),i=1,2,---,p, then the function is strictly (V, p)-pseudoinvex at u.
Definition 3. A vector function f:X — RP”, locally Lipschitz at ue X , is said to be (V, p)-quasiinvex at
u if there exist functions z,p : X x X — R", a real number p and ¢ : X x X - R"\{0},i=1,2,3,--,p such
that forall xe X
P

Y (x0) () £ 3 () £, (4)

i=1 i=1

- éﬁfﬂ(xyu) < —ply (xu)f

forevery ¢ edf;(u),i=1,2,---,p.

If f is (V, p)-invex at each ue X then the function is (V, p)-invex on X . Similar is the definition of
other functions. It is evident that every (V, p)-invex function is both (V, p)-pseudoinvex and (V, p)-quasiinvex

with 6 == and

iz:yi, (xu)=1

From the definitions it is clear that every strictly (V, p)-pseudoinvex on X is (V, p)-quasiinvexon X .
Definition 4. A feasible point X e X is said to be efficient solution for MOP if there is no other feasible so-
lution x such that for some re{1,2,---, p}

£ (%)< f, (%)

and

forall i=1,2,---,p;i#r.
Definition 5. The vector valued mixed Lagrangian function L:zx R‘j‘ — R? corresponding to problem
(MOP) is defined as

L(x,lj)z[Li(x,/IJ )""’Lp(x’ﬂh )J
where L (x4,)=f,(X)+ ]9, (x),i=12,-,p,xez, 4 eR.
Definition 6. A vector (Y/TJ ) €TX R‘j‘ is said to be mixed saddle point of mixed Lagrangian L if

L(X.4,)£L(X.4,), V4, R

+

)
and L(X,/Z)ﬁ L(Y,IJ), V XerT.
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Definition 7. A function F: X xX xR" — R issublinear if forany x,Xe X ,

1) F(xX,a+a,)<F(xX,a)+F(xXa,),

2) F(x,X,ca)SaF(x,X,a) forany aeR,a=0 and aeR".

For a=0,F(x,X,0)=0.

Now, we have established our main results, to prove equivalence between mixed saddle point and an efficient
solution.

3. Main Results
Theorem 1. Let (7 &,Z) e SxRPxR™ satisfy the following conditions

oea[_zp:ai fi+_zmﬁjgj](7), ()
2;0;(X)=0, j=12-,m, (2)
a>0a'e=1 e=(11-1)eR", ®)
420 Q)

Further, let [ AN L )] be (V, p)-pseudoinvex at X and [ZkeKﬂ_,kgk ()] is (V, p)-quasiinvex at X
X,

with p+o>0. The ( _) is a mixed saddle point of L.
Proof. Since (x a, /1) satisfies (1), we have

Oe@(_zp:&i f +iﬂ‘,jgj](7) 5)
:oea(iai fi+ZJTng(7)+a(21kgkj(7) (6)
As a'e=1, from (6), we obtain
oea(zp:o—ciLi (7,,@)}5[2@%}(2). @)
i=1 keK

Hence, there exist

fea[Za,L,( )j and neﬁ(Zﬂkgk)( )

keK

such that
g+n=0. ®)
Now forany xer
g (X)£0, keK. 9)
As 1 >0, (9)gives
k;ﬂk g (x)=0. (10)
From (2) and (10) it follows that
A0 ()= T A8 (%). (11)
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Using the (V, p)-quasiinvexity of > _ 49, (.) at X, we get
V (x.X) <oy (x3)| (12)
(12) along with the fact p+o =0 gives
V(%)< plw (x5 - (13)

From (8) and (13) and using the sublinearity of V , we have

0=V (x,0)=V (x,£+7) SV (x,&)+V (x1) V () + ply (1) (14)

=V (x,&)Z-ply (xn) . ¢ ea(zpl;o‘ciLi(M)] (15)
Now using (V, p)-pseudoinvex of " L, (.. 4,) at X in (15)

YAk (0 5)2 3L (R 7). 1s)

Since a >0, we obtain from (16)

L(x4)EL(X.4), Vxer 17)
Again forany A, R‘f‘ and XeS we have
259, (X)=0, (18)
(18) along with (2) implies
249, (X) <279, (%), (19)
Therefore, from (19)
L(X.4)SL(%4), Vi=1,2- pand 4 R/ (20)
Hence
L(X.Z )£ L(X.4), V4, eR. (21)

From (17) and (21) and the fact that X e S <z, it follows that (Y/TJ ) is a mixed saddle point of L.

Theorem 2. Let (7,&,1)6 SxR”xR" satisfy the conditions from (1) to (4). If 3" &L (.4,) is (V, p)-
quasiinvex at X and Y A9, (.) is strictly (V, p)-pseudoinvex at X with p+o =0 then (X,4,) is
mixed saddle point.

Proof. Since (Y &,/1) satisfies (1), proceeding in the same manner as in the Theorem (1), we have

¢+n=0 22)
where ¢&e a(zi’;o?i L (.4, )) nd 7e0(Y, A9 )(X)-
(

a

Now, forany xer, 0, x) <0, keK whichalong with (2) gives
249 (X) £ A0 (X). (23)
keK keK

Using strict (V, p)-pseudoinvexity of > 4,9, (.) at X in (23) we get

2

V(x,X)<=c|y (xX)| .

(24)
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The factof p+o =0 and (24) gives

V (x.X) < ol (x| (25)
From the sublinearty of V
0=V (x,E+7) SV (X,&E)+V (x7). (26)
(25) along with (26) gives
V(x,&)> —ply (xa)[ - 7)
From (V, p)-quasiinvexity of " @l (., 4,) at X and (27) it follows that
p _ p —_
Yal(x4)Z Y@L (X.4). (28)
i=1 i=1

From (28), proceeding in the same manner as in Theorem (1) we obtain that (7 a, /T) is the mixed saddle
point of L.

Theorem 3. Let X be an efficient solution for the problem (MOP) and let the functions f,g be regular at
X . Assume that for at least one r, (MOP,) is calm at X. Then there exit @ e R® and A eR"™ such that

(Y, a, Z) satisfies conditions from (1) to (4). Further let zip:lo?i L (/TJ) be strictly (V, p)-pseudoinvex at X
and > A0, () be(V,p-quasiinvexat X with p+o >0 then (X,7,) isa mixed saddle point of L.

Proof. Since X is an efficient solution of (1) and Clarke’s calmness constraint qualification holds. It follows
from Fritz John type necessary optimality conditions that 34 € R™, @ eR" such that

p m _
0e Y aof, (X)+ Y 4,09, (%), (29)
i=1 j=1
2,9;(X)=0, j=1,2,---,m, (30)
a>0,a'e=le=(11-1)eR" 1 20. (31)

Nowas f,g areregularat X, (29) gives

p m _
066{20_4 fi+zzjng(7). (32)
i=1 j=1
(30), (31) and (32) imply that conditions (1) to (4) are satisfied. As (7 a, ) satisfies (1) to (4), proceeding in
the same manner as in Theorem (1), we obtain (15). B
Now, using strict (V, p)-pseudoinvexity of >'° zL,(.,Z,) at X, we get

j=17i i

SaL(n)>

e

Il
uN

7L (%), (33)

Since, a >0, we obtain from (33)
L(X,Z)j{L(Y,/?_.J), V Xer.

Again, proceeding in the same manner as in Theorem (1), it is proved that (Y/TJ ) is a mixed saddle point of
L.

In the next theorem no invexity or generalized invexity is used.

Theorem 4. If (7 /13) is a mixed saddle point of mixed Lagrangian then X is an efficient solution of the
problem (MOP).

Proof: Since (Y A ) is a mixed saddle point of L,wehave Xez and

L(X.Z ) £L(X.4), V4, R} (34)



A. Kumar, P. K. Garg

From (34), we get
(4, -4) g9,(x)=0, v R (35)

Taking A, =4, +u in (35), where ue R‘f‘ is a vector having unity atthe j™ position and zero elsewhere,
we get

g, (7)§0, vV jel.
Moreover, X ez, hence

9, (X)<0, VkeK. (36)

Thus, we have
9,(x)<0, j=1,2,---,m.

Hence, X is feasible for the problem (MOP). Further, taking 4, =0 in (35), we get

A9, (X) =0, (37)
Butas XeS and 4, >0, from (37), we obtain

A9, (x)=0. (38)

Now contrary to the result, let X be not an efficient solution of the problem (MOP). Then there exist xe S
and anindex r,1<r < p, such that

f, (x)< f,(X) (39)
and
f,(x) < (X). (40)
(39) and (40) along with (38) give
e () + 479, (%) < £, (X)+ 479, (X) (41)
and
fo(x)+ 4,9, (X) <, (x)+ 4,9, (X) (42)
that is
L (% 4) <L (X.4). (43)
L(x4)SL(X4), Vi=L2,p, izr. (44)

(43) and (44) are contradiction to the fact that

L(X,/Tj)ﬁ L(Y,_J), V Xer.
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