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Abstract

The Paraconsistent Logic (PL) is a non-classical logic and its main property is to present tolerance
for contradiction in its fundamentals without the invalidation of the conclusions. In this paper, we
use the PL in its annotated form, denominated Paraconsistent Annotated Logic with annotation of
two values-PAL2v. This type of paraconsistent logic has an associated lattice that allows the de-
velopment of a Paraconsistent Differential Calculus based on fundamentals and equations ob-
tained by geometric interpretations. In this paper (Part II), it is presented a continuation of the
first article (Part I) where the Paraconsistent Differential Calculus is given emphasis on the
second-order Paraconsistent Derivative. We present some examples applying Paraconsistent De-
rivatives at functions of first and second-order with the concepts of Paraconsistent Mathematics.
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1. Introduction

Our technology is fully structured by classical logic that was created by the ancient Greek philosophers. However,
due to its binary structure the classical logic is difficult to be used, especially in situations that express contra-
dictions. Nowadays there are several types of logics that somehow defy the binary principles of classical logic. As
can be seen in [1] the Paraconsistent Logic (PL) belongs to the class of non-classical logics and presents in its
foundation some tolerance at contradiction, without invalidating the conclusions. In its extended form, called
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Paraconsistent Annotated Logic (PAL), there is in its representation an associated Lattice FOUR (Hasse Diagram)
that allows the development of algorithmic techniques and direct applications, and that has brought promising
results [2]-[4].

In this paper, we use the PAL in its structural form in which an annotation of two values is used to perform a
type of Differential Paraconsistent Calculus applied in solving problem related to physical systems [5] [6]. The
PAL treating information signals in its special form called Paraconsistent Logic with annotation of two values
(PAL2v) allows to extract from the Newton’s quotient, found in the deduction of the differential calculus, all the
information necessary and sufficient to effect the derivative of first and second order and apply them to physical
systems with good results without ignoring the action of the infinitesimal.

In the PAL2v-logic language an atomic proposition can be represented by P(z,4), where x and 2 are ele-
ments in the closed interval [0,1] what belongs to the set of real nhumbers. These two values are considered in-
formation signals and called by degrees of evidence. Among several intuitive readings, P(x,A), can be read as:
u is the evidence favorable of the proposition P and A the unfavorable evidence to proposition P. As seen in
Figure 1 in the associated Lattice, t and F represent the classical values true and False, respectively, and T de-
notes Inconsistent, whileL Indetermination. Figure 1 shows the PAL2v-Lattice [4] [6].

In this representation, the PAL2v-lattice can be formed of ordered pairs of values (), which will form
the annotation. In this representation, an operator ~ is fixed: |r| —|z| where: 7= {(,u /1)|,u,/1 € [0,1]} cR.

2. Paraconsistent Geometric Transformations

Paraconsistent Mathematics is structured on Paraconsistent Logic (PL) and has as main purpose the study of
common mathematical objects such as sets, numbers and functions, where some contradictions are allowed. As
proposed in [1] and in [4] it is possible through a lattice FOUR (Hasse Diagram) obtain in the PAL2v represen-
tation of how much the annotation (or evidences) can express the knowledge about a proposition P. It has been
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Figure 1. Lattice FOUR (Hasse diagram) and PAL2v lattice of values.
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seen that through geometric transformations, we can find a PAL2v-Lattice 7 of values, that it is equivalent to an
associate Lattice FOUR. This form of interpretations allows Paraconsistent mathematical calculations through
equations of parameterization. With Paraconsistent Geometric Transformation is considered the conversion of
points in an Unitary Square on Cartesian Plane (USCP) in points into associative PAL2v-Lattice 7 [3] [5] [7].
This final equation of Paraconsistent geometric Transformation is seen below:

T(Dg,Dy )= (s~ A, u+2-1) (1)

where: u is favorable evidence degree assigned to the proposition P.

J favorable evidence degree assigned to the propaosition P.

The first term of Paraconsistent Transformation is called the Certainty Degree (D¢). Therefore, the Certainty
Degree is achieved by:

De=pu—-4 2

Its values, which belong to the set R vary in closed range —1 to +1 and are in the horizontal axis of the
PAL2v-lattice  of values called “Axis of degrees of certainty”.

The second term of Paraconsistent Transformation is called the Degree of Contradiction (D). Therefore, the
degree of contradiction is obtained by:

D, =p+Ai-1 3)

The resulting values of D belong to set R, vary on the closed interval +1 and —1 and are exposed on the ver-
tical axis of the PAL2v-lattice 7 called “Axis of contradiction degrees”.

In the PAL2v-lattice r when Dc results in +1 it means that the Paraconsistent logical State (&) resulting from
the paraconsistent analysis is True, and when D¢ results in —1 it means that the Paraconsistent logical State (<)
resulting from the paraconsistent analysis is False. Similarly, in the PAL2v-lattice © when D results in +1
means that the Paraconsistent logical State (¢,) resulting from the paraconsistent analysis is Inconsistent T, and
when D result in —1 means that the Paraconsistent logical State (¢,) resulting from the paraconsistent analysis is
Undetermined L. It is considered, therefore, that by analyzing the PAL2v-lattice 7 [3] [6] the concept of Para-
consistent logical State (&) can be correlated to the fundamental concept of state, as studied in physical science
and then extended to the model based on Paraconsistent Logic. Therefore, the Paraconsistent logical State is re-
presented by:

gr(,u,/l) = ( DC 1 DCI ) (4)

where: ¢, is the Paraconsistent Logical state.

D¢ is the Certainty Degree obtained according to the two degrees of Evidence u and /.

D is the Contradiction Degree found according to the two degrees of Evidence x and A.

The Certainty Degree normalized from the Paraconsistent Logical Model is called Resulting Degree of Evi-
dence which is calculated by:

D. +1
;uRe = < (5)
2
Likewise, the normalized Contradiction Degree from the Paraconsistent Logical Model is calculated by:
D. +1
Hee = Ct2 Q)

Derivative and Newton’s Quotient

In Calculus for the resolutions of problems of Physics the Derivative represents the instantaneous variation of a
function [8]. If a function f is derivable or differentiable so close to each a point of its domain the function
f (x)— f(a) will behave approximately as a linear function, so its graph is approximately a straight line [9]
[10]. If the a point belongs to the interval, it is said that f is derivable in a if the limit exist and if it is finite. If
this is the case, then this limit is called a Derivative of function f in the point a, and is represented by f'(a)

f()-1(a)

—f I .
were: f'(a)= Iim)—. Considering there was an increase h such that: h=x—a<«> x=a+h, the
a

X—a X —_
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f(a+h)-f(a)

Derivative can be rewritten as: f’(a)=Ilim . Likewise, the equation can be written as h

h—0
- f(X+Ax)—f(x L
represents a variation of x, such that: Iimﬂ: lim (x+A) - F(x) where Newton’s quotient is:
AX—0 AX  Ax—0 AX
f(x+Ax)—f(x
Q(y,Ax) = ( A)z () ()

Therefore, the Newton’s quotient is defined as the incremental ratio of f with respect to the variable x, at the
point x [9] [11].

3. Paraconsistent Mathematics

The Newton’s quotient can adapt to a Paraconsistent Logical Model in the form of Paraconsistent mathematical
Model will be formed based on the initial concepts of the derivatives [12] [13]. We will apply to the Newton’s
quotient a K factor of normalization that aims to put its values within the limits of the PAL2v-lattice, therefore:

1 {f(xwx)_ f(x)} ®

Qly.ax) =+ K K

where: K is a normalization factor, whose action allows thee quation to be done as the fundamentals of PAL2v.
With the normalization factor in Equation (10) are identified Degrees of Evidence of PAL2v annotation, such

f (x+Ax) _ f(x) :
that: = — K — Favorable Evidence Degree and A = v — Unfavorable Evidence Degree.
From Equation (2) we have the Certainty Degree of the Newton’s quotient:
[ f(x+Ax)  f(x)
D,y = - 9
cm =T K K ©)
Similarly, from the Equation (3) the Contradiction Degree of the Newton’s quotient:
[ f(x+Ax) (%)
Dct(u/N) = —K +?—1 (10)

In Paraconsistent Logic Model the K value must be estimated so that the values of the degrees of evidence
become established with in the fundamentals of PAL2v. For this becomes: K > f (x) This value can be an
equilibrium constant equivalent to Planck’s constant called Paraquantum Factor of Quantization, as seen in [6].

Ky =v2Y,0 (11)

where: y... the maximum value of the function at the considered point.

Ky Paraconsistent Newton Normalization Factor.

The value of the first-order Paraconsistent Derivative in the physical worldis obtained through reapplying the
Newton Normalization Factor (Ky) in the result of the in the Paraconsistent Newton’s quotient:

y' =Ky xPQy,, (12)

Thus, the Paraconsistent values extracted from Newton’s quotient adjusted to Paraconsistent Logical Model
depend of Ax, that is, the increment of the variable x applied to the calculations.

3.1. First-Order Paraconsistent Derivative

For a function of the type y =x" where n is some positive integer, we have:

Ax—0 AX  Ax—0 AX

And in the Paraconsistent Newton’s quotient, which includes the Newton Normalization Factor (Ky) the analy-
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sis will be written as:

| (x+Ax) (x "
PQum) _{ KyAX K Ax (13)

This normalization allows the function y=x" to be identified in the Paraconsistent Newton’s quotient the
Evidence Degree of a Paraconsistent Logical Model, such that:

_ (X+AX_) — Favorable Evidence Degree and 7, = (KX_) — Unfavorable Evidence Degree
N N

wN

The value corresponding to the Certainty Degree (D¢) of the Paraconsistent Newton’s quotient, which, as the
fundamentals of PAL2v is obtained by Equation (9):

D = {M - ﬂ] (14)

cn Ky Ky

Similarly, the Equation (10) the Contradiction Degree of the Paraconsistent Newton’s quotient:

_{(X+Ax)" +ﬂ_1] (15)

Ct(y/N) - KN KN

The Evidence Degree resulting Paraconsistent Newton’s quotient is:

Gy (9" 1

= 16
Hreaun) =K T T oK, 2 (16)
And from the Equation (6) the normalized Contradiction Degree of Paraconsistent Newton’s quotient is:
A n n
:(x+ X) +(x) 17

Horun =Kk, 2K,

3.2. Application Example

For example, if it is wished a final value of the first-order Paraconsistent Derivative of the function f (x) =X
in x=05 so that the Contradiction Degree establishes thus a Paraconsistent Logical State ¢ of equilibrium of
the PAL2v-Lattice .

Resolution: Initially, to form Paraconsistent Newton Normalization Factor it is calculated the maximum
value of the function f (x) =x* at the point considered x =5, therefore, being:

f(X)=x* > f(X)=Yuu > f(X)=5"=25
It is calculated the value of the Paraconsistent Newton Normalization Factor, according to the Equation (12):
Ky :\/Eymax - Ky = 25\/5

For an increment value of the variable x, for example, Ax =0.001, Certainty Degree of Paraconsistent New-
ton’s quotient is calculated by Equation (14):

5 ~(5+0.001)° (5)°
R N
The Paraconsistent Newton’s quotient is calculated according to Equation (13):

> Dgg, ) =0.00028287

PO 1 (x+Ax)2 (x)2 PO . = 1 (5+O.001)2 (5)2
WN A K, K, M) 0001 25y2 252
1
- PQ(.,,N) =m[0.707389652—0.707106781] - PQ(WN) =0.282870812
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Recovering value of Paraconsistent Derivative in the physical world by Equation (12):
y' =Ky xPQy, = ¥' = 25v/2x0.282870812 =10.00993

Then, the value of the first-order Paraconsistent Derivative of the function f(x)=x2 at x=5 is:
y'=10.00993.

3.3. Paraconsistent Second-Order Derivative

Whereas the Paraconsistent Derivative of the first-order is obtained with the calculation of the Paraconsistent
Newton’s quotient Equation (8), then the Certainty Degree is:

Dequn { f (>:<+NAX) f K(X)} (18)

This first value of the Certainty Degree will be normalized by application Equation (5), turning into Evidence
Favorable Degree to the second-order Derivative, so:

Deggun) +1
Hoquny = ; (19)

Or then, (18) in (19), resulting:

K, K
IuZQ(l//N) = . 2 g (20)

{f(x+Ax) f(x)}+1

For second-order Paraconsistent Derivative representation, when the value of Ax decreases will be the Un-
favorable Evidence Degree (1) to approach the Favorable Evidence Degree (u). Therefore, the equation of pa-
raconsistent Newton’s quotient of the second point, or second Paraconsistent Logical State, obtained into PAL2v-

Lattice ¢ for second-order derivative is:
1 {f(x)_ f(x—Ax)] 1)

P - =
Qum =2y K, K,

Avre identified in the Equation (21) the degrees of evidence:

f(x
= L — Second Favorable Evidence Degree.

2y KN
f(x—Ax
Ay =% — Second Unfavorable Evidence Degree.
N

Thus, in Paraconsistent Logical Model has been the Certainty Degree of second Logical State calculated by:

f(x) f(x-Ax)
D = - 22
C2WN) K K, (22)

The second value of the Certainty Degree will be normalized, thus becoming by Equation (5) in Unfavorable

Evidence Degree to the second-order Derivative of the same function f (x), so:
D, +1

_ Peag(n)
A‘ZQ(V/N) - 2 (23)

Or then, (22) in (23):

o

PR 5 (24)

For this second representation of Paraconsistent Derivative when decreases the value of Ax the Unfavorable
Evidence Degree A, approach the Favorable Evidence Degree ., . Thus, the Paraconsistent Derivative of
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second-order will be:
1 | Hagun) ~ g
P —_— | W) SRWR) 25
Quuy AX{ - (25)

The analysis of sequence in PAL2v will result in the Certainty Degree divided by the value of the square of the
increase of the variable X, so:

D

_ Haqyn) _/IZQ(WN) _ ~c3Q(yN)

PQ o= W) _ ol

(wN) (AX) (AX)

With (19) and (23) in (25), results in:
Desgm *1 Deagn +1
1 2 2
P = —

Qe = 2 A

or, with equation (20) and (24) in (25) and rearranging, the Newton’s quotient of second-order Paraconsistent

function is: . K f(cran) (X)]_( f(x) f(x—AX)H (26)

Qny 2(ax) |\ Ky Ky Ky Ky

where: PQ N final value of the second-order Paraconsistent Derivative function.
Ky is the Paraconsistent Newton Normalization Factor.
The Paraconsistent Derivative value of second-order function f (x) in actual physical universe is calculated:

y"=2xK x PQ(.,/N)Z 27)

where: y” is the second-order Derivative in real world.
Figure 2 shows the sequential for obtain the second-order Derivative Paraconsistent.

4. Application Examples Second-Order Paraconsistent Derivative

1) Example 1
As first example consider the procedure of obtaining the Derivative through Paraconsistent Logical Model, where
it is desired a final value of the second-order Paraconsistent Derivative of the function: f (x) =x* in x=3.

Resolution: For the resolution, initially is estimated the maximum function value at the point considered
x=3.

Therefore, being: f(X)=x* > f(X)=yum —> [(X)=3=9

The value of the Paraconsistent Newton Normalization Factor is calculated by Equation (11):

Ky = \/Eymax —> Ky :9\/5
With the Equation (26) is obtained the second-order Paraconsistent Derivative:

1 f(x+ax) f(x) f(x) f(x-Ax)

PQ(wN)Z_Z(Ax)ZK 92 _MHM o H
PQ - [(f(3+Ax)2—f(3)2)_(f(3)2—f(3‘Ax)2)]

(N2 = 2><9><_ \/E(AX)Z

Choosing an increment value of variable x such that: Ax =0.001 it comes that:

= [((f(3+0.001)" - £ (3)")~( (3)" - f (3-0.001)")

N 259 +/2(0.001)°

PQ
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Ny =2xK xPQ},

e A
7 1
Final Result
Hyginy = Deso
Second-order PQi = ZQ(VN)A o= CASQWzN)
Paraconsistent (ax) (4x)

Derivative -~

Third
Paraconsistent
analysis 4
[}
1 1
L
P Deagym +1 _ Deigm +1
2Q0N) — 2 Haquny = 2
* .. _-v
=T RN
.4 DCiQ(N) r DCZQ(VN) A
First Second
Paraconsistent Paraconsistent
analysis analysis
f () f(x+Ax) 1< f (x—Ax) e f(x)
A= K e 2 K PK
N N N N

Extraction of degrees of Evidence
Function f(x)
Figure 2. Flow of sequential calculation procedure for obtaining the second-order Derivative
Paraconsistent.

1
N 2%9x+/2(0.001)°

1
PQ =
N 2x9x+/2(0.001

Resulting: PQ(V/N)2 =0.07856742

PQ [(9.006001-9) - (9-8.994001) |

_0.000002
¥ 0.000025455

; [(0.006001)~(0.005999) ] > PQ_

The value of the second-order Paraconsistent Derivative of function f (x) in actual physical universe is ob-
tained by applying Equation (27):

Y'=2xKyxPQ_ . = 2x92x0.07856742 = 2

Then, for these conditions of Ax =0.001 the value of the second-order Paraconsistent Derivative of function
f(x)=x*in x=3is: y'=2.

2) Example 2

As a second example consider, that one wishes to determine:

a) The first-order Paraconsistent Derivative equation of the function f (x) =3x"+1.

b) The value of the Paraconsistent Derivative of function f (x) =3x?+1 in the point x=2 using an in-

crement variable x value: Ax=0.001.
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c) The value of the second-order Paraconsistent Derivative of function f (x) =3x*+1 inthe point x=2.
Resolution:

a) Using the Paraconsistent Newton’s quotient exposed in the form of Equation (13) the function
f (x)=3x*+1 in the Paraconsistent Logical Model is:

1 3(x+Ax)2+1 3(x)2+1
AX Ky K,
where: PQ oN) is the Paraconsistent Newton’s quotient.

Ky is the Newton Normalization Factor computed by Equation (11): K, = \/EymaX
3(x+ Ax)2 +1

KN
3(x)2 +1
N

b) The first-order Paraconsistent Derivative of the function f (x) =3x*+1, for x=2 with Ax=0.001, is
calculated by sequence:

o Obtaining the maximum value of the function at the point x =2 where:

PQun) =

The Favorable Evidence Degree is: =

The Unfavorable Evidence Degree is: A =

Vax = 3(X)" +15 Yoo =3(2)° +1=13
e The Newton Normalization Factor Ky is: K, =+/2y,, — K, =132
o Applying the Paraconsistent Derivative equation obtained in item a, for Ax =0.001, we have:
1[3(x+Mx)"+1 3(x)°+1 1 |3(2+0.001)° +1 3(2)"+1
PQum =72 - = PQyn) = -
YN T AX Ky Ky ") 70,001 1342 132

1

PQuv = 001

[0.707759658 - 0.707106781] — PQ,n) = 0.000652876|

L
0.001
PQ(.,,N) =0.652876812
The value of the first-order Paraconsistent Derivative in the physical world is obtained by Equation (12):
y' =K, x PQ(.,,N) —>y'= 132 x0.652876812 =12.00299415

¢) Using the procedures in Paraconsistent Logical Model, the second-order Paraconsistent Derivative function
f (x)=3x*+1 is obtained by Equation (26), where:

1 [[3(X+Ax)2+1_3(x)2+1J_[3(x)2+1_3(X—Ax)2+1H

o 2 (Ax) Ky Ky Ky Ky

The second-order Paraconsistent Derivative of the function f (x) =3x%+1 at the point x = 2 with Ax =0.001
is computed by:

o Obtaining the maximum value of the function at the point x = 2 where:
Voax = 3(X)" +15 Yoo =3(2)° +1=13

e The Newton Normalization Factor Ky is: K, =+/2y,, — K, =132
o Applying the Paraconsistent Derivative equation obtained in item a, for Ax =0.001, we have:

_ 1 [[3(2+0, 001)* +1 3(2)° +1J_{3(2)2 +1 3(2-0,001) +1ﬂ

N 2(0.001)° 13y2 132 132 1342
1 (13.012003 ~ 13.000000) _(13.00000 ~ 12.988003}
N 2(0001)° [\ 13V2 132 13v2 132
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1
PQ(WN)Z = W[(O.OHO%) - (0.011997)] - PQ(.,,N)Z =0.163178488

The value of the second-order Paraconsistent Derivative in the physical world for the function f (x) =3x*+1
at x =2 isobtained by Equation (27):

Y'=2xKxPQ o —>Y'= 2x1342x0.163178488 = 6

Therefore, for these conditions of Ax =0.001 the value of the second-order Paraconsistent Derivative of
function f(x)=3x>+1 at x=2 is: y"=6.

5. Conclusion

A method for Differential Calculus using the foundations of Paraconsistent Logic applied to the Newton’s quo-
tient was presented. As it is seen, the Paraconsistent Differential Calculus is structured in a logic that accepts
contradictions; it is able to dissolve the uncertainties, aggregating values that would be conventionally discarded.
Following the procedures of Paraconsistent Mathematics it was presented some examples where results are ob-
tained with resolutions of first and of second-order Paraconsistent Derivative of some functions. The results in-
dicate that Paraconsistent Mathematics responds well to these basic applications and facilitates the computation-
al treatment. Thus it was obtained a model of Paraconsistent Differential Calculus where the results show that
the application of Paraconsistent Mathematics responds well to an issue related to non-consideration of infinite-
simal. To improve the conclusions, other works which use complex functions should be developed, however, for
the equations of the samples the results were quite satisfactory. And the greatest importance of these Paracon-
sistent Differential Calculus lies in the fact that, all calculations are based on the concepts of Paraconsistent
Logic where contradictions are not ignored, but their values added to the final result.
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