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Abstract

A method of calculating a possible stability loss by a rotating circular annular disc of variable thickness is
suggested within the theory of perfect plasticity with the help of small parameter method. A characteristic
equation for a critical radius of a plastic zone is obtained as a first approximation. The formula for the critical
angular velocity, determining the stability loss of the disc according to the self-balanced form, is derived.
The method using which we can take into account the disc’s geometry and loading parameters is also speci-
fied. The efficiency of the proposed method is shown in Section 5 while considering an illustrative example.
The values of critical angular velocity of rotating are found numerically for different parameters of the disc.

Keywords: Axisymmetric Elastoplastic Problem, Boundary Shape Perturbation Method, Rotating Circular
Annular Disc, Stepped Disc, Stability Loss, Critical Angular Velocity

1. Introduction external boundary in its middle plane y =0, being a
plane of symmetry of the disc, with the accuracy to the
The analytical methods of studying the stability loss [1-6] first-order infinitesimals, in the following form
at radial tension are known to be applied to plane discs
(with constant thickness) in elastoplastic state. In [7] a
method of calculation of possible stability loss was pro-
posed for the case of the simplest non-planar rotating
circular disc, namely, the stepped disc, loaded by radial
stress on the boundary. This method underlies the present
approach to approximate calculation of critical radius of
the plastic zone and critical angular velocity of the rotat-
ing annular disc of variable thickness. Besides, the real
profile is roughly replaced by a step-like one, so that the
disc is considered to be composed of partial annular discs
of constant thickness. The applicability of the algorithm
to the analysis of the small perturbations dynamics in

case of the discs with arbitrary profiles is discussed.

r=b+dcosnf,n>2,d =const,

or
p=1+d6cosnf )

2. Problem Statement

Consider a stability loss of the rotating annular disc with (
an arbitrary smooth profile y(r) (Figure 1) as a result
of its attaining an equilibrium form, different from a cir-

cular one, in the plane of rotation. We will assume the
disc to be almost circular, and present the equation of
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Figure 1. Stability loss of the disc according to self-balanc-
ing form.
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where b is the external radius of the unperturbed disc
(the radius of circumference profile), p=r/b is the
non-dimensional current radius, & is a small parameter,
neN, @ is a polar angle. Let a be the internal radius
of the disc, o, be the yield strength of the material, £
be the modulus of elasticity, y be the density, v be
Poisson’s coefficient, @ be the angular velocity of ro-
tation and 7, be the current radius of the plastic zone
for the unperturbed disc.

Let’s assume that the maximal thickness of the disc is
small as compared to its other dimensions. Based on this
assumption, the stresses located on the internal and ex-
ternal boundaries of the disc will be considered as re-
sulted from certain efforts p, = p,, + p, and
P, =D, + P, [7.,8], acting on the disc in its middle
plane.

For the boundary form, described by (1), we need to
obtain (as a first approximation) the characteristic equation
for the critical radius of the plastic zone 7, and to find
the corresponding critical angular rotation velocity o, .

3. The Unperturbed Elastoplastic State of
the Rotating Disc

Consider the equation of quasi-static equilibrium [9]
1d (o- )+ o,
y d’/’ I‘Vy r

—Op _ O

" 2

where
o=yb’w’.
Basing on yield condition (of maximum shear theory)
and taking into account that the problem statement gives
Grr (a) = _pi’

in the plastic region re[a,r,]|, we present the solution
of linear differential Equation (2)

do, 1 1d o, o
(Lol 222,
in general form
o, =x (ra,p,). 3)
Moreover,

Opg = Oy- “4)

Taking into account the condition on the external
boundary

O—rr (b) = pe

and yield condition (constant stress intensity), suppose
that in the disc elastic region r €[r,,b] the stress com-
ponents are

o, =z (r.Cib,p,), ®)

0-:9:9 :W* (rac;b:pe)' (6)
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Here the constant C is to be found.

Having in mind that non-dimensional values will be
used in further calculations we refer the values with the
dimension of pressure to the yield strength o, . The
values with the dimension of length will be referred to
the characteristic length b. Introducing the notations

By =r,/b, f=alb,

we use the continuity condition for the stress components
at transition through the boundary p = f,. Equating the
right-hand sides of (3) and (5), and those of (4) and (6) at
p = f3,, we get the system of equations

x(By:B.pifo,)=2(p.Cil,p.[0,),

1= w(ﬂO,C;l,pe/GS).
Its solution

C=§(ﬂ0),0'/0'3 zl(ﬂo)

fully describes the stress state (3)-(6) and determines the
dependence of the angular velocity of disc rotation on the
radius of plastic region.

4. Principal Result

Along with relations (3), (5), (6), consider an approxi-
mated stress state, obtained at dividing the given disc of
an arbitrary profile into partial discs of constant thick-
ness 2}11,~--,2h,10 (Figure 2). In [7] it has been shown
that the dependences corresponding to (3), (5), (6) for the
stepped annular disc are

2
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Figure 2. The disc of arbitrary profile divided into partial
discs of constant thicknesses.

AM



D.M.LILA ET AL. 581

Cor=Corp™ i’ pe(Brp,). Gre g2’ (v

Q

C==/

. . - 0
N Cin —Cz,jﬂp*z _ﬂpz’pe(p/’p/+l)’ 3(V+3) v+3
% = . ©) =135,
~ ~ L~ =—£8.8" +1,
Cing =Conyp z_ﬂpz’pe(pno*"pno}’ S
=x0+xj T R 1

where p, =1 /b, s Pugt = Ty 1/b Py =1, ©oax, 0 2w, Y B
a=oc(v+3)/(80,), B= o-(3v+1)/(80's) , and the h j \
constants C,,---,C, and Ci;,Ca;, -‘,61,;10,52,"0 are 8, :_;'B’ 5 :_3_;11_;(}1’“1 ~ )P

found as solutions of the systems | J
3:h_z _hk)pkfphozoapo:ﬂa
k=1

_if — ﬂ +
s 'B whereas 5,7, s;O_l,t;O_l,sno,t”Q and 4,,B,,D, .
o are found from the recurrence relations
h|1- T+l =k l-—p +2
| P b P > P, o~ . D i
5 | 5 P s; —Qa+R —+8,t; =0 a+R —+§",
o o
o 5 G _ o 5, G _ i ’ ’
hz{l_gpz +_2j_}5(1_§p2 +,0_2 4 Sin :Ams,‘ /+1t +C/+1’
‘/_'+1 = A;HS/_‘ /+1t +C/+19
A PIRCAPCIC R B PR N Spea = ApaS) = Brualy + €y
-1 -1 j i1 _ . -
! 30" ppy 3T p l = Aja8; =B ot; +Cls,
and
61,,- +62,jxj =s;., S”o =A”0 J B”otf +C” ’ ”0 =A”o J B”otf +C
= ~ - here
Cij—Cox, =13, W
Nl'/ ij (O A.+1:d.aj+vfjcj,Bj+1: B
Cijnn+Cojux,, =5, .
~1‘/+1 ~2,/+1x_1+1 S_I+1 C b _ijbj, 14]_Jrl — _fjaj _ djcj,
Crost = CopitXy =, B* ——d,.C\., =1, +vd,p,
G wCo = A d j+1Aj+1 _fj+1 ( VC]+1AJ+1 + Aj+1)
l,no 2,n0 - ny
61 _62 —¢ B d]+1a/+lBj+1 _f_‘j+1( VC/HB/H +BJ+1)
70 ] g,
C d_/+l (a/+1C1+1 +b1+1)
respectively. Here x, =1/p7 . x, , =1/p}, .
R ! ! 0 _f/+1< ve, . Cr+Chy +Vb/+1)
o .
; - q_z Aj+2 = _fj+1aj+1Aj+1 +d/+1 ( ch+1Aj+1 + A/+1)
_ B =- B..+d ve...B.. +B
8 &_(RAHO —R*Bno )&_(SA’[O _S*Bno) J+2 f _]+1 J+l J+l ( JH1IT 41 ]+1)
= 3 G QA Q*BO-S D 7 S Cj+2 = _f/'+l <a1+1C/+1 +b/+1)
v+ - +D, -
"0 oo +dj+1( v, Coy +Cy +vb1+1),
1 o,
q=—.>
b
’ 2 -1 2 Ano = dno—lano—lAnofl
0-d (3v+1) By +243, 3, y (3v+1)4 )
0 3(V+3) 0 V+3 ’ f;lo— ( nO—]Ano—l +A/10—1)9
R= doﬁlﬂo_l, Bno = dno—lano—anO—l
S:d063ﬂ0_] +1, _-f;lo—l (_VcnO—IBno—l +Bn0—1)’

Copyright © 2011 SciRes. AM



582 D. M. LILA

Cop =4y (ano—lcno—l +b, —1)

- f;10 -1 (_Vcno—lcno— C

no—

+ vbn0 4 ),

ET AL.

Dependences (7-9) with account of the relation
oy, =1 provide a zeroth approximation to the solution
of the problem on plastic equilibrium, determining the

position of elastoplastic boundary. In addition,

A:() = _j;10—1an0—] Ano—l +dn0—1 (_Vcno—lAnO—l + A:;O—l )’ A = ngZ (1)
1
B:;O = _fnoflanolenofl + dnofl (_VcnOlenofl + B::Ofl )’ dp p
« A B -3 A R-B; R L_Le
Cno = _j;1071 (anoflcnofl +bl10*1) ( 110Q ROQ )a +( )O-s O-s
+dn 1( Vcn 71Cn 71+C: 71+Vbn 71)’ +A;0S_B* S*+C*
’ ' ' ’ =og%(1 1)=4 3a
Ck:aDknk:j"'l,"‘,no hAz_O-%() O-/’/’() +o0 — ﬂ
wnere
D,‘+1:g,‘(dj_ij)a P, g(ﬂ)
= 0
c=d. (a.D. +g. ) :
j 1 85 (ﬁ_l —ﬂz) *
_f*_l( ve *_le* +D, +vg ) _ sir+7v+3 (ge — UE; —[SAn0 -8B, ])
-1 2 ’
AT, e, )
A h v+3 0 0
ak=h—k,bk k+hl k=, 0<g <1,0<¢, <1,
X
k+1 k+1 k B %e 7 ¢3 _1 g _
Ck_hk+l hk’dk_xk+xk+l’ _%i;ﬂfl_ﬁz'}%e—o:~7>0’(o>l’
by 2x; _ .
T—QAnO -0 Bn0 +Dn0 -1,
f Xt X g = by —hy 1 / (g(ﬂ ) )
¢ 2x; o by xk’ P[0 = EHH 0) &
k=j,-,n,—1 for s, #0,and
8x,(¢' 1) 7
ge,_%e@”)q(g,,_ﬂlge)(mn KB )54, -8, |
Pe _ Iy(ﬂ ): v+3 y 0 0 0 0
o, ¢ _8%e(¢3 —I)Z 4 . ’
- Ty, (RA R'B )
v+3 oy "o "o
pi/as =& +/[1 (U(ﬂo)_ge)
for s, 20. where A(f,) is the determinant of the matrix (aij ):1 o

The number of sections n, of the stepped profile,
which approximately substitutes a real one, still remains
unknown, and constant half-thicknesses of partial annu-
lar discs can be introduced by the average theorem:

et (10)

; + 7 je{l,'--,no}.

Ny

First assume that n, equals to a certain fixed small
natural number. Then, with regard to (10), one has a
characteristic equation [2-4,7]

A(B,)=0, (11)
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where
a11=1+A1d Pry-1>1 /E

= 4d, (p,, -1)0,/E,
= 4dy (p,, 11)o, JE,
Ady (1) .
=n4yd, (p, 11)o,/E,
a, = ndyd, (p, 1)o,/E,
ay =1+nddy (p, 1:1)0,/E,
ay, = ndyd,y (p,, 1)), E,

Ay = 4q,,;1> 9 =49, ;15
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33 = 431534 = 44 1>
Ay = 4s ;154 = be j1>
Ay3 = G715 4 =g ;1>

d,(-),+-,d, (-) are the known functions of two vari-
ables, and A:O , B:O , C;O and ¢q,; ,**,qs,, are
found from recurrence relations. Moreover, the critical
angular velocity , , corresponding to the critical radius
of the plastic zone f,,, f,. € ( ,B,l), is obtained from
the known formulae [7], depending on the type of con-
tour load p,, p,. It remains to be seen whether S,
and o, are exact approximations of the corresponding
values for the disc with given profile y(r) .

Let & be an arbitrary positive number. Let it be con-
nected with the absolute error of the stress state, ap-
peared due to transition to a stepped disc, by the condi-
tion

el o] pel Agut] }

0 0 0
maxq sup |x—0p5|, sup |Z—O'p;|, sup |w—0'9§
el B.fps ]

<ég

(12)
where the functions p (3), (5), (6) and (7)-(9) are taken
for B, =p,. . If for p,, being the solution of charac-
teristic equation (11), inequality (12) fails, one should
take n, :=n,+1, redetermine 4, and also (7)-(9) ac-
cording to (10) and solve Equation (11) once again. The
fulfillment of condition (12) with new S, allows to
complet solution of the problem on the stability loss of
the disc with given profile, with the accuracy of &. If
equality (12) fails, the described procedure must be re-
peated with n, :=n,+1 and so on.

5. Example

Let’s calculate the stability loss for the disc of a hyper-
bolic profile

y=k/r' k,s>0. (13)

Many real profiles can be approximately expressed by
Equation (13). For such discs, as well as for those of
constant thickness (s =0 in (13)), the stress-strain state
can be obtained in a closed form [9].

From Equality (4), Equation (2) in the plastic region is
presented as

do, 1-s o, o
—t—0, =—L——=7. 14
o, e (14)
Solution (3) of the corresponding initial problem is of

the following form

2
o. o N o oa ~
o,=—-———r'+d”|—p——t—— |
l1-s (3-s)b

Copyright © 2011 SciRes.

ET AL. 583

15)

In the elastic region the stress components of the un-

perturbed annular disc with a hyperbolic profile can be
sought as [9]

- = o
o, =Cur' +Car’™? —a' =17,
b2

o =(p1+1—s)arp1 +(p2+1—s)z'zrp2 (16)

where Ci, Ca, P, Py, @', B are yet to be speci-
fied. Substitution of the corresponding expressions (16)
for o, and o, inequilibrium Equation (14) gives

p+1
3-s
After substitution of expressions (16) into

do do,, O
r———-mr—=+(m+1)(c, -0, )=0,m=v",
dr dr ( )( " 9‘9)
obtained by exclusion of radial displacement from the
coupling equations for deformations and stresses, based
on (17), we get

a'=

an

o' = 3m+1 ' m+3
8m—s(3m+1)’ 8m—s(3m+l)'

(18)

Besides, using the method of undetermined coeffi-
cients, find the indices p;, o, :

[ 2

K s S
=——1F,/1+—+—. 19

Py 5 + 4 (19)

The condition on the external boundary leads to the
relations

61 =p" (a'o-+pe —E'bpz ),Ez = 6

Taking them into account in (16), from the system of
stress continuity equations at transition through the elas-
toplastic boundary, we get

O
C= s s
(ps+1=5) B =(p +1=5) 7"

1+ﬂ’£ﬂ02 —(,01 +l—s)(a'a+peJﬂg"
% .(20)
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(o2

O,

s

=1L - L g, - p) Ee e
I-s I-s o,

s

o2 (o

I-s o,

~(p, +1-5) B j}{%((pz +4) o

_(/71+4) (f"+2)+a'(p1—p2) A

[ B
Al (CRSEBVAR PRRERV |
(21)
z(p,C'l &j—(a’ I P CJpp'
s O-? O-? (22)
+Cp” —a' L o,
O-S

w(p,C,l, e}=(pl+l—s) a2 4 P C],o'“1

s O-s O-a (23)

+(&.—ue,) (P — ) B —ﬁﬁ'” .
(o +1=9)80 = (pa 1= ) |

{4 (5 =8 BB (0 +1-98
(o +1-5) B0 )= (=2 ) B0 )

T:3€S((pz+4) (§)2+2_(p1+4) (;),+2)

' + 1 -5 s—
+a'(p—p,) By p“f;/f )

x((p2+1—s) 2 —(,0, +1—S) (fl)a
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B ((o+1=9) B0 =(p+1-5) A" |}

{H %, %(403 —1)[,3[_Sﬂ_],55_] (o +1-5)B7

for »,>0.
To analyze the dynamics of small perturbations let’s
first calculate half-thicknesses £, . In terms of (10), we

have:
kno[(ﬂJrjl_ﬂ) —(ﬁ+(j—l)1_ﬂj J
Ny y
h. = ,(24)

! b’ (1-B)(1-5)
je {1,~--,n0}.

Then we determine dependences (7)-(9) (for as yet
unknown f,) and characteristic Equation (11) itself. Its
solution g, allows proceeding to the verification of
estimation (12) with previously given ¢. In some cases
the exact upper limits in inequality (12) can be found
analytically as the solutions of the global extremum
problem for continuously differentiable functions (at
discontinuity points p,---,p, ; it is necessary to use
one-sided limits as the values of function: the right-side
limit at p; , and the left-side one at p, of each seg-
ment [ pjfl,pj]c [8.1]). However, the numerical me-
thod appears to be easier and more versatile tool to verify
condition (12). It is reduced to finding the maximum of
the set of limited nonnegative piece-wise continuous
functions, given at S, = f,, by using relations (15),
(22), (23) and (7)-(9), in the points of quite dense discre-
tization of the corresponding segment.

Table 1 gives the results of problem solution for a
hyperbolic disc with £=0.005 and s=2 depending
upon n,.Here n=2, b=1, B=a/b=02, v=03,
o, /E=001, &=0, =0, 5 =1/3, 5,=0.

6. Concluding Remarks

The proposed scheme allows determining the critical

Table 1. Critical radius and squared relative critical veloc-
ity.

o 3 10 20 25 30
o 07331  0.8399 09199  0.9359  0.9466
o} /q 0.8863  0.5929  0.5195  0.5042  0.4939
AM



D.M.LILA ET

radius and critical angular velocity of rotating disc with
the given profile for known load parameters. This en-
ables studying the discs, whose unperturbed elastoplastic
state can be obtained in a closed form [10]. Except the
discs of constant thickness and the hyperbolic discs,
conical, exponential and equal resistance discs [9], as
well as compound discs of the mentioned profiles are
referred to this type. Besides, neglecting the procedure of
verification of condition (12) due to sufficient increase of
the number of stepped disc sections #,, we get a method
of calculating the possible stability loss (including the
eccentric case) for fast rotating elastoplastic annular and
solid discs of an arbitrary profile [11].
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