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Abstract

The stability of thermohaline convection problems of Veronis and Stern types for stationary convection is
studied for quite general nature of boundaries. It is shown by means of an appropriately chosen linear trans-
formation, that in case of stationary convection the equations describing the eigenvalue problem for thermo-
haline convection problems are identical to equations describing the eigenvalue problem for classical Bénard
convection problem. As a consequence, the values of the critical Rayleigh numbers for the onset of station-
ary convection in thermohaline convection problems are obtained. Also, necessary conditions for the validity
of principle of exchange of stabilities for thermohaline convection problems are derived using variational
principle.
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1. Introduction

A problem in fluid mechanics involving the onset of
convection has been of great interest for some time.
Thermal convection occurs in nature in so many forms
and over such a wide range of scales that it could be
claimed with some justification that convection repre-
sents the most common fluid flow in the universe. The
problem of onset of thermal instability in liquid layers
heated from below originated from the experimental
works of Bénard [1]. Stimulated by Bénard experiments,
Lord Rayleigh [2] studied the Bénard problem mathe-
matically for the first time, for the idealized case of both
free boundaries and showed that the gravity dominated
thermal instability in a liquid layer heated underside,
depends upon the Rayleigh number. The theoretical
treatments of convective problems usually invoked the
so-called principle of exchange of stabilities (PES),
which is demonstrated physically as convection occur-
ring initially as a stationary convection. Alternatively, it
can be stated as “the first unstable eigen values of the
linearized system have imaginary part equal to zero”.

A broader range of dynamical behaviour is observed
in the convective instabilities that may occur when a
fluid in a gravitational field contains two components of
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different diffusivities that affect the density, for example,
temperature and solute. This phenomenon is known
variously as thermohaline convection, double diffusive
convection, or thermosolutal convection. Thermohaline
convection, with its archetypal case of heat and salt, has
been extensively studied in the recent past on account of
its interesting complexities as well as its direct relevance
in many problems of practical interest. Thermohaline
convection has matured into a subject possessing funda-
mental departures from its classical counterpart, namely,
thermal convection (single diffusive convection) and is
of direct relevance to the fields of limnology, oceanog-
raphy, astrophysics, etc. The various applications of the
problem have aroused the interest of many research
workers and this led to numerous research papers in
various journals in the recent past. For a broad view of
the subject one may be referred to Turner [3] and Brandt
and Fernando [4].

Two fundamental configurations have been studied in
the context of the thermohaline instability problem, one
by Stern [5], wherein the temperature gradient is stabi-
lizing and the concentration gradient is destabilizing and
another by Veronis [6], wherein the temperature gradient
is destabilizing and the concentration gradient is stabi-
lizing. Further, one should also note the relationship of
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the Veronis’s analysis to that of Stern’s analysis. Veronis
[6] has done the analysis of a situation that is gravita-
tionally opposite to that of Stern’s. Therefore, one can
treat the two problems by considering the same configu-
ration but with the assumption that gravity is positive
downwards in one problem and positive upward in the
other. It is important to note here that Veronis’ as well as
Stern’s work are restricted to an idealized case of dy-
namically free boundaries.

Veronis also studied that when R, (salinity Rayleigh
number) is sufficiently small (much less then 277" 4
the value of critical Rayleigh number R_for ordinary
convection with no solute present) the effect of the solute
is to modify the results for ordinary convection by only a
small amount. As R_is increased to the order of R, the
value of R (thermal Rayleigh number) at which the
various types of instability can first occur also increases
and as R_becomes very large the value of R, ap-
proaches asymptotic value. In other words, as R, — o,
R, — 7 'R, . Thus, the exact behaviour of the system as
a function of R depends on 7 (the ratio of the diffu-
sivities). Therefore, it becomes important to study this
dependence for all combinations of boundaries. Further,
it is evident that an analogous dependence for the case of
Stern’s type configuration may also hold.

Motivated by the above discussions regarding the sta-
bility and the structures of the thermohaline convection
problems of Veronis and Stern types and their classical
counterpart, the aim of the present paper is to study the
stability of thermohaline convection problems for quite
general nature of boundaries. It is shown here that upon
using a linear transformation the equations describing the
eigenvalue problem for stationary thermohaline convec-
tion problems become identical to equations describing
the eigenvalue problem for stationary classical Bénard
convection problem. As a consequence, the values of
critical Rayleigh numbers for thermohaline convection
problems of Veronis’ and Stern’s types for different
combinations of rigid and dynamically free boundary
conditions are obtained. Furthermore, necessary condi-
tions for the validity of PES (in terms of ¢ 'R, and
T|R| - Laws) in Veronis and Stern types thermohaline
convection problems are derived for sufficiently large
values of Rayleigh numbers using variational principle.

2. The Physical Configuration and the Basic
Equations

A viscous, quasi-incompressible (Boussinesq) fluid of
infinite horizontal extension and finite vertical depth is
statically confined between two horizontal boundaries
z=0 and z=d which are respectively maintained at
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uniform temperatures 7, and 7, and concentrations
C, and C,. We mathematically analyze the onset of
convection in the system under the force field of gravity
when the temperature and concentration make opposing
contributions to the vertical density gradient. Following
the usual steps of linear stability theory, the non-dimen-
sional linearized perturbation equations governing the
physical configuration described in the foregoing para-
graph may be put in the forms [7];

2 2 22 P
(D a)(D a ij 0
=Ra’0-Ra’p
(D*-a*~p)o=-w )
(02_612-5}0:—% 3

together with one of the boundary conditions;
w=0=0=¢p=D’w at z=0andz=1 (4a)
(both boundaries dynamically free)

or

w=0=0=p=Dw at z=0 and z=1 (4b)
(both boundaries rigid)
or

w=0=0=p=Dw at z=0 and
w=0=0=¢p=Dw at z=1 (4¢)

(lower boundary rigid and upper boundary
dynamically free)
or

w=0=0=¢p=Dw at z=1 and
w=0=0=p=D*w at z=0 (4d)
(lower boundary dynamically free and upper boundary
rigid)
In the above equations, z is the real independent
variable, D = %z is the differentiation with respect to

z, a*is the square of the wave number, o is the
thermal Prandtl number, 7 is the Lewis number, R is
the thermal Rayleigh number, R  is the concentration
Rayleigh number, p(= p, +ip;) is the complex growth
rate and w,0 and ¢ are the perturbations in the ver-
tical velocity, temperature and concentration respectively
and are complex valued functions of the vertical coordi-
nate z only.

3. Mathematical Analysis

The system of Equations (1)-(3) together with either of
the boundary conditions (4) constitutes an eigenvalue
problem for the complex growth rate (p) for given values
of the other parameters, namely, o, R, R and 7
and a given state of the system is stable, neutral or unsta-
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ble according to whether p, is negative, zero or posi-
tive. Further, system of Equations (1)-(3) together with
boundary conditions (4) describes the eigenvalue prob-
lem for

1) Veronis type thermohaline convection problem, if
R>0and R >0,

2) Stern type thermohaline convection problem, if
R<0 and R <0
Furthermore, if p, 20= p, =0V a*, then for neutral
stability, we have p =0 . This is called PES.

3.1. Critical Rayleigh Numbers
When instability sets in as stationary convection, i.e.,

when PES is valid, Equations (1)-(3) for Veronis type
thermohaline configuration becomes

<D2 -a’ )2 w=Ra’0-R.a’p 5)
(D -a’)6=-w (6)

2 2 _w
(D7 -a*)p=-- (7

together with any one of the boundary conditions (4).
Using the transformation y = R6 - R ¢ , Equations (5)-(7)
yield the following equations

(D2 —az)z w=a'y ®)
(D -a*)y=—Rw )

and boundary conditions (4) become
=0 at z=0 and z=1;and
either Dw=0 or D*w=0
at z=0 and z=1 (10)

R . .
Here, R (: R ——Sj is termed as the effective
T

Rayleigh number.

It is remarkable to note that Equations (8) and (9) are
identical to classical Bénard equations [8], where R
plays the same role as that of R (the thermal Rayleigh
number) in Bénard convection problem. Therefore, the
results already available for the thermal convection prob-
lem [8] can easily be translated into those for the thermo-
haline convection problem of Veronis type. Consequently,
the values of critical Rayleigh number for Veronis type
thermohaline convection problem for the following three
cases of the boundary conditions can be obtained.

Following the analysis of [8], Equations (8)-(9) with
the relevant boundary conditions from (10) yield the
values of the critical Rayleigh numbers as;

Case I. When both boundaries are dynamically free.
- 277

c

=657.51
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this upon using the expression for 9 implies that
R
R =65751+—, (11)
T
the same value of the critical thermal Rayleigh number
as obtained by Veronis [6] and Knobloch [9].
Case I1. When both boundaries are rigid.

R
R =1707.76 +—. (12)
T
Case II1. When one boundary is rigid and one is free.
R
R, =1100.65+— (13)
T

In the results (11)-(13), the values 657.51, 1707.76,
1100.65 are respectively the values of the critical thermal
Rayleigh number for free-free, rigid-rigid, rigid-free
boundary conditions respectively for the purely thermal
problem [8].

The analogous values of critical Rayleigh number for
Stern’s type configuration can be easily obtained by re-
placing R and R, by —|R| and—|RS|respectively, in
Equation (5) and emulating the analysis followed in Ve-
ronis type configuration. Therefore, we have

Case I. When both boundaries are dynamically free

|R| =7(657.57+|R]). (14)
Case II. When both boundaries are rigid

|R| =7(1707.76+|R] ). (15)
Case II1. When one boundary is rigid and one is free

R

s

c

R

s

_=7(1100.65+|R| ). (16)

3.2. 'R, and 7|R| - Laws

From results (11)-(13), one can easily see that for su-
fficiently large values of R (lettingR —>©) R —
r'R,.

Since the result holds for all the cases of boundary
conditions, henceforth is referred to as 7 'R, -law for
Veronis type thermohaline convection problem. Also
from (14-16), we can obtain an analogous law namely;
z'|R| -law for Stern’s type configuration for sufficiently
large values of |R| .

In the following sections, we shall validates the above
stated laws using the minimum property of functional
established by variational principle.

4. A Variational Principle

Letting F=(D*~a*) w, (17)

and eliminating } from Equations (8)-(9), we get
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(D*—a*)F =—a’w (18)

and the boundary conditions corresponding to (10) as
w=0and F=0 at z=0 and z=1;and
either
Dw=0 or D’w=0 at z=0 and z=1 (19)
depending on the nature of the bounding surfaces.
Multiplying Equation (18) by F and integrating the
resulting equation over the range of z , we get

1 1
IF(DZ -a’ )Fdz = —%azijdz
0 | 0 (20)
2
= —iRazjw(Dz -a’ ) wdz
0

Integrating by parts the above equation a suitable number
of times, using the relevant boundary conditions from
(19), we get the expression for the functional as

[ {(DF)2 +d (F)Z} dz

aZJ.wF dz

j{(DF) +a*(F) }dz_ L )

azj{(Dz —az)w}z dz ) a1,

where, [ and I, are positive definite integrals, and the
limits of integration from the integral sign have been
omitted for convenience in writing.

Upon using the value of R and the positivity of
1,and I, , Equation (21) clearly implies that

RN =

21

R
R>—=, Va.
T
Hence, for large values of R_, we get

R >77'R,. (22)

It is remarkable to note here that the result (22) is uni-
formly valid for all cases of boundary conditions.

Using the variational method of Chandrasekhar’s [8]
for thermal convection problem, we have the stationary
property of the functional R  given by expression (21)
for all cases of boundary conditions given in (19) when
the quantities on right hand side are evaluated in terms of
true characteristic functions. Also the quantity on the
right hand side of (21) attains its true minimum when F
belongsto R_, i.e. the lowest characteristic value of R,
namely R, ,isindeed a true minimum, i.e.

(o aJho e

B azij dz

T
(23)

J\oFy +a(FY |z

) az.[{(D2 -a’ )w}2 dz
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Further, this result is also valid for all cases of the
boundary conditions (19).

5. Necessary Conditions for PES

Let us consider
F=coszmz 24)
which obviously satisfies the boundary conditions

F=0 at z:—% and z:+% 25)

We shall now consider the boundary conditions (19) in
the following forms

w=0=Dw at z:i%

or w=0=Dw at z=i%
or w=0=Dw and
w=0=Dw at z= J_r% (26a,b.¢)
In (25) and (26) the origin has been shifted to the mid-

way for convenience in computation.
Equation (17) upon using (24) yields

(D* —a’)Y’w=cosxz 27)
Let g° and g," be the roots of the auxiliary equa-

tion of the Equation (27), hence the general solution of
Equation (27) is given by

coS 7z

(7:2 +a’ )2
Now, using the boundary conditions w=0; Dw =0;

and D’w=0 at

z :i% in Equation (28), we get following three re-

w = B, coshq,z+ B, coshgq,z + (28)

spective equations as

B, cosh % + B, cosh %2 =0 29)

q,B, sinh%+ q,B, sinhq?2 =

(30)
V1
(rray
ZB h ql 2 h q2 _ 1
q,"B, cos ?+q2 B, cos 7—0 (31)

Now, solving Equations (29)-(31) for B, and B, for
different cases of boundary conditions (26), we get

=0 , for(26a)
B = -%@/2) , for (26b) (32)
_ _ Aq, cosh(g, /2),f0r (260)
A
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and
=0 , for(26a)
Acosh(g,/2)
B, Q> for (26b) (33)
Ag.* cosh(q, /2
__Aacosh(92) 060
A
where,
9 . 1D 9> . . 4
A = g, cosh—sinh —= — ¢, cosh—=sinh —
9 2 5 9 5 2
and

A'=q,9, COSh%Sinh - 4,4, 2 cosh Lo s1nh 6]2
Now, substituting the values of w and F in 1ntegrals

I,and 7], and integrating, we get

“h

2 2
1= [{(DF) +a* (F) Jaz =~ ;"“ (34)
e
e
L= | wFd:
_12
(35)
27 B, cosh 2 2z B, cosh 2
- 2 2 1
- 2 PR 2 PR 2
7T+ q Tt 2(72’2+az)

Using the values of integrals /, and [, given in (34)
and (35) in inequality (23), we get

R
R <—+
T

o +a

27 B, cosh % 27 B, cosh %2

24° + +
n ""]12 x +LI22

1
2<7z2 +a’ )2

Now, utilizing sufficiently large value of R_ in the

above inequality (i.e. taking R — o0 ), we have

R <7'R, (36)

which is uniformly valid for all the cases of boundary
conditions.
Therefore, combining inequalities (22) and (36), we get

R —>7 'R (37)

which is precisely the z'R, - Law for Veronis type
thermohaline convection problem.
Further, replacing R and R, by —|R| and —|Rs|
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respectively, in Equation (8), emulating the proof of

'R, - Law and taking sufficiently large values of |R|
we can easily prove the T|R| - Law for Stern type ther-
mohaline convection problem also.

6. Conclusions

We have studied the thermohaline instability of Veronis
and Stern types for the onset of stationary convection for
all possible cases of boundary conditions. It is important
to point out here that the values of critical Rayleigh
number derived by Veronis and Stern for their respective
configuration were valid for the idealized case of both
dynamically free boundaries. Since, the exact solutions
of the eigenvalue problems describing thermal/thermo-
haline convection are not obtainable in closed form for
other two cases (i.e. rigid-rigid and rigid-free) of bound-
ary combinations, therefore the values of critical
Rayleigh number for these realistic cases are not known
analytically for thermohaline convection problems.
However, to obtain the critical Rayleigh number for
thermal convection problem for these realistic cases of
boundary conditions Chandrasekhar [8] used the nume-
rical computations. In the present analysis the values of
critical Rayleigh number for all three cases of boundary
conditions have been obtained using the known results of
Chandrasekhar [8] for classical Bénard problem. Further,
the result obtained by Knobloch [9] for the idealized case
of free boundaries also follows from (37).

Veronis [6] derived an asymptotic relation for a con-
figuration which is initially gravitationally stable for the
case of both free boundaries. He remarked that for a
given very stable salt gradient (so that R_ is sufficiently
large), R. must have a value that is about 100 times the
value of R . In other words, the destabilizing tempera-
ture gradient must exceed the stabilizing salt gradient by
a factor of 100. This result clearly violates one’s intuition,
since it means that the vertical density profile must be
highly gravitationally unstable before convection can
occur. In Section 3, this asymptotic behaviour of critical
Rayleigh number has been extended to the cases of real-
istic boundary conditions and is validated in Section 5
using the route through variational principle. This is a
necessary condition for the validity of PES for Veronis
type thermohaline convection and is named as 7 'R, -
Law. Analogously, a T|R| - Law for Stern type ther—
mohaline convection problem has also been derived here.
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