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Abstract

This paper introduces a novice solution methodology for multi-objective optimization problems having the
coefficients in the form of uncertain variables. The embedding theorem, which establishes that the set of un-
certain variables can be embedded into the Banach space C[0, 1] x C[0, 1] isometrically and isomorphically,
is developed. Based on this embedding theorem, each objective with uncertain coefficients can be trans-
formed into two objectives with crisp coefficients. The solution of the original m-objectives optimization
problem with uncertain coefficients will be obtained by solving the corresponding 2 m-objectives crisp opti-
mization problem. The R & D project portfolio decision deals with future events and opportunities, much of
the information required to make portfolio decisions is uncertain. Here parameters like outcome, risk, and
cost are considered as uncertain variables and an uncertain bi-objective optimization problem with some
useful constraints is developed. The corresponding crisp tetra-objective optimization model is then devel-
oped by embedding theorem. The feasibility and effectiveness of the proposed method is verified by a real
case study with the consideration that the uncertain variables are triangular in nature.

Keywords: Uncertainty Theory, Uncertain Variable, Embedding Theorem, a-Optimistic and a-Pessimistic

Value, R & D Project Portfolio Selection

1. Introduction

An important problem in topology is to decide when a
space X can be embedded into another space Y, i.e., when
there exists an embedding from X into Y. This problem is
called embedding problem. Theorems asserting the em-
bedding of a space into some other space which is more
manageable than the original space are known as embed-
ding theorems. On the other hand, a theorem which as-
serts that a certain space cannot be embedded into some
other space is known as non-embedding theorems. Non-
embedding theorems are often quite deep and require
methods well beyond the general topology. For example
it is by no means trivial to prove that the 2-sphere (S%)
cannot be embedded into the Euclidean space.

The embedding theorems in crisp and fuzzy environ-
ments are already established. The fuzzy embedding
theorem shows that each fuzzy number can be identified
isometrically and isomorphically with an element in C [0,
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1] x C[0, 1] where C [0, 1] is the set of all real valued
continuous functions on [0, 1]. Puri and Ralescu [1] and
Kaleva [2] have proved that the set of all fuzzy numbers
can be embedded into a Banach space isometrically and
isomorphically. Wu and Ma [3] provide a specific Ba-
nach space, which shows that the set of all fuzzy num-
bers can be embedded into the Banach space C[0, 1] %
C[0, 1]. Wu [4] propose an (a, f)-optimal solution con-
cept of fuzzy optimization problem based on the possi-
bility and necessity measures. To do so, the fuzzy opti-
mization problem is transformed into a bi-objective pro-
gramming problem by applying the embedding theorem.
Wu [5] shows that the optimal solution of the crisp opti-
mization problem obtained from the fuzzy optimization
problem by using embedding theorem is also an optimal
solution of the original fuzzy optimization problem under
the set of core values of fuzzy numbers.

With increasing competition and limitations of finan-
cial resources, the way of selection of R & D projects
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that maximize some measure of utility or benefit to the
organization has become a critical one. The purposes of
project portfolio decision are to allocate a limited set of
resources to projects in a way that balance risk, reward
and alignment with corporate strategy. Poor selection of
R & D projects could have a significantly negative im-
pact on organizations for decades. The R & D project
portfolio decision deals with future events and opportu-
nities, much of the information required to make portfo-
lio decisions is at best uncertain and at worst very unre-
liable. Project selection is usually described in term of
constraint optimization problem. Given a set of project
proposals, the goal is to select a subset of projects to
maximize some objective without violating the con-
straints. An R & D project usually involves several
phases. Therefore, each phase is an option that is contin-
gent on earlier of other options. Some attempts already
exist for R & D project portfolio selection. Rabbani et al.
[6,7], Fang et al. [8], Riddell and Wallace [9], Eilat et al.
[10], Stummer and Heidenberger [11], Linton et al. [12],
Ringuest et al. [13], Schmidt [14] and others have done
significant works in the field of R & D project portfolio
selection. To model uncertainty and vagueness, fuzzy set
theory is used by many to characterize uncertain R & D
project information. Pereira and junior [15], Coffin and
Taylor [16], Machacha and Bhattacharyya [17], Kuchta
[18], Mohamed and McCowan [19], Hsu et al. [20],
Wang and Hwang [21], Kim et al. [22], Karsak [23] have
applied fuzzy set theory in the field of R & D project
portfolio selection. Unfortunately, R & D project man-
agers have been unable to adopt many of these mecha-
nisms.

But in reality, sometimes investors have to deal with
the uncertainty which acts neither randomness nor fuzz-
iness. In order to deal with such type of uncertainty, Liu
[24] founds uncertainty theory as a branch of mathemat-
ics. Subsequently, Liu [25] proposes uncertain process
and uncertain differential equation to deal with dynamic
uncertain phenomena. In addition, uncertain calculus is
introduced by Liu [26] to describe the function of uncer-
tain processes, uncertain inference is introduced by Liu
[26] via the tool of conditional uncertainty and uncertain
logic is proposed by Li and Liu [27] to deal with uncer-
tain knowledge. Liu [28] proposes an uncertain pro-
gramming including expected value model, chance con-
strained programming and dependent-chance program-
ming to model several optimization problems. Till now,
several research works [29,30] have been done in this
area, but none has considered the R & D project portfolio
selection problem in the uncertain environment. Basi-
cally, till date, no embedding theorem based optimization
technique is proposed in uncertainty theory.

In this paper, in Section 2, we provide some prelimi-
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naries required to develop the paper. In Section 3, an
uncertain embedding theorem is proved and an uncertain
single/multiple objective optimization method using the
embedding theorem is established. In Section 4, we de-
velop an uncertain linear bi-objective R & D project
portfolio selection model. The objectives are 1) maximi-
zation of project benefit and 2) minimization of project
risk. The risk is defined as the maximum loss that the
decision maker may face in the worst case. This is con-
sidered as the projected maximum loss in case of failure
of the project. Constraints on budget and resources are
also considered. Using the embedding theorem estab-
lished in Section 3, we convert the bi-objective uncertain
optimization problem into a tetra-objective crisp optimi-
zation problem which is further transformed into a de-
terministic convex optimization model by global criteria
approach. In Section 5 of this paper a real case study is
provided to illustrate our method. The optimization
software LINGO is used for the simulation. Finally in
Section 6 some concluding remarks are presented.

2. Preliminaries

Before discussing the embedding theorem and its rele-
vance in uncertain optimization problem we would like
to discuss some basic concepts related with metric space,
topology and uncertainty theory.

Definition 2.1 (Metric Space) A non-empty set X is
said to be a metric space if to every pair of elements x, y
of this set, there corresponds a non-negative real number
p(x, y) for which the following conditions hold.

1) p(x, y) > 0 and p(x, y) = 0 ifand only if x = y

2) p(x, y) = p(, x)

3) for any three elements x, y, z in X,

px, y) Sp(x, z) + p(z, y).

The number p(x, y) is called the difference or metric
between the elements x, y and the above three conditions
are called metric axioms and a metric space is sometimes
written as (X, p).

Definition 2.2 A sequence {x,} of elements of a met-
ric space X is called a Cauchy sequence if for every ¢ > 0
there exists a positive integer N such that p (x,, x,) <
& whenever n, m > N.

If every Cauchy sequence of a metric space X has a fi-
nite limit in X then X is called complete. By Cauchy’s
general principle of convergence it can be shown that the
real line and the complex plane with usual metric are the
complete metric spaces.

Definition 2.3 A set £ is called a normed linear space
if

1) E is a linear space with real or complex numbers as
scalars and

2) to every element x of E there is associated a unique
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real number, called the norm of the element x and de-
noted by ||x]|.

The norm of an element x has to satisfy the following
axioms.

1) ||x]| > 0 and ||x|| = 0 if and only if x = 6

2) ||ax|| = |a| ||x|| where « is a scalar

3) [be + yIl < [lxl| + [Iy]| for every x, y in E.

Note: In a normed linear space we can introduce a metric
by p(x, ¥) = ||x - y||- The metric axioms are fulfilled as

1) p(x, y) > 0 and p(x, y) = 0 if and only if ||x - y|| =
0,i.e.,ifand only if x - y = 6, i.e., if and only if x = y.

2) plx, y) =[x =yl = [IDG =9 = [H1] [y —x]| =
Iy =xI| = p(y, x)

3)p, ) =[x =yl =llx=2) + =) < [lx —z]| +
llz=yll = px, 2) + p(z, y).

Definition 2.4 (Banach Space) If a normed linear
space is complete in the sense of the convergence in
norm, then it is called a Banach space.

Every finite dimensional normed linear space E is
complete (that is a Banach space) and bounded. Every
finite dimensional linear space can be made a Banach
space.

Definition 2.5 Two objects 4 and B are said to be con-
gruent (or isometric) if there exists a bijection fi A— B
which preserves all distances in the sense that d(x, y) = d
(f(x), f(y)) for all pairs (x, y) of points in 4, d being used
to denote the distance between points. Such a bijection,
when it exists, is called congruence (or an isometry).

Definition 2.6 Let (X, 1), (¥, Y) be topological spaces.
An embedding (or imbedding) theorem of X into Y is a
function e: X — Y which is a homeomorphism when
considered as a function from (X, 7) onto (e(X), Ye(X)).

Definition 2.7 A function e: X — Y is an embedding
function if and only if it is continuous and one-one and
for every open set V' in X there exists an open subset /¥ of
Ysuch thate(V)=WNY.

Definition 2.8 The space C[0, 1] is the set of all real
valued continuous functions f on [0, 1], such that f is
left-continuous for any ¢ € (0, 1] and right-continuous at
0, and f has a right limit for any # €[0, 1). The norm is

defined as ||f|| = sup |f(t)|.
te [0,1]

Definition 2.9 Let /" be a non-empty set and 4 a o-al-
gebra over I'. Each element 4 € A is called an event.
Let M be a set function over 4. Then M is called an un-
certain measure (Liu, [24]) if it satisfies the following
four axioms.

Axiom 1. (Normality) M{I'} =1;

Axiom 2. (Monotonicity) M{A,} <M{A,} whenever
A CA,;

Axiom 3. (Self-Duality) M{A}+M{A°} =1 for any
event /;

Axiom 4. (Countable Subadditivity)
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M {U A,} < ZM {A,}, for every countable sequence of
i=1 i=1
events {A;}.
The triplet (I, A, M) is called an uncertainty space.
Definition 2.10 An uncertain variable is a measurable
function E , from an uncertain space (I, 4, M) to the set
of all real numbers, i.e., for any Borel set B of real num-
bers, the set {& e By ={y e F|.f(y) € B} isan event.
Definition 2.11 (Liu, [24]) An uncertain variable & is
said to have a first identification function A if
1) A(x) is a non-negative function on R such that

2) for any set B of real numbers, we have,
sup ., A(x) if sup _, A(x)<0.5

Mis € B} = {1 —sup_ A(x) ifsup, A(x)> 0.5,

Definition 2.12 A rectangular uncertain variable is de-
fined to be the uncertain variable which is fully deter-
mined by the pair (a, b) of crisp numbers with a < b, and
whose first identification function is

A(x)=0.5,a<x<b.
Definition 2.13 A triangular uncertain variable is de-
fined to be the uncertain variable which is fully deter-

mined by the triplet (a, b, ¢) of crisp numbers with a < b
< ¢, and whose first identification function is

X—a

o if a<x<b

A(x) = (c_x“)
ifb<x<c.

2(c-b)

Definition 2.14 A trapezoidal uncertain variable is de-
fined to be the uncertain variable which is fully deter-
mined by the quadruplet (a, b, ¢, d) of crisp numbers
with a < b < ¢ < d, and whose first identification func-
tion is

x—a

] <x<b
sb_ay TASX
Ax)= 0.5 if b<x<c
_d-x if c<x<d.
2(d —c)

Definition 2.15 (Liu, [24]) An uncertain variable &
is said to have a second identification function p if
1) p(x) is a nonnegative and integrable function on R

such that jR p(x)dx >1;
2) for any set B of real numbers, we have,
[, p)dx if [ p(x)dx<0.5

M{& e B} =
1-[ p)dx if [ p(x)dx>0.5.
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Definition 2.16 An exponential uncertain variable is
defined to be the uncertain variable having the second
identification function

1 X
x)=—exp| —— |, x>0,
p(x) 5 p[ a)
and is denoted by EXP(a, ), where o, f are real numbers
with o > > 0. Note that .[i p(x)dx = % >1.

Definition 2.17 A bell-shaped uncertain variable is
defined to be the uncertain variable having the second
identification function

px) = /3«1/; exp[—(x;—;n)z} xeR,

and is denoted by B(m, a, ff), where o, f are real numbers

with a > 8 > 0. Note that j(f o(x )dx = % >1.

_Definition 2.18 (Liu, [24]) The uncertain variables
£,&,,...,&, aresaid to be independent if

for Borel sets By, B, ..., B, of real numbers.

Definition 2.19 (Liu, [24]) The uncertainty distribu-
tion @: R — [0, 1] of an uncertain variable & is de-
fined by

DO(x)=M{& <x}.

Definition 2.20 An uncertain variable & is called
normal if its distribution function @ is given by

D(x) = [1+exp(%n ,xeR.
o

It is then denoted by N(m, o), where m, o(>0) are real
numbers.

Definition 2.21 (Chen [8]) Let 5 be an uncertain
variable and a € (0, 1]. Then

5:{ =sup{r\M{éZ >r}2 a}
is called the o — optimistic value of &, and
g = inf {r | M{E >r} > a}

is called the a — pessimistic value of & .

Example 2.22 Let & =(a,b) be a rectangular uncer-
tain variable. Then its o—optimistic and a—pessimistic
values are

Eo _ b if a<05 -, |b if a<05
g if @>05, " la if a>0.5.
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Example 2.23 Let g =(a,b,c) be a triangular un-
certain variable. Then its a—optimistic and a—pessimistic
values are

5” B 2ab+(1-2a)c if «<0.5

P QRa-Da+@2-2a)b if a>0.5,

Eo _ (1-2a)a+2ab  if <05

P 2=2a)b+Qa-1)c if a>0.5.
Example 2.24 Let & =(a,b,c,d) be a trapezoidal

uncertain variable. Then its a—optimistic and a—pessi-
mistic values are

Fo o 2ac+(1-2a)d if «<0.5

P Qa-Da+@2-2a)b if a>0.5,

Fo o (1-2a)a+2ab if @<0.5

T 2=2a)c+QRa-d if a>0.5.
Example 2.25 Let f = EXP(a,b) be an exponential

uncertain variable. Then its a—optimistic and o—pessi-
mistic values are

(

) if «<0.5
go‘;t -

j if «20.5,

a. ln( j if «<0.5
o ab
é:pes = a
alnl] —— | if «>0.5.
a—-(1-a)b

Example 2.26 Let ef =B(e,a,b) be a bell-shaped
uncertain variable. Then its a—optimistic and o—pessi-
mistic values are

2 p (“b)+e if @<0.5

gl V2
opt

Lo (M}re if @ =05,

N a

iqﬁ(“‘“b}e if <05
Fa \/5 a .
épes:

4 g ( (1-a)b

2 a
Example 2.27 Let & = N(m, o) be a normal uncertain

variable. Then its a—optimistic and o—pessimistic values

T e B

V4 l-a V4 l-a

j+e if « 20.5.

éo‘;t =

Theorem 2.28 Let £ be an uncertain variable. Then
&, 1s an increasing and left continuous function of a.
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Also 5 is a decreasing and left-continuous function
of o (Liu [24]).

3. Uncertain Multiple Objective
Optimization Method Using Embedding
Theorem

In this section, we introduce a solution methodology for
multiple objective programming problems in uncertain
environment by using the concept of optimistic and pes-
simistic values of uncertain variables.

Definition 3.1 Let &, g: be two uncertain variables.
We write 5 > g: if and only if

Eo(;t e é\:opt ’fpes 2 é’peﬁva € [0 1]

We also write & < ¢ ifand only if £ > &.
On the other hand, we write that & > ¢ if and only if

Eo>Co, En > Ce Yaelo,l] or,
Fe >Co, En =00 Vael0,l] or,
(:JEopt > éj vpes > é/pesva € [O 1]

We also write & < { if and only if { <&

Definition 3.2 Let £ be an uncertain variable. Then
the norm of & is defined by ||§|| = E|§|

Justification:

£ +a]= [+

=TM{|§+ 7| ridr

< [TM{|§| > r/23dr + TM{|77| > r/23dr]

=[2E|&|+2E[7=2 || +2|17)
(Triangular inequality as defined by Liu [24]).
D) [ = Elez|=le| £[]=Ic]

Theorem 3.3 (Embedding theorem) Let the function
7:U(R) > C[0,1]xC[0,1] is defined by

g e i@ > 0.5
7(€)= {(éi('w éil)es) l.fa >
(& s G )51 2 < 0.5

Then the following properties hold good.

1) zis injective. ~ ~

2) a((HsyxH(I{tyxm) =sz(&) +tz(n) V &1 €
UR),s>0,1>0.

3) dy (&) =|x (&) -).

That is, U(R) can be embedded into C[0,1] x C[0,1]
isometrically and isomorphically.

Proof. Let o <0.5.

1) Let, if possible, 5 ¢ be two distinct uncertain
variables such that 7r(§ y=z({). Then
Criss ) = (C oS-

Since the two real open intervals are equal, the corre-
sponding boundary points must be the same. Then
E;‘& = /= s and§ =g D‘;t , which contradicts the fact
that & =¢ . Hence our assumption is wrong and conse-
quently the mapping =z is injective.

2) We have the bottom equation.

3) We have,

dy(&,m)=E|é—7

=E(&-n[, .|&=n[, ) =E(S~n[ ). E(E [, )
=(|¢ =l & =l ) =z =n|) =|=(&) = ().

For « > 0.5 the proof is similar.

Proposition 3.4 (Order preserving) Let 7 be the
function defined in theorem 3.3 and let &£, e U(R).
Then &< (¢ if and only if 7(&)<7({). We also have
&< ifand only if 7(&) < 7(S).

Proof. We note that

ESC & S50, &L < SV acel0]]
& (€ E0) = (e €2) Vael0])
(0800 S G C3) Varel )
& 2 <7(Q).

Similarly it can be shown that &< ¢ if and only if
7)< 7(S). -

Definition 3.5 Let f,f,,8,,g, be real valued func-
tions defined by f,,7,,8,,8,:V — U(R), where Vis a
real vector space. We say that (f,,g,)<(f,,g,) if and

(s} x &)+ (1{z}x )

=([(1H{s}x &)+ (H{}x O)e» (153 x ) + ({1} G,
= ([ s} x &) s + () 1 [ sy x 8N, + ({13 x O, D)
= ([} Tes Spes + [0 TS e s (LA} S + (L1565

= (S'§:es + t'g:ex > S. (Z?t

Copyright © 2010 SciRes.

+1.0,,) =s7(8) +1x(L).
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only if /, < f,,& < &,. We say that (/.= (/2.&))
ifand only if Va €[0,1],

D @) (1) <(82)5
of, (£, <(@)5hs (1) <(82)5%

o, (fopr < (&€ )oprs (1) s < (€2)pes

Let f be a function defined by f V>UM). Let
g:(x), i=1,2,...,m be real-valued functions defined on
the same real vector space /" and X be any subspace of V.
Then let us now consider the following optimization
problem as follows.

min f(x)
subjectto  g;(x)<0, i=L2,..m, (3.1)
xeX.

Then x" is an optimal solution of the problem (3.1) if
there exists no x (#x") such that f(x) < f(x").

Let 7 be the function defined in theorem 3.3. Now we
consider the following optimization problem by applying
the embedding function = to problem (3.1).

min 7(f(x))
subject to  g;(x)<0,
xeX.

i=1,2,.,m. (3.2

Then x" is an optimal solution of the problem (3.2) if
there exists no x (#x") such that 7( f x) < ﬁ(f ().

Therefore, x* is an optimal solution of the problem
(3.2) if there exists no x (# x) such that
(@) (F @)% < (F s (PG, (follow defi-
nition (3.1).

Proposition 3.6 x” is an optimal solution of the prob-
lem (3.1) if and only if x* is an optimal solution of the
problem (3.2).

Proof. Proposition 3.4 states that f(x) < f(x*) if
and only if ﬂ(f(x)) < ﬁ(f(x* )), and so, the proof is ob-
vious.

Therefore, the optimal solution of problem (3.1) is
same as the optimal solution of the following problem:

min  {f @) S,
subject to g,(x)<0,
xeX.

i=1,2,..m. (3.3)

Proposition 3.7 If x" is a Pareto optimal solution of
the problem (3.3) for some o €[0,1], then x" is an
optimal solution of the problem (3.2).

Proof. Since x* is a Pareto optimal solution of the
problem (3.3), x" is a feasible solution of the problem
(3.2). If possible, let x” is not an optimal solution of
problem (3.2). Then there exists a feasible solution x (#
x") such that 7z(f(x)) < z(f(x )V €[0,1].

ThenVa €[0,1], we have

either [ (x)5,, < ()0, F (X5, < [ )iy
or, [0 < SN F ()i < F N,
or, [ () < SOV SN < SNy

Since a €[0,1], we then should have, either
S @ < O Ve S < SO Vo8
or, [ (M) < SN F ()i < F (N5,

o, (e <O Vs SN < N

This shows that x" is not an optimal solution of the
problem (3.3); a contradiction with the assumption that it
is a pareto-optimal solution of (3.3). So, our assumption
is wrong and we are with the theorem.

Theorem 3.8 If x" is a Pareto optimal solution of the
problem (3.3) for some « €[0,1], then x"is an optimal
solution of the problem (3.1).

Proof. The theorem is obvious from proposition 3.6
and 3.7.

Now we consider the uncertain multi-objective opti-
mization problem as follows:

min( £} (x), f(x)s...... £, (%))
subject to g, (x) <0, j = 1.2,....m (3.4)
x e X

=min {7r(f1 (x)), ﬂ(fz (x)),

xeX,05a<l

Copyright © 2010 SciRes.

min{7(f,(x), f(X)seeemes £, (X))}

. (£, ()}

=min[{f,(x)%, . ()5} {05 [ s
(s o (0051

= minLf} () g 2 /(s o)y s o (D) eren fo (D) 2 ()]
subject to g;(x) <0,/ =1,2,...

(3.5)

L
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We say that x"is an optimal solution of problem (3.4)
if there exists no x #x" such that f;(x) < (f,(x").

Let 7 be the embedding function defined in theorem
3.3. Then we consider the multi-objective optimization
problem (3.5) by applying the embedding function 7 to
problem (3.4).

We say that x"is an optimal solution of problem (3.5),
if there exists no x # x" such that 7(f,(x)) < 7((f;(x")).
Theorem 3.9 If x" is a Pareto optimal solution of (3.5)
for somea” €[0,1], then x" is an optimal solution of the
uncertain multi-objective optimization problem (3.4).

Note: To solve uncertain multi-objective problem by
using embedding theorem we first have to transform the
uncertain multi-objective optimization problem into the
crisp multi-objective optimization problem (3.5). The
Pareto optimal solution of this problem is the optimal
solution of the original uncertain multi-objective prob-
lem.

4. Uncertain R & D Project Portfolio
Selection model

In this section, we first describe the notations used in the
construction of the R & D project portfolio selection
model. Then the objective function of the models will be
constructed in the second subsection. In the third subsec-
tion we will discuss the constraints used in our portfolio
selection model. The next subsection will include final
mathematical model.

4.1. Notations

N = Number of candidate projects.
T'= Number of periods.
I = Interest rate.
{1 if project i is selected in period ¢
it

E)

0 otherwise

=

=(x, ), =decision matrix.

v, = Projected uncertain outcome of project 7 in period .
7, = Projected uncertain risk of implementing project i

in period ¢.
¢, = Expected uncertain cost required by i project in

period ¢.
B, = Budget available for stage ¢.

R; = Amount of resource of type s required for imple-

mentation of project i individually in period ¢.
R, = Amount of available resources of type s in period

t.
R_ = Total amount of available resources of type s.

s

Copyright © 2010 SciRes.

4.2. Formulation of Objective Functions

In this R & D project portfolio selection problem we
have considered two objectives: maximization of the
benefit and minimization of the project risk.

4.2.1. Maximization of Benefit

The total outcome from the projects will be obtained by
considering the total individual. If the interest rate for
each period is 7, the total outcome is

(x) Z Z it it -

=1 (l+[ )
The total cost will be obtained by the total individual
costs for each project. Then the total cost is

Thus the benefit of the project portfolio is

1 .
(1+[)t lt lt Clt‘xit]'

_ _ - T N
Zy(x)=2,(x)=Zc(x) = ZZ[
Our objective will be to maximize the benefit.

4.2.2. Minimization of Project Risk

For successfully implementation of R&D project portfo-
lio, the risk attached with the projects must be as less as
possible. Here, we have defined risk as the opposite of
expected profit. As the futures of all the projects are un-
certain, implementation of a project may or may not
yield us success. In case of failure, the decision maker
may loose their money and time and resource. Let 7;,> 0
is the amount the decision maker may loose in worst case
for the i project at period 7. Then the total risk involved

in the project portfolio is ZZ

t=1 i=l
Therefore, the objective is to minimize total risk

=3

t=1i

L[ II

T Xiy -

Mz

Thus we are with the following bi-objective optimiza-
tion problem

Max 7 z(X)
Min ZR (x).

4.3. Formulation of the Constraints

In this subsection we will formulate the constraints re-
quired to model the problem realistically.
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4.3.1. Outcome Constraints
As the minimum expected outcome for the projects in
period tis V,, we have,

N
Dvx, =V, Vi
i=1
Z(Vll)pe?xlt - V Z(vlt)()ﬁfx - V v t

4.3.2. Resource Constraints

The projects are implemented by using limited amount of
resources. As the available resources are always finite,
the required resource with particular type should be
within the resource available of that type for each period.
Thus we have

ZR;x,, <R, Vs,t.

The total amount of resources available is limited. So,
the amount of resource required should not be more than
the total resource available for each type of resources.
Thus we have,

z(z : ,,jsks Vs,

t=1

4.3.3. Budget Constraints

The project expenses during the planning horizon should
not exceed the predetermined budget for each stage or
period. So, we have

Zcx < B, Vi,

it*vit

Z(ctt)peaxzt _Bt’z(cn‘ opt‘x _B \V/t

4.4. The Set of Feasible Solutions

In this subsection we construct the set X of feasible solu-
tions x = (x;)nxr- Then we have problem (4.1).

4.5. The R & D Project Portfolio Selection Mode /

Keeping in mind the objectives and constrained obtained
in the last two subsections, the R & D project portfolio
selection problem is modeled as

Max Z z(X)
Min  Z,(x) 4.2)
st. xelX.

By applying embedding theorem, the uncertain mul-
tiob jective optimization problem (4.2) is converted into
the crisp multi-objective problem

Max {Z (X)5e - Z (x)ffpt}
Min  {Zy(X)r Z (X)) (4.3)
s.t. xeX,0<a<l.

The global criteria methods developed in the context
of multi-objective optimization problem are really handy
for obtaining the Pareto optimal solution. Let,

B’ —max{Z (x)% },B _max{ZB(x)Zm},

pes pes apt

R;et min {R (x)pev } npt =min {RB (x)Zpt } s
Bpm min {Z (x)pet } opt =min {ZB (x)jpt } s

R, =max {R (x) pes } Ropt

pes

max {Ry (x),,}.

Then the problem (4.3) is further converted into the
following single objective convex programming prob-
lem.

+ ~ a 2 +
Mln BPE’S ZB (x)Pé’S + Bopt Z ('x)()p[ i
B’ -B B" —B~

pes pes opt opt

1

25

R (x)pev pev R (x)npt opt ’
R, —R, R, -R;

(4.4)

pes opt

such that

xeX,0<a<l.

5. Case Study

In this section a model is developed and solved based on
data from the large scale organization B. M. Enterprise,
Berhampore, West Bengal, India. The R & D wing of
this organization is involved in different structural works
in civil, mechanical and electrical fields. During the year
2009 the organization gets 10 project proposals from
private as well as public sectors. All the proposals ac-
company data on the estimated outcome, estimated cost,
funds, workers, budget and risk. After first round of

X { ('xlt )NxT Z(VII)IIET xtt - V Z(vlt )opt it — V ZRlstxlf - R

Z(Clt)pe“xl[ _Bt’ Z(Clt opr‘)C -
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scrutiny 5 project proposals are short listed. All the five
projects are scheduled over two periods and each period
lasts one year. They are renamed as projects I, II, III, IV
and V due to privacy. The estimated outcome, risk and
projected cost are considered in the form of triangular
uncertain variables. Interest rate is 5%. The estimated
data for outcome, costs, risks, funds and workers are
given in Table 1.

Constraints on fund, workers and budget for each pe-
riod are given in Table 2.

As discussed in Section 4, the uncertain optimization
model (4.2) is constructed which is converted into the
model (4.3) by using the embedding theorem. The model
(4.4) is then constructed as

- a 2 ~ a 2
il [16:000-Z,005, ) (184752, (),
5375 7375

_ . 2y (5.1)
Ry(x)%, —2.075) (Ry(x)%,-2.2
+ +
1.325 1.4

such that xelX, 0<a<l.

The solution of the model (5.1) is done by using the

LINGO software and the obtained solution is as follows:
X1 =0,x1 = Lx31 =0,x41 = Lxsi =1, x12= 0, x5 = 1,
X32 = 0, X472 = 0, X570 = 1.

It means that B. M. Enterprise should select the 2™, 4™
and 5" projects in 1% stage and 2™ and 5™ projects in the
second stage to get the optimum result.

For this portfolio, the benefit is estimated as (6.5, 11.4,
13.7) million rupees and the corresponding risk is (1.95,
2.4, 3.2) million rupees.

6. Conclusions

This paper introduces the concept of multiple objective
uncertain optimization problems. In particular, this paper
concentrates on the problems where the coefficients of
the decision variables are uncertain variables. To do so,
we propose and prove the uncertain embedding theorem
from the space of uncertain variables to the Banach space
C [0, 1] x C [0, 1]. By applying embedding theorem,
each uncertain objective function can be converted into
two deterministic objectives functions. The Pareto opti-
mal solution of both the deterministic objectives is the
optimal solution of the uncertain objective.

Table 1. Estimated project data.

Projects I I 11 v v
st .
Outcome 1° period 4,7,9) (1,3,5) (0.2,1.4,2.8) (0,1,1.4) (5,6,7)
(in Million Rupees) 2™ period (7,10, 12) (2,3,4) (2.5,4,5.2) (1,2,3) (6,7.5,9)
Cost 1¥ period (1,2.2,3) (0.4,12,2) (0.8,1,1.2) (0.1,03,0.8) (2,2.5,2.9)
(in Million Rupees) 2" period (2,2.8,3.7) (1.0,1.1,2) (1.5,1.7,2) (1.6,1.8,2.1) (3,4,5)
Risk 1° period (0.6,0.8, 1) (0.1,0.2, 0.4) (0.5, 0.7, 0.9) (0.4, 0.5, 0.6) (0.35,0.4,0.5)
(in Million Rupees) 2™ period (0,04,0.5) (0.6,0.7, 1) (0.4,0.5,0.6) (0.4,0.5, 0.6) (0.5,0.6,0.7)
st .
Fund 1¥ period 0.6 04 0.25 0.11 0.21
(in Million Rupees) 2" period 0.9 0.2 0.21 0.09 02
st .
Workers 1% period 31 15 20 21 16
(in numbers) 2™ period 10 12 17 18 9
Table 2. Constraints.
Category 1* period 2" period Total
Outcome (in Million Rupees) >10.0 >10.0 -
Budget (in Million Rupees) <8.0 <9.0 -
Fund (in Million Rupees) <09 <0.8 <15
Workers (in numbers) <85 <80 <150

Copyright © 2010 SciRes.
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This paper also introduces a new model of R & D pro-
ject portfolio selection by identifying project information
like estimated future outcome, risk or estimated cost of
the projects as uncertain variables. An uncertain bi-ob-
jective optimization model, that maximizes the benefit
and minimizes the risk, is constructed. Constraints on
budget, resources and outcomes are also included in the
model to make it more realistic. The uncertain optimiza-
tion method by embedding theorem is used to solve it. A
real case study is provided for illustration.

In future, we will use the uncertain optimization ap-
proach to other real optimization problems like portfolio
selection problem, supply chain management problem,
poverty management problem etc.

For large data sets, meta-heuristic algorithms such as
tabu search, simulated annealing, ant-colony optimiza-
tion, and particle swarm optimization may be employed
to solve the non-linear programming problem (4.4).
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