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Abstract

In this article, we establish a common fixed point theorem satisfying integral type contractive
condition for two pairs of weakly compatible mappings with E. A. property and also generalize
Theorem (2) of B.E. Rhoades [1] in dislocated metric space.
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1. Introduction

In 1986, S. G. Matthews [2] introduced some concepts of metric domains in the context of domain theory. In
2000, P. Hitzler and A.K. Seda [3] introduced the concept of dislocated topology where the initiation of dis-
located metric space was appeared. Since then, many authors have established fixed point theorems in dislocated
metric space. In the literature, one can find many interesting recent articles in the field of dislocated metric space
(see for examples [4]-[10]).

The study of fixed point theorems of mappings satisfying contractive conditions of integral type has been a
very interesting field of research activity after the establishment of a theorem by A. Branciari [11]. The purpose
of this article is to establish a common fixed point theorem for two pairs weakly compatible mappings with E.
A. property and to generalize a result of B.E. Rhoades [ 1] in dislocated metric space.

2. Preliminaries

We start with the following definitions, lemmas and theorems.
Definition 1 [3] Let X be a non empty set and let d: X x X — [0,00) be a function satisfying the following
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conditions:

1. d(x,y)=d(y,x).

2. d(x,y)=d(y,x)=0 implies x=y.

3. d(x,y)<d(x,z)+d(z,y) forall x,y,zeX.

Then d is called dislocated metric (or d-metric) on X and the pair (X ,d ) is called the dislocated metric
space (or d-metric space).

Definition 2 [3] 4 sequence {x,} in a d-metric space (X,d) is called a Cauchy sequence if for given
€> 0, there corresponds n, € N such that for all m,n>n,, we have d (xm, xn) <e€.

Definition 3 [3] 4 sequence in d-metric space converges with respect to d (or in d) if there exists xe X
such that d(x,,x)—>0 as n—> .

Definition 4 [3] A d-metric space (X ,d ) is called complete if every Cauchy sequence in it is convergent
with respect to d.

Lemma 1 [3] Limits in a d-metric space are unique.

Definition 5 Let A and S be two self mappings on a set X. If Ax=Sx for some xe X, then x is called
coincidence point of A and S.

Definition 6 [12] Let A and S be mappings from a metric space (X,d) into itself. Then, A and S are said to
be weakly compatible if they commute at their coincident point; that is, Ax=Sx for some xe X implies
ASx = SAx.

Definition 7 [13] Let A and S be two self mappings defined on a metric space (X,d). We say that the
mappings A and S satisfy (E. A.) property if there exists a sequence {xn} € X such that

lim 4x, =1lim Sx, =u

n—0 n—%0

for some u e X.

3. Main Results

Now we establish a common fixed point theorem for two pairs of weakly compatible mappings using E. A. pro-
perty.

Theorem 1 Let (X, d) be a dislocated metric space. Let A,B,S,T:X — X satisfying the following con-
ditions

A(X)cS(X) and B(X)cT(X) 1)
[P0y < k[ ()dr, ke {0%) @)
where
¢$:R" > R"

is a Lebesgue integrable mapping which is summable, non-negative and such that

j(:gé(t)dt >0 foreache>0 3)

M(x,y) = max{d(Sy,Ax),d(Tx, Sy),d(Tx, Ax),d(By,Sy),d(Tx, By)} 4)

1. The pairs (A4,T) or (B,S) satisfy E. A. property.
2. The pairs (4,7) and (B,S) are weakly compatible.
if 7(X) is closed then
1) the maps A and T have a coincidence point.
2 the maps B and S have a coincidence point.
3) the maps A, B, S and T have an unique common fixed point.
Proof. Assume that the pair (4,7 satisfy E.A. property, so there exists a sequence {x,} e X such that
lim Ax, =limTx, =u ®)

n—0 n—0
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for some u e X . Since A(X)c S(X), so there exists a sequence {y,} € X suchthat Ax, =Sy, . Hence,
lim Ax, = 11m Sy =u (6)

n—0

From condition (2) we have

jd(Ax"’By")¢(t)dt < kj.:j(xwyn)¢(t)dt7 (7)

0

where
M(xn,yn):max{d(Syn,Axn),d(Txn,Syn),d( x,, Ax, ) d(Byn,Syn),d(Txn,By")}

Taking limitas n —> o0 we get

Ar B}

lim j (¢)dt < klim j b(t)d, (8)

n—>0
Since

limd (Tx,,Sy,) = hmd(Tx Ax,)=limd (Sy,, Ax,) =0

limd (By,,Sy,)=limd(Tx,,By,)=d(By,,u)

Hence we have

n—o

which is a contradiction, since & € [0,%) .Hence, lim , By, =u.Now we have

lim Ax, = limTx, = lim By, —llmSy =u

H—>®0 n—0 n—x0

Assume T (X) is closed, then there exits ve X such that 7v=u. We claim that 4v=u. Now from
condition (2)

[1 g (eyar < k[ (1), ©)

0

where
M(v,yn) = max{d(Syn,Av),d(Tv,Syn),d(Tv,Av),d(Byn,Syn),d(Tv,Byn)}
Since

limd (Sy,, Av)=d (u,Av)

limd (v, Sy, ) =limd(By,,Sy,) =limd (Tv,By,)=0

So, taking limit as n — o in (9), We conclude that

d(Av,u) d(u,4v)
[ p(e)de<k[ g (r)dr, (10)
which is a contradiction. Hence d (Av,u)=0= Av=u.Now we have
Av=u="Tv. (1

This proves that v is the coincidence point of (A4,T).
Again, since 4(X)< S(X) so there exists we X such that

Av=Sw=u

Now we claim that Bw =u . From condition (2)

L p(e)a= [ g ) ar < kg o) e
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where
M(v, w) = max{d(Sw, Av),d(Tv, Sw),d(Tv,Av),d(Bw, Sw),d(Tv, Bw)}
= max{d(u,u),d(u,u),d(u,u),d(Bw,u),d(u,Bw)}
= max{d(u,u),d(Bw,u)}
Since

d (u,u) <2d (u,Bw)

So if max{d(u,u),d(Bw,u)} =d(u,u) or d(Bw,u) we get the contradiction, since

[1“"p (1) de < 2k [ (1) i

0

or

Hence, d(u,Bw)=0= Bw=u.

Therefore, Bw=u=Sw.

This represents that w is the coincidence point of the maps B and S.
Hence,

u=Bw=Sw=Tv=Av
Since the pairs (B,S) and (A4,T) are weakly compatible so,
BSw = SBw, TAv = ATv
Tu=TAv=ATv=Au and Su=SBw=BSw= Bu

We claim Bu =u . From condition (2)

0= [ g0 <] () a

where
M (v,u) =max {d (Su, Av),d (Tv,Su),d (Tv, Av),d (Bu,Su),d (Tv, Bu)}
= max {d (Bu,u),d (u,Bu),d (u,u),d (Bu,Bu),d (u,Bu)}
= max{d(u,Bu),d(u,u),d(Bu,Bu)}
Since

d(u,u)<2d(u,Bu) and d(Bu,Bu)<2d(u,Bu)
So if max{d(u,Bu),d(u,u),d(Bu,Bu)} =d(u,Bu) or d(u,u) or d(Bu,Bu) we get the contradiction.

Since,

[ (e)de= [ () dr < k" p(1)de <k

0

or

Hence, d(u,Bu)=0= Bu=u.

Therefore, u = Bu =Su. Similary, Au=u=7Tu .Hence, u = Au = Bu = Su =Tu . This represents that # is
the common fixed point of the mappings A4,B,S and 7.

Uniqueness:

If possible, let z(+u) be other common fixed point of the mappings, then by the condition (2)
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[“““g(rya = [ p () de < k[ (o) ar (12)
where
M (u,z)=max {d (Sz, Au)d (Tu,Sz),d (Tu, Au),d (Bz,Sz),d (Tu, Bz)}
= max {d(z,u),d(u,z),d((u,u),d(z,z),d(u,z)}
= max{d(u,z),d(u,u),d(z,z)}
Since

d(u,u) < Zd(u,z) and d(z,z) < Zd(z,u)
So if max {d (u,z),d (u,u),d (z,z)} =d(u,z) or d(u,u) or d(zz) we get the contradiction, since
[““p(r)ar = [ p () de <k (0)dr < k[ (o)
or
d(u.z) d(u.z)
[0 (r)de <2k g (r)de
or
d(u,z) d(u,z)
[ 9()de <2k g (r)dr

Hence, d(u,z)=0=>u=z. This establishes the uniqueness of the common fixed point of four mappings.

Now we have the following corollaries:
If we take 7= S in Theorem (1) the we obtain the following corollary
Corollary 1 Let (X,d) be a dislocated metric space. Let A,B,S: X — X satisfying the following conditions

A(X)cS(X) and B(X)cS(X)
[ MR (1) de < kjf(x’“”)qﬁ(z)dt, ke [o,%)

0

where
¢:R" > R"
is a Lebesgue integrable mapping which is summable, non-negative and such that

J.;¢(t)dt >0 foreache>0

M(x,y) = max {d(Sy, Ax),d(Sx, Sy),d(Sx, Ax),d(By, Sy),d(Sx, By)}

1. The pairs (4,S) or (B,S) satisfy E. A. property.
2. The pairs (4,S) and (B,S) are weakly compatible.
if S(X) is closed then
1) the maps 4 and S have a coincidence point
2) the maps B and S have a coincidence point
3) the maps 4, B and S have an unique common fixed point.
If we take B = A4 in Theorem (1) we obtain the following corollary.
Corollary 2 Let (X, d) be a dislocated metric space. Let A,S,T:X — X satisfying the following conditions

A(X)c=S(X) and A(X)cT(X)
Jd(Ax.Ay)¢(t)dt§k , TUp(r)dr, ke[o’%j

where
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¢$:R" > R"
is a Lebesgue integrable mapping which is summable, non-negative and such that

jo‘¢(z)dr>o for each € > 0 (13)

M (x,y) = max {d(Sy, Ax),d(Tx, Sy),d(Tx, Ax),d(Ay,Sy),d(Tx, Ay)}

1. The pairs (A4,T) or (A4,S) satisfy E. A. property.
2. The pairs (A4,7) and (A4,S) are weakly compatible.
if 7(X) is closed then
1) the maps 4 and T have a coincidence point.
2) the maps A and S have a coincidence point.
3) the maps 4, S and T have an unique common fixed point.
If we take 7= S and B = 4 in Theorem (1) then we obtain the following corollary
Corollary 3 Let (X, d) be a dislocated metric space. Let A,S:X — X satisfying the following conditions

A(X)c S(X)
d(Ax,Ay) M(x,y) 1
[P g ()de<k[ T p(r)dt, ke [O,Ej
where
¢:R" > R"

is a Lebesgue integrable mapping which is summable, non-negative and such that

J.;¢(t)dt >0 foreache>0

M (x,y) = max {d (Sy, Ax), d (Sx, Sy) ,d (Sx, Ax), d (Ay, Sy),d (Sx, Ay)}

1. The pairs (4,S) satisfy E. A. property.
2. The pair (4,S) is weakly compatible.
if S(X) is closed then maps A and S have a unique common fixed point.
If we put S = 7= I (Identity map) then we obtain the following corollary.
Corollary 4 Let (X, d) be a dislocated metric space. Let A,B,I:X — X satisfying the following conditions

A(X),B(X)= X (14)
x,By X, 1
[P ()dr < k[ p(1)dr, ke[O,E) (15)
where
¢:R" > R"

is a Lebesgue integrable mapping which is summable, non-negative and such that
I;¢(t)dt>0 for each € > 0 (16)
M(x,y)= max{d(y,Ax),d(x,y),d(x, Ax),d(By,y),d(x,By)} (17)

if the pair (A, B) satisfy E.A. property and are weakly compatible then the maps A and B have an unique
common fixed point.

Remarks: Our result extends the result of [14].

Now we establish a fixed point theorem which generalize Theorem (2) of B. E. Rhoades [1].

1
Theorem 2 Let (X, d) be a complete dislocated metric space, k e [O,Ej , [:X—>X bea mapping such
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that for each x,y e X
[P0y de <k p (1) d

0

where
1 1
M () = L0 (3 ). (505). (50 (0 9) 5 )
and
¢$:R" > R"
is a lebesgue integrable mapping which is summable , non negative and such that
[#()dr>0
for each € > 0, then f'has a unique fixed point z € X , moreover for each xe X

lim f"x=z

n—0

Proof. Let xe X anddefine y, = f"x,n>1 ,then from (18)
d(VsYns) M(¥m1.)
I $(1)de <k, ¢(r)de

now by (19)

1 N |
M(yn15yn)=max{5d(yn’fj}n1)’d(yn19yn)’d(ynl’fyn1)’d(ynﬁfyn)75d(yn17fyn)}

1 1
:max{gd(yn’yn)’d(yn1’yn)’d(ynl’yn)’d(yn’ynﬂ)’gd(ynl’yn+l)}

1 1
= maX{Ed(yn,yn )sd (Vs ¥ )sd (Vs Vi ),Ed(ym,ym )}

But,

1 1
24 2in) 5[40 2) +d (3, 00)]

= max {d (J’H» Y, ), d (J’na Yut1 )}
. . T 1
and similarly we can obtain, Ed ( Vo y,,) <d (yn ) yn+1)

Hence M (y,,.,)=max{d(y,,.,).d (¥, V,u)}
Therefore by (21)

J.j('ﬁlnil’/y”%(t)dt _ J':(yn,ym)qé(t)dt < k-[(:nax{d(Ynflv}’n)~d(Yn’)’n+l)}¢ (t)dt
_ kmax { [ (1) d, jj“"‘“*”qﬂ(r)dt}
_ kfod(ym,yn)¢(t)dt

Similarly we can obtain,

J‘d(ynfl»yn)¢(t)dt < kJ‘(;i(}’nfzsynfl)¢(t)dt

0

Hence

[0 () de < k(1) de <k [0 de <<k [ (1) i

0

(18)

(19)

(20)

21
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Now taking limitas n —o we get

tim [ () de = 0 (22)

by (20)
limd(yi1’yi1+l)= 0

Now we claim that {y,} isa Cauchy sequence.
If possible let { yn} is not a Cauchy sequence, then there exists a real number e >0 and subsequences g,
and p, suchthat p, <gq, <p,, and

d(ypi’yqi)zg and d(yﬂi’y‘11—1)<g (23)

Using (19) we have,

M(yﬁi1’yq;1)=max{%d(yq[1’yl’f)’d(yf’z1’yqi1)’d(yf’zl’ypi)’d(y‘ii1’y%’)’%d(ypil’y‘h )} (24)

Now using (22)

lim [ j( "1l () de =tim | :(”"H ag(1)de =0 (25)

i—0

Since by triangle inequality and (23)

d<ypi71’y‘1i71)Sd(yp,fl’ypi)-kd(ypi’yqz'fl)<d(yP,71’yPi)+g

Hence
}1—}1,2 J'Od(}’pi—l Vi1 )¢(l) dr < }1_{2 Iog¢(t) dt (26)
and
1 1 1
Ed(ypifl’y%‘)SEI:d(yPifl’yﬁz)+d(y1’z’y% ):| Sgd(ymfl’ym)_’—%
lim jé"(y”"*l (1) dr < I§¢(t)dt 27)
Similarly
lim jéd(”“*‘ g (1)di < j§¢(t)dt (28)

Hence, from (20), (23), (24), (25), (26), (27) and (28)
[(o(r)ar< j:(”“ Wg)dr <k jOM( wilg()de <k [Co(c)dr

which is a contradiction. Hence { yn} is a Cauchy sequence. Hence there exists a point z € X such that the
sequence {y,} and its subsequences converge to z.
From the condition (18)

J-d(ﬁ,J’n+1)¢(t)dt < kj'f(z’y”)¢(’)dt

0
Lity iz z,y, z,fz )Y, L END
_ kmaX{J‘zd(MJ )¢(t)dt,I:( a)n)¢(t)dt’.|‘:( y; )¢(t)dt’I:()nsfyn)¢(t)dt,.[02d( ,/}”)¢(Z‘)dl}

0

Now taking limit as n — o« we obtain

[ () a <k j:(z"’z)qﬁ(t)dt

0
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which implies

jd(‘fz’z)¢(t)dt =0

0

So from the relation (20) we obtain d( fz,z)=0= fz=z
Uniqueness:

Let z and w two fixed point fixed points of the function f.
Applying condition (19) we obtain

[ (r)de = [ () de < k[ (1)

_ kmax{ [ (e)ar, [ p (1) e, [ () e, [ (1) d, joz"(”")qﬁ(t)dt}

- kmax{f:(z’w)qﬁ (r)dt, jod(”)gb (r)dt, J'Od(w’w)qﬁ () dt}

If maximum of the given expression in the set is J.Od(z'z)¢(t) dr then

()0 < kg0 <k ] ()= 28] g ()

which is a contradiction, since k € [O,Ej . Similarly for other cases also we get the contradiction. Hence z = w.

This completes the proof of the theorem.
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