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Abstract

This paper is devoted to study a new generalization of the flexible Weibull with three
parameters. This model is referred to as the exponential flexible Weibull extension
(EFWE) distribution which exhibits bathtub-shaped hazard rate function. Some sta-
tistical properties such as the mode, median, the rth moment, quantile function,
the moment generating function and order statistics are discussed. Moreover, the
maximum likelihood method for estimating the model parameters and the Fisher’s
information matrix is given. Finally, the advantage of the EFWE distribution is con-
cluded by an application using real data.
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1. Introduction

The Weibull distribution (WD) submitted by Weibull [1], is an important and popular
distribution for modeling lifetime data where the hazard rate function is monotone.
Recently, new classes of distributions were based on modifications of the Weibull dis-
tribution (WD) to provide a good fit to data set with bathtub hazard failure rate Xie and
Lai [2]. The Modified Weibull (MW) distribution has been derived by Lai et al [3] and
Sarhan and Zaindin [4]. Moreover the Beta-Weibull (BW) distribution has been stu-
died by Famoye et al [5], Beta modified Weibull (BMW) distribution, see Silva et al [6]
and Nadarajah et al [7] and Kumaraswamy Weibull (KW) distribution, see Cordeiro et
al. [8]. Furthermore, many generalizations of the Weibull distribution are investigated
like a Generalized modified Weibull (GMW) distribution, Carrasco et al. [9] and Ex-
ponentiated modified Weibull extension (EMWE) distribution, Sarhan and Apaloo
[10]. Also we can find good review of these models in Pham and Lai [11] and Murthy et
al [12].
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The Flexible Weibull (FWE) distribution (Bebbington et al [13]) has many applica-
tions in life testing experiments, applied statistics, reliability analysis and clinical stu-
dies. For more details on this distribution, see [13]. If X is a random variable and it
has the Flexible Weibull Extension (FWE) distribution with parameters «, 8 >0, then
it’s probability density function (pdf) is given by

2 ax-£
Q(X)=(a+)’(‘%jea XeXp{—e ‘},X>0’ 1

while the cumulative distribution function (cdf) is given by

G(x):l—exp{—eaxf}, x> 0. (2)
The survival function is given by the equation
S(x):l—G(x):exp{—eaxf}, x>0, (3)
and the hazard rate function is
h(x)= (a + xﬁzj eaxfg. (4)

In this article, a new generalization of the Flexible Weibull Extension (FWE) distri-
bution called exponential flexible Weibull extension (EFWE) distribution is derived.

Using the exponential generator applied to the odds ratio , such as the expo-

1
1-G(x)
nential Pareto distribution by AL-Kadim and Boshi [14], exponential lomax distribu-
tion by El-Bassiouny et al [15]. If X isa random variable and G(X) is the baseline
cumulative distribution function with probability density function g(x) and the ex-

ponential cumulative distribution function is

F(x;4)=1-e¢™, x>0, 120 (5)

By using Equation (5) and replacing the random variable X with ratio 1 é( ] .
-G(x
The cdf of exponential generalized distribution is defined by AL-Kadim and Boshi [14]

and El-Bassiouny et al [15]

1
1-G

)
F(x)= j et
0

:1—exp{—l[?l(x):|}, x>0,1>0,

where G(x) is a baseline cdf. Hence the pdf corresponding to Equation (6) is given as

g =) 7

This article is organized as follows. The cumulative function, density function and

—

X

(6)

hazard function of the exponential flexible Weibull extension (EFWE) distribution are
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defined in Section 2. Some of statistical properties including, quantile function and si-
mulation, the mode, median, the skewness and kurtosis and rth moments are pre-
sented in Sections 3. The moment generating function (mgf) is derived in Sections 4.
The order statistics is determined in Section 5. The maximum likelihood estimation of
the parameters is obtained in Section 6. Real data sets are analyzed in Section 7. More-
over, we discuss the results and compare it with existing distributions. Finally, we in-

troduce the conclusion of our results.

2. Definition of the EFWE Distribution

We define in this section three parameters of the Exponential Flexible Weibull Exten-
sion EFWE (a,B,4) distribution. Using G(x) Equation (2) and ¢(X) Equation
(1) in Equation (6) and Equation (7) to obtain the cdf and pdf of EFWE distribution.
The cumulative distribution function cdf of the Exponential Flexible Weibull Extension
distribution (EFWE) is given by

B

ax——

F(x;a,,[i’,/i):1—exp{—}»ee } x>0, a,3,4>0. (8)

The pdf corresponding to Equation (8) is given by

ﬂ ax7£ {IX*E ax—ﬁ
f(x;a,ﬂ,ﬂ)=/1(a+7je ‘e *exp{—zee } ©)

where X>0 and «,f >0 aretwo additional shape parameters.
The survival function S (X) , hazard rate function h(X) , reversed hazard rate func-
tion r(x) and cumulative hazard rate function H(x) of X ~EFWE(a,f,1) are

given by
ol
S(x;oe,ﬁ,ﬂg)=1—F(x;oz,ﬁ,/l):exp{—};ee } x>0, (10)
B ol %
h(X;a,,B,/l)z/l(a+7)e xge (11)
X7£ ax—’/j axfﬁ
/l(a+ﬂ2)e xe® xexp{—/lee }
r(xa B,4)= - , (12)
1—exp{—/1ee }
x ax- b
H(x;a,ﬂ,/l)=J'oh(u)du=/‘texp{e X}, (13)

respectively, X>0 and «,$,1>0.
Figures 1-6 display the cdf, pdf, survival function, hazard rate function, reversed
hazard rate function and cumulative hazard rate function of the EFWE (a, y/j ,/1) dis-

tribution for some parameter values.

3. Some Statistical Properties

Some statistical properties for the EFWE distribution, such as quantile and simulation

%
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Figure 1. The cdf of the EFWE for different values of parameters.
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Figure 3. The S (X) of the EFWE for different values of parameters.
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Figure 6. The H(X) of the EFWE for different values of parameters.
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median, the mode, moments, the skewness and kurtosis are given as follows.

3.1. The Quantile and Simulation

Suppose the random variable X, is the quantile of the EFWE distribution given by
F(xq):q, 0<q<l. (14)

Using the distribution function of EFWE distribution, from (8), we have
ax? —k(q)x,—B=0, (15)

k(q)= In{ln(—m(lT_q)J} (16)

So, the simulation of the EFWE distribution random variable is straightforward. We

where

obtain the random variable X by solve the Equation (15) as follows form

“ k(u)iq/kz(u) +4aﬁ' 17
o

Since the median is 50% quantile then by setting q=0.5 in Equation (15), we can
obtain the median M of EFWE distribution.

3.2. The Mode of EFWE

The mode of the EFWE distribution can be obtained by differentiating its probability
density function in Equation (9) with respect to X and equaling it to zero. So the

mode of the EFWE is the solution of the following equation

ax B axt ax b b i
e et ' ex|0{—/1ee ' H—Z—f{oﬁﬁz)[he x -8 " H=O (18)
X

X

The EFWE distribution has only one peak, then this distribution is a unimodal dis-
tribution. Figure 2 shows that Equation (18) has only one solution. It is difficult to get
an explicit solution of Equation (18). Therefore, it can be solved numerically. Some
values of median and mode for various values of the parameters «,f and A are
calculated in Table 1.

3.3. The Skewness and Kurtosis

In this subsection, we can obtain the skewness and kurtosis based on the quantile

Table 1. The median and mode for EFWE (a,ﬂ,l) .

a B 2 median mode
0.015 0.381 0.076 53.3576 10.6657
0.158 0.158 0.273 0.801066 1.96923
0.700 1.000 0.150 1.537340 1.87122
1.000 0.700 0.130 1.132920 1.35312
1.000 0.800 0.200 1.009750 1.27259
1.200 1.000 0.100 1.228750 1.38465

88
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measures. The Bowely’s skewness (Kenney and Keeping [16]) is given by

Go75) ~ 2%05) * G
S, = (0.75) (05) T Y(0.25) ’ (19)
q(o.75) - q(o.zs)

and the Moors Kurtosis (Moors [17]) can be obtained, based on octiles, as follows

q -q -q +q
K, = (0.875) ~ H(0.625) ~ 1(0.375) T H(0.125) ’ (20)

q(o.75) - q(o.zs)

where the g, is quantile function.

3.4. The Moments

Here, we derive the rth moment for EFWE distribution in the next theorem
Theorem 1. If X has EFWE (a, ﬂ,l) distribution, then the rth moments of
random variable X, is given by

u;:iii( ).+k,1|+1ﬁ(+1)j(j+1)k{ r(r-k+1) .\ Ar(r-k- 1?{1}. (21)

i=0 j=0k=0 iljlk! fk(j+1)f*k+1 r—k 1(J+1)

Proof From the definition of the moments, we know that the rth moment of the

random variable X with the pdf f(X) isgiven by
o= _[xr f(xa,p,4)dx. (22)
0
Substituting from Equation (9) into Equation (22) we get

ﬂ ax7£ ax—ﬁ ax—ﬁ
P :f Xrl(a+—2je gt * exp{—iee ! }dx,
0 X

Hxi
the expansion of exp{—ﬂee X} is

then we have

(i+1)e X

hence, we obtain

ioi (-1) ,1I';(I| +1)’
= (-1) A" (i +2)’

i=0 j=0 I!J!

(j+1)(ax—£]

X (a+ Bx?)e *dx,
0

Jowx’ (a + ﬂx’z)e(jﬂ)axe*(jﬂ)édx’
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. . . ()2
using Series expansion of e »

k /- k
0 (D) iy o
0 :

we have

w o o (1)K qitd gk (3 i k '
s T A (41 (5+) I:X,k(mﬁ)e(,ﬂ)axdxl

i—0 j=0k=0 iljlk! Na
— NN (_1)i+k /’i’iﬂﬂk (I +1)j (J +1)k ® Tk o (JH)ax
222 TR anx e

®© 5y k=24 (j+)ax
+ [ Bx e dx},

using the definition of the gamma function (Zwillinger [18]), in the follows form,
oy [Patxgz-L
I(z)=x J'Oe t**dt, z,x,>0.

Finally, the rth moment of EFWE distribution is obtained in the form

e ()T ATB(i+Y) (1) | T(r—k+l)  Ar(r-k-1)
He ZZ ar_k (] +1)r—k+1 + ar_k_l(j +1)r—k—l '

=0 j=0k=0 iljlk!

This completes the proof. [

4. The Moment Generating Function

The moment generating function (mgf) of the EFWE distribution is given by theorem 2.
Theorem 2. If X isarandom variable from EFWE (a, 5, ﬂ) distribution, then its
moment generating function is
= e (<) AT (1) (1)t
i=0 j=0k=0r=0 iljlk!r!
I(r—k+1) . Ar(r—k-1)
ar,k ( j +1)I’7k+l ar,k,l ( j +1)r—k—l :

(23)

Proof. The moment generating function (mgf) of the random variable X with the
pdf f(x) is

My (t) = [e*f (x)dx. (24)
using series expansion of e”, we obtain
. tr " © tr .
MX(t):gﬁjoxrf(x)dx.:gﬁ,ur. (25)
Substituting from Equation (21) into Equation (25) we obtain the moment generat-
ing function (mgf) of EFWE distribution in the form
(-1)™ A  (i+1) (j+1)t

M, (=233 irjikir!

i=0 j=0k=0r=0

C(r—k+1) . BAr(r—k-1)

ar—k (J +l)r—k+1 ar_k_l (J +1)r—k71 .

K2
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This completes the proof. [

5. The Order Statistics

In this section, we derive closed form expressions for the probability density function
pdf of the rth order statistic of the EFWE distribution. Suppose X, X, -+, X,
denote the order statistics obtained from a random sample X,, X,,---, X, which taken
from a continuous population with cumulative distribution function F(X;¢) and
probability density function f (X; (0) , then the pdf of X,., is as follows

! )[F(x;w)]'fl [1-F(x0)]"" f(x9), (26)

fn(X%Q)=—F—7——
e (%:0) B(r,n—r+1

where f(X;¢) and F(X;¢) are the probability density function and cumulative
distribution function of EFWE («,,4) distribution given by Equation (9) and Equ-
ation (8) respectively, B(.,.) is the Beta function and (0:(05, ,B,l), also we define
first order statistics X, =min(X,,X,,-,X,), and the last order statistics as
Xy =Max(X;, X,,-+, X, ), where 0<F(X;¢)<1 for all X>0. Using the binomial
expansion of [1— F(x; (p)]nfr

[1-F(x0)]" =_n25£ni_r](—l)i[F(x;¢)]i. 27)

i=0

Substituting from Equation (27) into Equation (26), we have
ffn—r i i+r—
i ](_1) [F(xe)] . (28)

(o3

f(x@)=——"f
e (X59) B(r,n—r+1)

Substituting from Equation (8) and Equation (9) into Equation (28), we obtain
“ (<1)'n!

fea (X50) = 2, i!(r—1)!(n—r—i)![F(X’¢)Jml f(xp). (29)

Relation (29) shows that f. (X;¢) is the weighted average of the Exponential
Flexible Weibull Extension distribution with different shape parameters.
6. Parameters Estimation

In this section, point and interval estimation of the unknown parameters of the EFWE
distribution are derived by using the method of maximum likelihood based on a com-
plete sample.

6.1. Maximum Likelihood Estimation

Let x,X,,---,X, denote a random sample of complete data from the EFWE distribu-

tion. The Likelihood function is given as
L=T]f (x;a.B8.4), (30)
i=1

substituting from (9) into (30), we have

n ax-fﬁ ”Xi*E axi—£
L=Hﬂ[a+%}e Nge M exp{—/lee ! }

i=1 i

%
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The log-likelihood function is

nooax-2 ax,—

c:nln(z)+gln(a+xifz}+i§";[axi—f}%e ﬂZe NI

The maximum likelihood estimation of the parameters are obtained by differentiat-
ing the log-likelihood function L with respect to the parameters o, and A and

setting the result to zero, as follows

oL &, x? n nooax-t el il
= LYy xe S -ADdxe et =0, 32
da L AR 2 (32)
%_Zn: : _Zn:i_zn:iewi % +/Iziemv£e “x"% =0 (33)
B Thraxt Tx GX S ,

0 n n axl’;i

5:5_ g =0 (34)

i=1

The MLEs can be obtained by solving the nonlinear Equations (32)-(34), numerically
for a,f and A by using Mathcad program.

6.2. Asymptotic Confidence Bounds

The asymptotic confidence intervals can be obtained when the parameters «,f and
/A are positive as the maximum likelihood estimations of the unknown parameters
(a,f,4) but can’t be obtained in closed forms. So, by using variance covariance ma-
trix 1" see (Lawless [19]), where the | is inverse of the observed information

matrix which defined as follows

oL L L
oa’® oadfi  Oadd var(a) cov(o?, [3) cov(o?, i)
o°L oL oL ~ . - -
|t = _aﬁaa _ﬁ _8,87 = cov(ﬂ,a var(/;’) cov ,B,/l) . (35)
oL oL o0%L cov(i,o}) cov(i,ﬁ) var(i)
“0ida 0A0B  9A
where
2 4 axi—ﬁ axi—ﬁ "‘Xi’g axi—ﬁ
e SN 3 )Y SRR L (36)
oa i=1 (IB + axiz) i=1 i=1
62 L n X-Z n axi,ﬁ n axi—ﬁ. "Xi-xﬁi axi—ﬁ_
=— i —Se H4a¥e et l+e M|, 37
oadp ':1(,B+ax2)2 .2:1: ; (37)
FL & el o
dadh _gx‘e A o
62 n 1 N1 axi—g N1 axi—g “an xi—x—ﬁ_
Crmr eI s e e e )
aﬂ i=1 (,3+0!X ) i=1 X i=1 X
2 n 1 aX,—E ax,f
aﬂazl_.zl:Z ! 40

K2
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0L n
—_— (41)
OA? A2
Furthermore, the (1— ) )100% confidence intervals of the parameters (a, B, /1) can
be obtained by using variance matrix as the following forms

éizé,/var(o}), ﬁizéjvar(ﬁ), iizi,[var(i),

where 6>0,and z, denote the upper (gj -th percent of the standard normal dis-
2

tribution.

7. Application

In this application, we will analysis a real data set given by Aarset [22], see Table 2, us-
ing the EFWE (a, B, /1) distribution and compare it with the other fitted distributions
like a flexible Weibull extension (FWE) distribution, Weibull (W) distribution, linear
failure rate (LFR) distribution, Exponentiated Weibull (EW) distribution, generalized
linear failure rate (GLFR) distribution and Exponentiated Flexible Weibull (EFW) dis-
tribution by using Kolmogorov Smirnov (K-S) statistic, P-value, Akaike information
criterion (AIC), as well as Akaike Information Criterion with correction (AICC), see
[20] and also Bayesian information criterion (BIC), see [21], values.

Table 3 gives the maximum likelihood estimations of parameters for EFWE distribu-
tion, the value of K-S Statistics and P-value. As well the values of the log-likelihood
functions, AIC, AICC and BIC are in Table 4.

From Table 3 and Table 4 we note that the EFWE distribution with three parameters
gives a better fit than the previous models distributions. It has the largest log-likelihood

Table 2. Life time of 50 devices, see Aarset [22].

0.1 0.2 1 1 1 1 1 2 3 6
7 11 12 18 18 18 18 18 21 32
36 40 45 46 47 50 55 60 63 63
67 67 67 67 72 75 79 82 82 83
84 84 84 85 85 85 85 85 86 86

Table 3. The maximum likelihood estimations and K-S of parameters for Aarset data [22].

Model MLE of the parameters K-S P-value

FW (a,p) &=0.0122, j=0.7002 0.4386 4.29x10°
W (a,f) &=44913, 5=0.949 0.2397 0.0052
LER (a,b) 4=0014, b=2.4x10" 0.1955 0.0370
EW (a..7) ¢=91.023, f=469, ;=0.164 0.1841 0.0590
GLER (a,b,c) 4=0.0038, b=3.04x10", ¢=0.533 0.1620 0.1293
EFW (2,5.9) ¢=00147, f=0.133, §=4.22 0.1433 0.2617
EFWE (a,B.4) ¢=0015, $=0381, 1=0.076 0.1387 0.2719

93
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The log-Likelihood Function

Table 4. The log-likelihood function, AIC, AICC and BIC values of distributions for Aarset data

-200

-300

-400

-500

1
0.01

o

[22].

Model c -2 r AIC AICC BIC
FW (a,p) -250.810 501.620 505.620 505.88 509.448
W (a.p) ~241.002 482.004 486.004 486.26 489.828
LFR (a,b) -238.064 476.128 480.128 480.38 483.952
EW (a,8.7) -235.926 471.852 477.852 478.37 483.588

GLFR (a,b,c) -233.145 466.290 472.290 472.81 478.026
EFW (a,p.0) ~226.989 453.978 459.979 460.65 465.715
EFWE (a,.4) -224.832 449.664 455.664 456.19 461.400
T -220 T T
c
S
g8 -230
c
1 >
w
°
8
£ -240
T
4
43
o
k)
o -250
£
'_
1
0.02 -260

Figure 7. Profile of the log-likelihood for «, .

function, and also P-value, on the other hand the smallest K-S, AIC, AICC and BIC
values from among those considered in this article.

Substituting the maximum likelihood estimations of the unknown parameters «, S
and A into Equation (35), we have the estimation of the variance covariance matrix as

follows

1.11x10° -1.175x10° -2.187x107°
I,'=|-1.175x10"° 0.021 3.275x10™
—2.187x10° 3.275x10" 5.469x10™

The approximate 95% two sided confidence intervals of the unknown parameters
a,f and A are [0.013,0.017], [0.1,0.662] and [0.03,0.122], respectively.

From, Figure 7 and Figure 8 we note that the likelihood function have unique solu-
tion.

Figure 9 represents the estimation for the survival function S(X), by using the
Kaplan-Meier method and its fitted parametric estimations when the distribution is
assumed to be FW, W, LFR, EW, GLFR, EFW and EFWE are computed and plotted in
the following shape.

Figure 10 and Figure 11 give the form of the hazard rate h(X) and cumulative dis-
tribution function for the FW, W, LFR, EW, GLFR, EFW and EFWE which are used to
fit the data when the unknown parameters included in each distribution are replaced by

their maximum likelihood estimation.

94
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-200, T T

-400

The log-Likelihood Function

1 I
0 0.2 0.4
A

Figure 8. Profile of the log-likelihood for 4.

1% T T T T T T T T

Empirical Survival

S(x)

0 \ . L . . . L .
0 10 20 30 40 50 60 70 80 90

X

Figure 9. The Kaplan-Meier estimate of the survival function S (X) for Aarset data [22].

0.1
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0.07
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Figure 10. Fitted hazard rate function h(X) for Aarset data [22].
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Figure 11. Fitted cumulative distribution function F (X) for Aarset data [22].

8. Conclusion

We propose a new distribution, based on the exponential generalized distribution. The

general idea is to add parameter to a flexible Weibull extension FWE distribution, this

new distribution is called the exponential flexible Weibull extension EFWE. Its defini-

tion and some of statistical properties are studied. We use the maximum likelihood

method for estimating parameters. Finally, the advantage of the EFWE distribution is

concluded by an application using real data. Moreover, it is shown that the exponential

flexible Weibull extension EFWE distribution fits better than existing modifications of
the Weibull and flexible Weibull distributions.
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