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Abstract

In this article, we present a systemic approach toward a fuzzy logic based for-
malization of an approximate reasoning methodology in a fuzzy resolution,
where we derive a truth value of A from both values of B > A and B by some
mechanism. For this purpose, we utilize a t-norm fuzzy logic, in which an im-
plication operator is a root of both graduated conjunction and disjunction
operators. Furthermore by using an inverse approximate reasoning, we con-
clude the truth value of A from both values of B > A and B, applying an alto-
gether different mechanism. A current research is utilizing an approximate
reasoning methodology, which is based on a similarity relation for a fuzzifica-
tion, while similarity measure is utilized in fuzzy inference mechanism. This
approach is applied to both generalized modus-ponens/modus-tollens syllog-
isms and is well-illustrated with artificial examples.
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1. Introduction

This study is a continuation of a research, which is based on a proposed t-norm
fuzzy logic, presented in [1]. Here we also use an automated theorem proving,
where a resolution principal is a rule of an inference, leading to a refutation
theorem-proving technique. Applying the resolution rule in a suitable way, it is
possible to check whether a propositional formula is Universally Valid (UV) and
construct a proof of a fact that relative consequent’s first-order formula is UV or
non UV. In 1965, ]. A. Robinson [2] introduced the resolution principle for

first-order logic. A fuzzy resolution principal, in its part, was introduced by M.
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Mukaidono [3].
Taking into account the above mentioned, we present the following.
Definition 1 [3].
A fuzzy resolvent of two fuzzy clauses C, and C,, containing the comple-

mentary literals x, and —x, respectively, is defined as

R(C.C)=LvL, (1.1)

where C,=x,vI, and C,=—w,vL,. L, L, are fuzzy clauses, which don’t
contain x, and —x, respectively. The operator v is understood as the dis-
junction of the literals present in them. It is also a logical consequence of
C, AC, . A resolution deduction of a clause C from a set S of clauses is a fi-
nite sequence of clauses C,,C,,---,C, =C such that each C, is either a mem-
ber of or is a resolvent of two clauses taken from the resolution principle in
propositional logic we deduce that, if S is true under some truth valuation v,
then v(C,)=TRUE forall i,and in particular, v(C)=TRUE [2].

Example 1: Here is a derivation of a clause from a set of clauses presented by
means of a resolution Treein Figure 1.

In first order logic, resolution condenses the traditional syllogism of logical
inference down to single rule.

A simple resolution scheme is:

Antecedent1: avb

Antecedent2: —b (1.2)

Consequent. a.

The entire historical analysis of this approach toward applying of a resolution

principal to a logical inference is presented in [4].

2. Basic Theoretical Aspects

First, Let us consider that 4, A, Band B'are fuzzy concepts represented by fuzzy
sets in universe of discourse U, U, V and V, respectively and correspondent
fuzzy sets be represented as such 4 U|yA :U—[0,1], Bc V|y3 v —>[0,1],

where

A:.[,u/1 (u)/u, szyB(v)/v (2.1)
{xl,xz,x3} {—xy,x,} T {33, }
{xl’x3»x4}
o

{x}

Figure 1. Resolution Tree.
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Given (2.1) let us formulate the argument form of simple Fuzzy Resolution as

follows.

---------- (2.2)

Given (2.2) the scheme for Generalized Fuzzy Resolutionlooks like that
Antecedent 1: If xis A OR yis B
Antecedent2: yis B’
—————————————————————————————————— (2.3)
Consequent: xis A’

In case (2.3), we can say that the Disjunctive Syllogism holds if B’is close to
not B, whereas A'is close to A. The second approach is called /nverse Approx-
Imate Reasoning. Its scheme looks like that:

Antecedent 1: If xis A, then yis B
Antecedent?2: yis B’
—————————————————————————————————— (2.4)
Consequent. xis A’

We shall transform the disjunction form of rule into fuzzy implication from
fuzzy logic, introduced in [1], or fuzzy relation and apply the method of inverse
approximate reasoning to get the required reso/vent. However, in the case of
complex set of clauses the method is not suitable. Hence, we investigate for
another method of approximate reasoning based on similarity to get the fuzzy
resolvent.

Let us consider Generalized Fuzzy Resolution first. The key operation used in
this method is disjunction. The disjunction operation v is presented in Table
S1 and, being applied to above introduced fuzzy sets A and B, looks like that [1]

AvB:{m&A+B<L

(2.5)
LA+B>1

Whereas correspondent conjunction operation A is also presented in Table
S1 and looks like that [1]

(2.6)

A-B,A+B>1,
AAB=
0,4+ B<1

Taking into account (2.5) and (2.6) and the fact that —4=1- 4, let us for-
mulate the following

Lemma 1.

If there are two fuzzy clauses C,,C, and R(a ,6; ) is a fuzzy resolvent of
them with keyword x,, then the following inequality holds

T(CHAZZ)sT(R(G;EZ» 2.7)

where 7(x) is a truth value of an x.
Proof: Since C,=x,v I, and C,=—x v L,,where L L, #0, then
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Cl/\a: x.vL,)/\(ﬁx.sz)

(2.8)
x A=)V (L A= )V (x ALy v (L A L)

whereas from (1.1) R(E‘I,(Tz) =L, v L,.From (2.8) let define the following val-
ues of truth:
X, =X, X+ >,

T =(xl. /\—|xl.)={ (2.9)

0,x;, +—x, <1
Since x; + —x =1, then from (2.9) we are getting that
T=0 (2.10)
In a meantime from the same (2.8) we have

L -—x,L >x,
T, =(L A—x,)= 0L <x (2.11)
2 =

From (2.11) let’s take a note that
Sup(T,)=1|L, =1,x,=0 (2.12)

Also from (2.11) let

T,=(x AL) XLy, x, +L, >1, (2.13)
=(x,AL)= .
P00 + L, <1
Continuing from (2.11) let
L-L,L~+L >1,
T,=(LAL)={ "' "1 2 (2.14)
0,L+L,<1
And finally from (1.1) we have
L-L,L+L, <],
LvL,= (2.15)
LL+L,>1
Let’s rewrite (2.8) in the following way
T(GAG)=T,vL VT VT, (2.16)
From (2.16) given both (2.10) and (2.12) we have
0,7, <1, [0,7,<1,
1,=T,vT,=0vT, = = (2.17)
LT, =1 LT, =1
Taking into account (2.12) finally we are getting
T, = 0L <L, (2.18)
2 LL =1,x =0, '
Furthermore from the same (2.16) let
T, -T,,T,+T, <1,
T,=T,vI,=4° "3 (2.19)
LT, +T,>1

Note that from (2.18) x; =0, which means that from (2.13) 7, =0, therefore
from (2.19) we have
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0Lt (2.20)
* LT 21 '
But from (2.14) and (2.20) 7, =1,when L,-L, =1 or equally
L=L =1 (2.21)

Finally from (2.16), given (2.18) and (2.20), we are getting the following

~ r,-r,T,+T,<l1, |07, +T,<]I,
T(Cl /\Cz) _ le VT34 _ )2 e 34 _ 12 34 (2.22)
LT, 4T, 21 LT, 4T, 21
Taking into account (2.21) from (2.15) and (1.1)
R(C.C)=Lv L, =1 (2.23)

From (2.22) and (2.23) we are getting
T(¢,AC)<7(R(C.C,)) (Q E.D..

Corollary 1
Let C,,C, are two fuzzy clauses. If T(R((?1 ,62)) <0.25, then the following

is true:
T(CIACN‘Z)<T(R(51,C~'2)) (2.24)

Proof: First note that for
L,L,e[0,1]|L+L,<1=L L, <025 (2.25)

From (1.1) and (2.15), given (2.25) we are getting the following

~ L-L,L+L, <1, [025L +L,<],
T(R(C,,CQ))le VL, = = (2.26)
LL+L,>1 LL+L,>1

First from (2.14) we have the following

0,7, <1,
I,=0|L+L,<1=>T,=T,v0= (2.27)
LT, =1
But from (2.13) we have the following 7, =1|x,=L,=1=L =0, but
L +L, <1=T, =0, therefore
T,,=0=>T1,vT, =0,ie.<0.25, in other words the following is true.

r(c, /\CN‘z)<T(R(CN'],CN‘Z)) (Q.E. D.).

Corollary 2
Let C,,C, are two fuzzy clauses. If T(R((?1 ,62)) >0.25, then the following
is true:
T(CIA@):T(R(a,@)) (2.28)
Proof:
o[0T, 4T, <1,
From (2.22) we have T((C, A CQ) = , which means that
LT, +T, 21

T(Cl/\CN’2>20.25:l . From (2.14), (2.17) and (2.19) we are getting
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T(GAG)=1=1L=1,=1, but from (226) T(R(G.G,))=11L,=L,=1,
which means that T(CI A 6;) = T(R(CN’I,E'VZ)) (Q.E.D.).

Based on above presented results let formulate the following

Theorem 1 (Deduction):

Let 4,4, --,4 and B are fuzzy concepts. A fuzzy concept B isa logical

consequent of A4, A,,---,4, ifand only if the following inequality holds

T[ N ZJ<T(§). (2.29)
Vie[l,n]

Or equally
{[Z, and 4, and ---and Zn} = E} (2.30)

Which means a fuzzy formula (2.30) is UV. Note, that a fuzzy formula
f€F iscalled UV,if T(f)>0.5.Before providing a proof of this theorem let
us give the following

Definition 2

A fuzzy concept B is alogical consequent of A, d,,--, 4, , ie.

A, A4, A |=B, if and only when UV of A4, A,,--,4 has caused UV of a

fuzzy concept B, in other words the following is true.

Vie[l.n]

T( N ZJZO.S:T(E)ZO.S,where N 4 =min{4}
vie[l,n) !

Proof: Let fuzzy concept B 1is a logical consequent of fuzzy concepts

A, A, A

If fuzzy concepts :471,:472,---,:47" are UV, ie. T(Z)ZO.S,iIi:I;, then in ac-
cordance with Definition 2 a fuzzy concept B isalso UV, ie T (Z’)’) >0.5. An
implication operator in a fuzzy logic, used in this article is defined as the follow-
ing (see Table S1 and Table S2)

l,T[ N ZJST(E),

Vie[l,n]

ﬁT( N ZJT(E),T[ N ZJ>T(E)

vie[l,n) Vie[l,n)

T{ N 71,]—>T(§): (2.31)

Vie[l,n]

Let us consider a set of cases.

o If T(WQH]Z[JgT(E), then T(WQW]ZI.J—)T(E)EI, therefore UV of a
fuzzy formula (2.30) is apparent.

. T[WQ"]ZJ>T(§) . then T(\ﬂ[{]ﬂl}%T(E)zﬁT{WQH]ZJ-T(lN?) ,

but since 7(4)205i=Ln and T(B)>05, then —T(4)<0.5i=Ln

and —.T( N Zj < T(E) . Therefore it is obvious then

Vie[l,n]
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—.T{ N Z)-T(§)<O.5, Le. a fuzzy formula (2.30) is not UV, a logical

Vie[l,n]
contradiction takes place.

o If 3i=i|T(4.)<05, then T[ﬂZj:min{T(Z)}<o.5 a fuzzy sub

i=ln

formula (antecedent) from (2.30) [Zl and :4; and --- and ZJ is not UV, ie.

contradictive, but in a meantime T (E) > 0.5, therefore

T( N ZJST(E):T( N Z]—)T(E)zl, Le. a fuzzy formula (2.30) is

Vie[l,n] Vie[l,n]
Uv.
o If

T( N Z.]<0.5, T(§)<0.5 (2.32)
Vie[l,n]

and if T{ N ZJST(E’):T{ N ZJ—)T(E)EI, therefore formula (2.30)

Vie[l,n] Vie[l,n]

is UV, whereas if T( N ZI.J>T(Z~?),then again

Vie[l,n]

T( N Zj - T(E) = —.T( N le : T(E) and given conditions (2.32) we have

Vie[l,n] Vie[l,n]
ﬁr[ N Z]ZO.SD—J{ N ZJ-T(Z;)SO.S, which means that a fuzzy
Vie[l,n] Vie[l,n]

formula (2.30) is not UV or is contradictive.

At last let a fuzzy formula (2.30) be UV and also let T( ﬂ ZJ < T(ZNE) . Then

Vie[l,n]
if a fuzzy sub formula (anteceden?) from (2.30) [:471 andz2 and --- and ZJ is

also UV ie. T[ N Z]ZO.S,then from (2.31) we have

Vie[l,n)
T( N ZJ—)T(E)EIST(E)ZO.S. In other words a fuzzy concept B is
Vie[l,n]

UV. Therefore from Definition 2 a fuzzy concept B isa logical consequent of
fuzzy concepts :471,:472,---,:47" (Q.E.D.).

Based on these results we formulate the following

Theorem 2

If there are two fuzzy clauses C,,C, and R(CN’l ,C, ) is a fuzzy resolvent of
them with keyword x,, then R(CN’1 ,E‘;) is logical consequent of both C, and
C, ie

.G, =R(C,.G,) (2.33)
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Proof:
Let C,=x,vL and C,=-—xvL,,where L,L, #0, whereas
R (a , ’cj ) =L, v L, . By Definition 1 and in accordance with (2.5)

~ o~ L-L.,L+L <1,
T(R(C.G))=1 " 7 (2.34)
LL+L,>1
T(g)— xi'Ll,.xl-+Ll<1, (235)
Vo x + L >1 '

T(vaz) B {—oci Ly, —x, + L, <1, (236)

L+ L, 21

Let C,,C, areboth UV, ie. T(a) >0.5 and T(CN'Z) >0.5. Since from (2.35)
and (2.36) the following is taking place x,-L, <0.5|x,+L <1 and
—x, L, <0.5|—x,+ L, <1 then UVof C,,C, isin reality means that

x,+L =1 }

2.37
—X; +L2 >1 ( )

Taking into account that T'(—x;)=1-7(x,) let sum both inequalities (2.37)
together and get the following L, + L, >1. From (2.34)
7(R(C.G))=11L+1,21=T(R(C.G,))>05 ie R(C,G) is UV
Therefore by Definition 2 we are getting a fact that if C,,C, are both UV, and
then R(CN’I,CN}) isalso UV.(Q. E. D.).

Let us present some considerations about using a notion of similarity, which
plays a fundamental role in theories of knowledge and behavior and has been
dealt with extensively in psychology and philosophy. A careful analysis of the
different similarity measures reveals that it is impossible to single out one par-
ticular similarity measure that works well for all purposes. We will utilize a con-
sistent approach toward definition of a similarity measure, based on the same
fuzzy logic we used above [1]. But this time we will use the operation Equiva-
lence (see Table S1).

Suppose U be an arbitrary finite set, and J(U) be the collection of all
fuzzy subsets of U . For 4,BeJ(U), a similarity index between the pair
{4,B} is denoted as S(A4,B;U) or simply S(A,B) which can also be con-
sidered as a function S: 3(U)x 3(U)—[0,1]. In order to provide a definition
for similarity index, a number of factors must be considered.

Definition 3

A function S(A4,B) defines a similarity between fuzzy concepts A4,B if it
satisfies the following axioms:

Pl. S(B,A)=S(4,B),S(—4,-B)=S(4,B),where —4=1-4,

P2. 0<S(4,B)<I1,

P3. S(4,B)=1,iff 4=B,

P4. For two fuzzy concepts A,B|A+D,B#J,

S(A4,B)=0=>min (s, (u), 15 (u))=0,YueU,ie. ANB=0,
P5. ACBcC(42B2C)= S(4,C)<min(S(4,B),S(B,C)).
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Lemma 2

If a function §(4,B) is defined as operation equivalence from Table S1,

then it could be considered as a similarity measure.
Proof:

From Table S1 we have

(1—b)~a,a<b,
S(A4,B)=<l,a=b, (2.38)
(1-a)-b,a>b,
P1. From (2.38)
b-—a,—a<b, (l_a) b,a>b,
S(ﬂA,ﬂB)z l,—ma=—-b, =<l,a=b, :S(—lA,ﬁB)=S(A,B) (2.39)
a-—|b,—|a>b, (l—b)-a’a<b,
whereas
b~(l—a),b<a,
S(B,A)=41b=a, =5(4,B) (2.40)
(1—b)~a,b>a,
Axioms P2 and P3 are trivially satisfied by (2.38).
P4. From (2.38)
S(A,B)EO\bzl,a:O or b=0,a=1=ANB=Y (2.41)
P5. From (2.38)
(1—c)~b,b<c,
S(B,C)=11b=c, (2.42)
(1-b)-¢,b>c,
Case: a<b<c
From (2.38) and (2.42) we have
S(4,B)=(1-b)-a;S(B,C)=(1—c)-b;S(4,C)=(1-c)-a (2.43)
From (2.43) (1-c)-a<(1-c)-b= S(4,C)<S(B,C), whereas
(1-¢)-a<(1-b)-a=S(4,C)<S(A4,B).Since §(4,C)<S(B,C) and
§(4,C)<S(4,B), then the following is also true:
S(4,C)<min(S(4,B),S(B,C)) (2.44)

Case: a>b>c
From (2.38) and (2.42) we have

S(4,B)=(1-a)-b;S(B,C)=(1-b)-¢;S(4,C)=(1-a)-c  (2.45)

From (2.45) (1-a)-c<(1—a)-b= S(4,C)<S(4,B),whereas
(1-a)-c<(1-b)-c= S(4,C)<S(4,B). Since §(4,C)<S(B,C)
S(4,C)<S(A4,B), then the following is also true:

S(4,C)<min(S(4,B),5(B,C)) (Q.E.D.).

and

DOI: 10.4236/jsea.2017.1010045 801 Journal of Software Engineering and Applications


https://doi.org/10.4236/jsea.2017.1010045

A. Tserkovny

To illustrate our further research before giving the definition of similarity in-
dex, we will present couple examples.

Let 4 and B be two normal fuzzy sets defined over the same universe of
discourse U and presented by unimodal linear monotonic membership func-
tions and supp{A}>CardU —1; supp{B}>CardU —1. Correspondent lin-
guistic scale could consist of the terms like {“SMALL’..., “MEDIUM ...,
“LARGE’}. Let us consider the following cases.

1) 4 labeled “SMALLER THAN LARGE”
=0.2/u, +0.3/u, +0.4/u, +0.5/u, +0.6/us +0.7/u,

+0.8/u; +0.9/ug +1.0/uy +0.9/u, +0.8/u,,

Whereas B labeled “LARGE”
=0.0/u, +0.1/u, +0.2/u; +0.3/u, +0.4/us +0.5/ug

+0.6/u; +0.7/ug +0.8/uy +0.9/u,y +1.0/u,,

From (2.38) the similarity matrix S§(4,B) would look like that
2) A labeled “MEDIUM? =0.5/u, +0.6/u, +0.7/uy +0.8/u, +0.9/us +1.0/u

+0.9/u; +0.8/ug +0.7/uy +0.6/u,, +0.5/u,,

And B labeled “LARGE”
=0.0/u, +0.1/u, +0.2/u; + 0.3/u, +0.4/us +0.5/u,

+0.6/u; +0.7/ug +0.8/uy +0.9/u,y +1.0/u,,

From (2.38) the similarity matrix S(A4,B) would look like that (for simplic-
ity sake we show elements of a matrix with sing/es only)

3) 4 labeled “MEDIUM” ~ 0.5/u, +0.6/u, +0.7/uy +0.8/u, +0.9/u; +1.0/u,
+0.9/u, +0.8/ug +0.7/uy +0.6/u,, +0.5/u,,

And B labeled “SMALL”
=1.0/u, +0.9/u, +0.8/u; +0.7/u, + 0.6/us + 0.5/u

+0.4/u, +0.3/ug +0.2/ug +0.1/u,, +0.0/u,,

From (2.38) the similarity matrix S(4,B) would look like that
=0.0/u, +0.1/u, +0.2/uy + 0.3/u, +0.4/us + 0.5/u

+0.6/u, +0.7/ug +0.8/uy +0.9/u,, +1.0/u,,

And B labeled “SMALL”
=1.0/u, +0.9/u, +0.8/u; +0.7/u, + 0.6/us + 0.5/u

+0.4/u, +0.3/ug +0.2/ug +0.1/u,, +0.0/u,,

From (2.38) the similarity matrix S§(4,B) would look like that
=0.5/u, +0.6/u, +0.7/uy +0.8/u, +0.9/us +1.0/u,

+0.9/u; +0.8/ug +0.7/uy +0.6/u,, +0.5/u,,

And B labeled “MEDIUM”
=0.5/u, +0.6/u, +0.7/uy +0.8/u, +0.9/us +1.0/u,

+0.9/u; +0.8/ug +0.7/uy +0.6/u, +0.5/u,,
From (2.38) the similarity matrix S§(4,B) would look like that
Let consider similarity measure as a matrix

S(A,B) = "sl.j ";i = L_n;j = I,_n;n =CardU . We are presenting the following

4) A4 labeled “LARGE”

5) A labeled “MEDIUM”

Proposition 1
Since 4 and B are two normalfuzzy sets, then

3, " e[Ln]| S: =lin=CardU . Then the following function could be consi-
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dered as a similarity index

> Sij

SI(4,B)= max%n = CardU. (2.46)
e

In Table 1 there are three sets of pairs of indices
bjlie[i winsj e[ ln s, =ln=CardU.

/

1)For i =1,/ =3,Gp {i,j} ={2,4:3,5;4,6;5,76,8,7,9;8,10;9,11}
8
=8I\ Grii,ji)=—=0.8
( {6, }) 10

2)For i'=10,j" =10,Gr, {i, j} =@ = SI(Gr, {i, j})=0

3)For i =11,/ =9,Gr{i,j} =@ = SI(Gr{i, j})=0.

From (2.46) we are getting SI(4,B)= max [SI(Grk {i*,j*}ﬂ =0.8. This value
perfectly matches our intuition and pe_r)ception of a closeness of terms
“SMALLER THAN LARGE’ and “LARGE” and membership functions of cor-
respondent fuzzy sets.

In Table 2 there are six sets of pairs of indices
i,j|ie[i* +1,n:|;j € [j* +1,n];slﬁf =Ln=CardU.

1) For i =1,; =6,Gr{i, j} =1{2,7;3,8;4,9;5,10;6,11}

= SI(Gr {i, j}) =% =0.5

2)For i =7,j =10,Gn{i,j} =@ = SI(Gr, i, j})=0
3)For i =8,/ =9,Gnr{i,j} =@ = SI(Gr{i,j})=0
4) For i'=9,j =8,Gr,{i,j}=D= SI(Gr,{i,j})=0
5)For i =10,/ =7,Gr{i, j} =@ = SI(Gr{i, j})=0
6)For i' =11,j" =6,Gr {i, j} =@ = SI(Gr, {i,j})=

Table 1. “Smaller Than Large” = “Large”.

S(4B) 0o 01 02 03 04 05 06 07 08 09 1

0.2 0 0.08 1 0.14  0.12 0.1 0.08 0.06 0.04 0.02 0
0.3 0 0.07  0.14 1 0.18 0.15 0.12 0.09 0.06 0.03 0
0.4 0 0.06  0.12 0.18 1 0.2 0.16 0.12 0.08 0.04 0
0.5 0 0.05 0.1 0.15 0.2 1 0.2 0.15 0.1 0.05 0
0.6 0 0.04  0.08 0.12  0.16 0.2 1 0.18 0.12 0.06 0
0.7 0 0.03 0.06 0.09 0.12 015 0.18 1 0.14 0.07 0
0.8 0 0.02 0.04 0.06 0.08 0.1 0.12  0.14 1 0.08 0
0.9 0 0.01 0.02 0.03 0.04 0.05 006 0.07 0.08 1 0

1 0 0 0 0.0 0 0 0 0.0 0 0 1
0.9 0 0.01 0.02 0.03 0.04 0.05 006 0.07 0.08 1 0
0.8 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 1 0.18 0
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Table 2. “Medium” = “Large”.

S(4B) o o1 02 03 04 05 06 07 08 09 1
0.5 1
0.6 1
0.7 . 1
0.8 1
0.9 1
1 . 1
0.9 1
0.8 1.
0.7 1
0.6 1

0.5 1

Table 3. “Medium” = “Small”.

S(4B) 1 09 08 07 06 05 04 03 02 01 0

0.5 1

0.6 1

0.7 1

0.8 1

0.9 1

1 1

0.9 1

0.8 1

0.7 1

0.6 1

0.5 1

From (2.46) SI(4,B)=max| 5I(Gr{i',;'})|=0.5. This value is in a middle
of a scale [0, 1] and also pe_rfectly matches our intuition and perception of an
average closeness of terms “LARGE” and “MEDIUM’ and membership func-
tions of correspondent fuzzy sets.

Similarly in Table 3 there are six sets of pairs of indices
i,j|i e|:i* +1,n];j e[j* +1,n];si*j* =Ln=CardU .

1) For i =6,/ =1Gn{i,j}={7,2;8,39,4,10,5;11,6}

5
= SI(Gr {i, j}) =505
2)For i =5, =2,Gn{i,j} =D = SI(Gr,{i, j})

3)For i =4,; =3,Gn{i,j} =@ = SI(Gr,{i, j})=

0
0
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4) For i =3,j =4,Gr i, j} =@ = SI(Gr,{i,j})=
5)For i =2,/ =5,Gr{i,j} =@ = SI(Gr.{i, j})=

6) For i =1,/ =6,Gr{i,j} =@= SI(Gr,{i,j})=0.
From (2.46) we are getting ST (4, B) = max[SI(Grk{ J'})|=0.5. This value

k=1,6
is also in a middle of a scale [0,1] and also perfectly matches our intuition and

0
0

perception of an average closeness of terms “SMALL” and “MEDIUM’ and
membership functions of correspondent fuzzy sets.
In Table 4 there are eleven sets of pairs of indices
i,jlieli +Ln]ijelj +Lnlis. . =ln=CardU.
1) For i =11,/ =1,Gr{i,j} = @:>S](Gr1 {i,j})=0
2) i' =10,/ =2,Gn{i,j} =@ = SI(Gr,{i, j})=0
3) i'=9,/=3,Gn{i,j} =@ = SI(Gr,{i, j})=0
4) i =8,j =4,Gr,{i,j}= ®:>SI(Gr4{l ]}) 0
5) i'=7,j =5.Grli,j} =@ = SI(Gr{i, j})=0
6) i =6, =6,Gr,{i,j}=@= SI(Gr,{i,j})=0
7) For i =5,j* =7,Gr, {l, } J= SI(G}’7 {l,j
8) For i' =4,/ =8,Gr{i,j} =@ = SI(Gr{i,j

9) For i =3,j* =9,Gr, {1,]} = SI(Gr9 {l,]

—
(=}
=
psl
]
=
|
[\S)
~
|
—_
j=]
Q
=3
(=3
—_~—
L
——
®
«Q
—~
Q
—
o
<.
——
SN—
Il

0
11) For i' =1, =11,Gr, {i, j} =@ = SI(Gr, {i, j})=0.

From (2.46) we are getting SI(4,B)= r}(lax[SI(Grk {i*,j*})] =0. This value
=11
also perfectly matches our intuition and perception of a fact that terms
“SMALL” and “LARGE” has nothing in common.

Table 4. “Large” = “Small”.

S(4B) 1 09 08 07 06 05 04 03 02 01 0
0 . 1
0.1 : . 1.
0.2 . 1.

0.3 1

0.4 1

0.5 1

0.6 1

0.7 1

0.8 1

0.9 1

1 1
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Table 5. “Medium” = “Medium”.

S(4B) 05 06 07 08 09 1 09 08 07 06 05
0.5 1 e 1.
0.6 1 . : 1
0.7 1 . 1.

0.8 1 1
0.9 1 1
1 1
0.9 1 1
0.8 1 1
0.7 1 1
0.6 1 : 1

0.5 1 1

In Table 5 there are twelve sets of pairs of indices
i,j|ie[i*+1,nJ;je[j*+1,n]' . =1;n=_CardU.
1) For i =11,j =1,Gr, {i,]} ®:>SI(G1’1 i,j )
2) i' =10,/ =2,Gn{i,j} =@ = SI(Gr, {i, j})=0
3) i'=9,/ =3,G{i,j} =@ = SI(Gr {i, j})=

i1)=0
4) i'=8,; =4,Gr,{i,j} =@ = SI(Gr,{i, j})=0
5) i' =7,/ =5Grli,j} =@ = SI(Gr{i,j})=0
6) i =6, =6,Gr{i,j}=@=SI(Gr{i,j})=0
it
{i

)=
)=
7)For i =5,j =7,Gr,{i,j} =@ = SI(Gr, {i, j})=
8) For i =4,/ =8,Grli,j} =@ = SI(Gr{i, j})=

9) For i'=3,j =9,Gr{i,j} =@ = SI(Gn, {i,j}) =
10) For " =2, =10,Gr{i, j} =@ = SI(Gn, {i,j}) =0
11) For i' =1,/ =11,Grn, {i, j} =@ = SI(Gn, {i, j})=0.

12) For i =1,/ =1,Gn, {i,j} ={2,2;3,3;4,4;5,5,6,6,7,7;8,8;9,9;10,10;11,11}
10
= SI(Gr, {i.j}) = o =1.
From (2.46) we are getting SI(4,B)= max [SI(Grk {l'*,j*})] =1. This value is

a confirmation of a fact that both fuzzy sets are identical.

3. Generalized Fuzzy Resolution Based Approximate
Reasoning

Let us remind that the scheme for Generalized Fuzzy Resolution (2.3) looks like that

DOI: 10.4236/jsea.2017.1010045 806 Journal of Software Engineering and Applications


https://doi.org/10.4236/jsea.2017.1010045

A. Tserkovny

Antecedentl: If xis A OR y'is B
Antecedent2: yis B’

—————————————————————————————————— (3.1)
Consequent: xis A’
First consider the following classical logic equivalence
avb=bva=—-b—a (3.2)

The classical logic equivalence (3.2) can be extended in fuzzy logic with im-
plication and negation functions. We use the same fuzzy logic, which operations
are presented in Table S1. Let us first proof that (3.2) holds.

Since

a-bya+b<l, b-a,b+a<l,
avb= =bva= =avb=bva (3.3)
lLLa+b>1 Lb+a=>1

(1—a)-b,a >b,

l,a<h

And because a —>b= { therefore

(l—ﬁb)-a,ﬁb>a, b-a,b+a<l,
= =aqvb (3.4)

—|b—>a= =
1,-b<a Lb+a>1

Both (3.3) and (3.4) proofs that classical logic equivalence (3.2) holds. It is
very important to show that we transform Generalized Fuzzy Resolution rule
(3.1) into its equivalent form

Antecedentl: If yis —B then xis A
Antecedent2: yis B’
—————————————————————————————————— (3.5)
Consequent: xis A’

Let us formulize an inference method for a rule (3.5). Following a well-known
pattern, established a couple of decades ago and the standard approaches toward
such formalization, presented and extensively used in [5] [6] [7] [8] [9], let U
and V' be two universes of discourses and correspondent fuzzy sets be
represented as such A cC U|,uA U— [0,1] , Bc V|,u3 V- [0,1] , where

A:.[,uA (u)/u, Bz_[,uB (v)/v (3.6)

Whereas given (3.6) a binary relationship for the fuzzy conditional proposi-

tion of the type: “If yis —B then xis A” for a fuzzy logic is defined as

R(Dy (1), (x))

—BxV ->UxA

I (1_:“8("))/("’”)—) f My (u)/(v,u) (3.7)

VxU VxU

J (1= 12 () > sy () /(1)

VxU

Given an /mplication operator from Table S1 expression (3.7) looks like
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M (V)'/JA (”)’1_:uj3 (V)>IUA (u)s
(=)o
={ug<v>-m<u>,m<u>+u3<v)<1,

L, (u)+ gy (v) 1.

(3.8)

It is well known that given a unary relationship R(D1 ( y)) =B’ one can ob-
tain the consequence R(D2 (x)) by applying compositional rule of inference
(CR) to R(D,(y)) and R(D,(»),D,(x)) oftype (3.7):

R(Dz (x)) = R(Dl (y)) ° R(D1 (¥).D, (x))

“Jur()re [ (1= 0D > @)/ 69

VxU

- jU[ﬂB,(V)A((l—ug(v))%m(“)ﬂ/ Y

U velr

In order that Criterion I (see Appendix) is satisfied, that is R(D2 (x)) =—4
from (3.9) the equality

U[yB(v)/\((l—uB(v))—)yA(u))le—yA(u) (3.10)

vel

must be satisfied for arbitrary u# €U and in order that the equality (3.10) is sa-
tisfied, it is necessary that the inequality

,uB(v)/\((l—,uB(v))—)yA(u))Sl—,uA (u) (3.11)

holds for arbitrary u €U and veV . Let us define new methods of fuzzy con-
ditional inference of the type (3.5), which requires the satisfaction of Criteria
I-IVfrom Appendix.

Theorem 3

If fuzzy sets A CU|,uA U — [0,1] , Bc V|,uB :V—)[O,l] are defined as (3.6)
and R(D,(y),D,(x)) is defined by (3.7), where

(1= 115 (v) > 1, (u)z{lﬂa(v)'ﬂ/l (), 5 (v) < 1= (u),
iy (V) 21—, (u).

then Criteria I, II, IIT and IV-1 are satisfied.
Proof:
For Criteria I-IITlet R(DI (y)) =B*(a>0) then

R(Dz (x)) =B* OR(DI (»).D, (x))

zlﬂg (/ve [ (1= () > 4 () J(vou) — (3.13)

Vxu

JULEON-n )]

U velv

(3.12)

LY, <V UV, =ViNY, =2 1
:>‘v’veV1|y3(v)<1—/1A(u);VveV2\,uB(v)Zl—,uA(u) '

From (3.13) and given subsets from (3.14) we have

(0,51 = JU L Ol 0 s TU L )i 29

U vel U vely
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Let us introduce the following function (as a part of implication operation)
S )= pp (v)- ()| g (v) <1=pa, (). (3.16)
Then the following is taking place:

4 (9) (1) 7 )

Vvel | u )=
Ve l|/uB (V)/\f(V u) {f(v,u),,ug(v)>f(v,u),
Since from (3.16) u,(u)+p,(v)<1= f(v,u)<0.25, but ug(v)e[0,1],

therefore from (3.17) we have

VveVl|y§‘(v)/\f(v,u)zf(v,u)<0.25 (3.18)

(3.17)

VVEV2|/JZ (v)Aal=pg(v) (3.19)

From (3.16)-(3.19) we have

(3.15)={[ U Uy (v)/u} =[[1_ﬂj (u)/u =—-4".(Q.E.D.).

U vel,

For Criteria IV-2 let R( y))=—|B then
R(D2(x)) _‘BOR(Dl( ): D2(x))

J. 5 (v) /vo .[( — (v )—)yA( ))/(v,u) (3.20)

14 VxU
J.u/[(l‘ﬂs (V))A((l_/‘B(V)) = Hy (“))]/“
From (3.20) and given subsets from (3.14) we have

R(D; (x))
{jU[ INVAQEAC J/M}VDU[I piy (v Al]/u} (Q. E. D.) (3.21)

DU[# J/u}vbvgz[l o (v >]/u}UV;A<u>/uA

To illustrate these results we will present couple examples.
Example 1
Let U and V be two universes of discourses and correspondent fuzzy sets
are represented as in (3.6) AC U|/1A U - [0,1] , Bc V|y3 V- [0,1]; related
linguistic scale could consist of the terms like {“SMALL’..., “MEDIUM ...,
“LARGE’}. Let us consider the following cases.
=0.0/u; +0.1/u, +0.2/uy + 0.3/u, +0.4/us +0.5/u
+0.6/u, +0.7/ug +0.8/uy +0.9/u,, +1.0/u,,
=1.0/v, +0.9/v, + 0.8/v; +0.7/v, + 0.6/vs + 0.5/ v,
+0.4/v, +0.3/v, +0.2/v, +0.1/v,, +0.0/v,,

A labeled “LARGE”

And B labeled “SMALL”

The negation of a fuzzy set B would look like
—B =0.0/v, +0.1/v, +0.2/v, + 0.3/v, + 0.4/v, + 0.5/ v,
+0.6/v, +0.7/v, +0.8/v, +0.9/v,) +1.0/v,,

The binary relationship matrix R(D1 (v).D, (x)) of a type (3.7) would look
like
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—B\ 4 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0 1 1 1 1 1 1 1 1 1 1 1
0.1 0 1 1 1 1 1 1 1 1 1 1
0.2 0 0.02 1 1 1 1 1 1 1 1 1
0.3 0 0.03 0.06 1 1 1 1 1 1 1 1
0.4 0 0.04  0.08 0.12 1 1 1 1 1 1 1
0.5 0 0.05 0.1 0.15 0.2 1 1 1 1 1 1
0.6 0 0.06  0.12 0.18 0.2 0.25 1 1 1 1 1
0.7 0 0.07 0.14 021 028 035 042 1 1 1 1
0.8 0 0.08  0.16 0.24  0.32 0.4 0.48  0.56 1 1 1
0.9 0 0.09 0.18 027 036 045 054 0.63 0.72 1 1

1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Let B® labeled “very SMALL”
=1.0/v, +0.81/v, +0.64/v; + 0.49/v, +0.36/v, +0.25/v,
+0.16/v; +0.09/vg +0.04/v, +0.01/v,, +0.0/,,
Applying (3.13)
R(D,(x))=B*R(D,(y).D,(x))

:’J:/lei (v)/VoVJU((l—yB (v)) —> U, (u))/(u,v)

= 1.0/u, +0.81/u, +0.64/u; +0.49/u, +0.36/us +0.25/u,
+0.16/u; +0.09/ug +0.04/uy +0.01/u,, +0.0/u,,
= 4>
Example 2
=0.0/u, +0.1/u, +0.2/u; +0.3/u, +0.4/us +0.5/ug
+0.6/u; +0.7/ug +0.8/uy +0.9/u,, +1.0/u,,
And B also labeled “LARGE”
=0.0/v, +0.1/v, +0.2/v; + 0.3/v, + 0.4/v, + 0.5/ v,
+0.6/v, +0.7/vg +0.8/vy +0.9/v,, +1.0/v;,

A labeled “LARGE”

The negation of a fuzzy set B would look like
—B =1.0/v, +0.9/v, +0.8/v, + 0.7/v, + 0.6/v, + 0.5/v,
+0.4/v, +0.3/v +0.2/v, +0.1/v,, +0.0/v,,

The binary relationship matrix R(D1 (y),D2 (x)) of a type (3.7) would look
like

—B\ 4 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.9 0 0.09 0.18 0.27 0.36 0.45 0.54 0.63 0.72 1 1
0.8 0 0.08 0.16 0.24  0.32 0.4 0.48  0.56 1 1 1
0.7 0 0.07 0.14 0.21 0.28 0.35 0.42 1 1 1 1
0.6 0 0.06 0.12 0.18 0.24 0.3 1 1 1 1 1

DOI: 10.4236/jsea.2017.1010045 810 Journal of Software Engineering and Applications


https://doi.org/10.4236/jsea.2017.1010045

A. Tserkovny

Continued
0.5 0 0.05 0.1 0.15 0.2 1 1 1 1 1 1
0.4 0 0.04 0.08 0.12 1 1 1 1 1 1 1
0.3 0 0.03 0.06 1 1 1 1 1 1 1 1
0.2 0 0.02 1 1 1 1 1 1 1 1 1
0.1 0 1 1 1 1 1 1 1 1 1 1
0 1 1 1 1 1 1 1 1 1 1 1

Applying (3.13)
R(D; (x))==BR(D;(),D,(x))

:lj:l—,uB(v)/vo J. ((l—yB (v))—)yA (u))/(u,v)

Vxu
=0.0/u; +0.1/uy +0.2/u; +0.3/u, +0.4/u; +0.5/ug
+0.6/u, +0.7/ug +0.8/uy +0.9/u, +1.0/u,,
=4

Let us revisit the fuzzy conditional inference rule (3.5). It will be shown that
when the membership function of the observation —B is continuous, then the
conclusion 4 depends continuously on the observation; and when the mem-
bership function of the relation R(—B,A4) is continuous then the observation
A has a continuous membership function. We start with some definitions. A
fuzzy set A with membership function s, :R —[0,1]=1, is called a fuzzy
number if A4 is normal, continuous, and convex. The fuzzy numbers represent

the continuous possibility distributions of fuzzy terms of the following type

Azg[yA(x)/x

Let A be a fuzzy number, then for any 6>0 we define @,(6) the mod-
ulus of continuity of A4 by

@ ,(6)= max

‘Xl —X ‘SH

() — (x2)|. (3.22)

An a-level set of a fuzzy interval A4 is a non-fuzzy set denoted by [A]a and
is defined by [4]" = {t eRlpu, (1) a} for ae(0,1] and [4]" = cl(suppu,)
for a=0.Here we use a metric of the following type

D(4,B8)=sup d([4]",[B]"), (3.23)

ae[O,l]

where d denotes the classical Hausdorft metric expressed in the family of

compact subsets of R*, ie.
d ([A]a B8] ) = max {|a1 (a)-b (a)| ,|a2 (a)-b, (a)” .

whereas [4]" =[a(a).a,(a)], [B]" =[b(a).b,(a)] when the fuzzy sets
A and B both have finite support {x,,---,x,} then their Hamming distance
is defined as
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Z|:“A ):”B )|

In the sequel we will use the following lemma.

Lemma 3 [10]

Let 620 be a real number and let 4, B be fuzzy intervals. If
D(—B,A)< 6, then

sup|at (1) =ty (1)] < max (@, (8), @ (8}

Consider the fuzzy conditional inference rule (3.5) with different observations
B and B':

Antecedent 1: If yis —B then xis A Antecedent 1: If yis —B then xis A
Antecedent?2: yis B Antecedent?2: yis B

Consequent. xis —=A Consequent: xis —A'

According to the fuzzy conditional inference rule (3.5), the membership func-

tions of the conclusions are computed as

()= ULt () (1= 110 () = ) s

veR

#y()=U [ﬂgl (v)A ((1 — 115 (v)) > 1, (”))J

veR

1-u, (u):sup[,us (v)/\((l—yg (v)) > u, (u))}

veR

1=, (u )—sup[,u L(v)A ((l—yB(v))ayA(u))} (3.24)

veR

The following theorem shows the fact that when the observations are closed to
each other in the metric D(.) of (3.23) type, then there can be only a small
deviation in the membership functions of the conclusions.

Theorem 4 (Stability theorem)

Let §>0 andlet B, B' be fuzzy intervals and an implication operation in
the fuzzy conditional inference rule (3.5) is from Table S1. If D(B,Bl) <o then

Hy (”)_f“,ﬂ (”)

sup

ueR

< max{wﬁB (6),@ , (5)}

Proof:
Given an implication operation in the fuzzy conditional inference rule (3.5) is
from Table S1, for the observation B we have
Iy, eRpUY, =N, =92
=>Vvel | py (v)<l—p, (u);VveV, | u,(v)=1—-u,(u)
A=B°R(D,(y),D,(x))

= ;['uB (v)/vo VJU((l—,uB (v)) - U, (u))/(v,u) (3.25)
= ig[yB (v)/\((l—,uB (v)) > u, (u))}/u
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From (3.13) and given subsets from (3.14) we have

= Ig[ﬂB‘(v)/\ iy (V) (u J/”}VDLJ[ My ]/u} (3.26)

Then from (3.16) the following is taking place:

#y (V) sty (v) = f (o),
S (vu) pty (v)> 1 (viu),

Since from (3.16) s, (u)+ py (v)<1= f(v,u) <025, but u,(v)e[0,1],

therefore from (3.17) we have

YveV, ‘,u V)A f(vu)=f(v,u)<0.25 (3.28)

Yvel |,uB1 (v) /\f(v,u) { (3.27)

‘v’veV2|yBl (v)/\lz,uBl (v) (3.29)

From (3.27)-(3.29) we have
(3.26) = {j U x, (v)/u} =[1-p, (u)fu=-4

From (3.28) and (3.29), we see that the difference of the values of conclusions

7 (v)—,ug1 (v)‘ is

forboth B and B' observations for arbitrary fixed ve 2R|

defined as follows

e () =2, (w)

v |y (v) 1 (VHO

‘v’veVz”,uB(v)—,uB1 (v)‘:‘,uA(u)—yAI (u)‘ Therefore from ZLemma 1 we

have

sup
veR

()= p, (u)| < max{wﬂg (6),@ , (5)} (Q.E.D))

5 (v) = (v)| = sup

ueR

Theorem 5 (Continuity theorem)
Let binary relationship R(v,u) = (l — Uy (v)) —> U, (u) be continuous. Then
A is continuous and @, () <@, (5) foreach §>0.

Proof:
Let 5>0 be a real number and let u,u, € R such that |u, —u,|< 5. From

(3.22) wehave @, (S)= max |u,(u,)—u, u2)| Then

ha—u|<6

sup 1, (¥) A (1= (v)) = 11, ()
gl ()71 ) 1)

veR

<sup| 41y () A)((1= 12 () > 1 () = (1= 125 (v) > s, (uz))

veR

|/JA (”1)_IUA (”2 )| =

(Q.E.D.).

]

Ssg}[{)[yB(v)/\wRﬂul—uA)]Ssug[uB v /\wR ] wR

Results from Theorem 4 and Theorem 5 could be used for formulating anoth-

er similarity measure, based on Hamming distance between two fuzzy sets
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A ="more or less medium" )
A ="medium"

A ="very medium"

Figure 2. Terms “very” and “more or less”.

AcU and BcU, which presented by non-linear membership functions, Ze.

n

Z Hy (“z) — Hp (“i )|
SI,(4,B)=1-+= ;n=CardU. (3.30)
n

For instance let us apply (3.29) to fuzzy sets from Example 1 (see Figure 2):
=1.0/v, +0.9/v, +0.8/v, +0.7/v, + 0.6/v, + 0.5/ v,

+0.4/v, +0.3/vg +0.2/v, +0.1/v,, + 0.0/v,,

And B® labeled “very SMALL”
=1.0/v, +0.81/v, + 0.64/v, + 0.49/v, + 0.36/v, + 0.25/v,

+0.16/v, +0.09/vg +0.04/v, +0.01/v,, +0.0/v,,

ST, (B,Bz) =0.85 . It is important to pay attention to a fact that
ST (—|A,ﬁA2) =0.85 from the same Example 1, which confirms results of both

Theorem 4 and Theorem 5.

Let B labeled “SMALL”

4. Generalized Modus Tollens Based Inverse Approximate
Reasoning

Let us remind that the scheme for Generalized Modus Tollens (2.3) looks like
that

Antecedent 1: If xis A, then yis B
Antecedent2: yis B

---------------------------------- (4.1)
Consequent. xis A".
First consider classical logic equivalence
a—>b=—-b——a (4.2)

The classical logic equivalence (4.2) can be extended in fuzzy logic with im-
plication and negation functions. We use the same fuzzy logic, which operations
are presented in Table S1. Let us first proof that (4.2) holds.
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Since

(1—a)~b,a > b,
a—=>b= La<h (4.3)
,a<
And because

(1——|b)~—|a,—|b>—|a, b-—|a,a>b,
—b—>—a= = =—a—>—b (4.4)
1,—|bS—|a lyaSb

Both (4.3) and (4.4) proofs that classical logic equivalence (4.2) holds. It is

very important to show that we transform Generalized Modus Tollens rule (4.1)
into its equivalent form

Antecedentl: If yis —B then xis —A
Antecedent2: yis B'

(4.5)
Consequent. xis A'.

Let us formulize an inference method for a rule (4.5). Following a standard
approaches toward such formalization, let U and V' be two universes of

discourses and correspondent fuzzy sets be represented as such
AcU|u,:U—[01], B<V|us:V —>[0.1].
Whereas given (3.6) a binary relationship for the fuzzy conditional proposi-
tion of the type: “If yis —B then xis —A” for a fuzzy logic is defined as
R(D,(y).D,(x))=—BxV > Ux—4

= [ (= (0)/vu) > [ (1= g2 () /(1)

: (4.6)
= ] (1 () > (1=, ) )

Given an /mplication operator from Table S1 expression (4.6) looks like
(1= 5 (v) > (1=, ()
:{uB(V)'(l =1, (1)) 1= gty (v) > 1= g1, (u),
L1= g1, (v)<1=p, (u).
B {ﬂs (v)- (1= () 1 (1) > 5 (v),

- l,yA(u)S,uB(v).

And again given a unary relationship R(D ( y))—B' one can obtain the

consequence R( (x)) by applying compositional rule of inference (CRI) to
R(DI (y)) and R( ' (»).D (x)) of type (4.6):

R(Dz(x)):R(Dl(y))"R(Dl(y)’Dz(x))
=L (3o [ (1= 0) > (1= @) ) a)
= [ULe ()2 (1= (9) = (1= ) ]

In order that Criterion V (see Appendix) is satisfied, that is R(D ( )) =—4
from (3.9) the equality
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U|:,UB (v)/\((l—,uB (v)) = (1, (u)))]:,uA (u) (4.8)

vel

must be satisfied for arbitrary u# €U and in order that the equality (3.10) is sa-
tisfied, it is necessary that the inequality

Hp (V)/‘((l_ﬂs ("))_’(1_”/1 (“)))S/“A (u) (4.9)

holds for arbitrary u €U and veV . Let us define new methods of fuzzy con-
ditional inference of the type (4.6), which requires the satisfaction of Criteria
V-VIII from Appendix.

Theorem 6

If fuzzy sets A CU|,uA U — [0,1] , Bc V|,uB :V—)[O,l] are defined as (3.6)
and R(D,(y),D,(x)) is defined by (4.6), where

— 1y (v)) > (1=, (u)) = #y (v)- (1= g1, (), 1 (1) > 12 (v),
I S

then Criteria V, VI, VII and VIII-2 are satisfied.
Proof:
For Criteria V-VIIlet R( ) (y)) =B”(a>0) then

R(Dz(x)):BaoR( l(y),Dz(x))
=Jus Mo T (1= ) > (1= () fr) @)
(

(4.10)

VxUu

_.[U[ruB ’\<1 #5 (V) = (1= (u )))}/u

U vel’

Y, vV pUy, =vin Ny, =0

(4.12)
=>Vvel |,uA(u)>,ub,(v);VveV2 |,uA(u)S,uB(v)
From (4.11) and given subsets from (4.12) we have
R(D, (x))
. (4.13)
=DLﬂﬁﬂwAwA)(lﬂA Jﬂ]{fg[% V}
Let us introduce the following function (as a part of implication operation)
f(v,u):yg(v)~(l—yA (u))\,uA(u)>yB(v). (4.14)
Then the following is taking place:
VR (4) £ () - {”B Chets ()= 70). )
f(v u) (v)>f(v,u),
VveV2|yg(v)/\l=#g(V), (4.16)

From (4.15), (4.16) we have

(4.13) ={|‘ U Uy (v)/u} = '[,uj‘ (u)/u =A4”.(Q.E.D.).

U veh; v

For Criteria VIII-2let R (D1 ( y)) =—B then
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R(D; (x))=—B °R(D (»).D; (X))

- i(l W)fve [ ((1- > (1=, () [(vu)  (@17)

VxUu

= UL () A (1= 11 (v) - ( NAIZ

U velV’

From (4.17) and given subsets from (4.15) and (4.16) we have
D‘U v)A f(vou /u}vDU }/u}.Since
U veh U vels

the following is taking place

[(I—AB(V))/\f(vu)] [(1 (v ))/\1].

Therefore

(4.17) = {IU[ )Al]/u}—.[l p,(u)/u==4. (Q E. D)

U vel,

To illustrate these results we will present couple examples. We use similar
fuzzy sets as in Examples 1 and 2.
Example 3
Let U and V be two universes of discourses and correspondent fuzzy sets
are represented as in (3.6) AC U|,uA U —> [0,1] , Bc V|,uB Vo [0,1]; related
linguistic scale could consist of the terms like {“SMALL”..., “MEDIUM ...,
“LARGE”}. Let us consider the following cases.
=0.0/u, +0.1/u, +0.2/u; +0.3/u, +0.4/us +0.5/ug
+0.6/u; +0.7/ug +0.8/uy +0.9/u,, +1.0/u,,
=1.0/v, +0.9/v, +0.8/v, +0.7/v, + 0.6/ v, + 0.5/ v,
+0.4/v, +0.3/v, +0.2/v, +0.1/v,) +0.0/v,

A labeled “LARGE”

And B labeled “SMALL”

The negations of fuzzy sets 4 B would look like
—A4=1.0/u, +0.9/u, +0.8/u; +0.7/u, + 0.6/uy +0.5/u,
+0.4/u, +0.3/ug +0.2/ug +0.1/u,, +0.0/u,,
=B =0.0/v, +0.1/v, +0.2/v, + 0.3/v, + 0.4/v, + 0.5/ v,
+0.6/v, +0.7/vy +0.8/v, +0.9/v,, +1.0/v;,

The binary relationship matrix R(D1 ( y).D, (x)) of a type (4.6) would look
like

—-B\—-4 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

0 1 1 1 1 1 1 1 1 1 1 1
0.1 0.9 1 1 1 1 1 1 1 1 1 1
0.2 0.8 0.72 1 1 1 1 1 1 1 1 1
0.3 0.7 0.63  0.56 1 1 1 1 1 1 1 1
0.4 0.6 054 048 042 1 1 1 1 1 1 1
0.5 0.5 0.45 0.4 0.35 0.3 1 1 1 1 1 1
0.6 0.4 036 032 028 0.24 0.2 1 1 1 1 1
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Continued
0.7 0.3 0.27 0.24 0.21 0.18 0.15 0.12 1 1 1 1
0.8 0.2 0.18 0.16 0.14 0.12 0.1 0.08 0.06 1 1 1
0.9 0.1 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 1 1
1 0 0 0 0 0 0 0 0 0 0 1

Let B® labeled “very SMALL”
=1.0/v, +0.81/v, +0.64/v, + 0.49/v, + 0.36/v, + 0.25/v,
+0.16/v, +0.09/v, +0.04/v, +0.01/v,;, +0.0/v,,
Applying (4.7)
R(D,(x))=B*R(D,(»).D,(x))
=T 00w [ (0=t (9)) = (1= 1) )
= z/).O/u1 +0.01V/XZ2 +0.04/u; +0.09/u, +0.16/u; +0.25/u
+0.36/u, +0.49/ug +0.64/u, +0.81/u,, +1.0/u,,
=42
(“very LARGE™).
Example 4
=0.0/u; +0.1/u, +0.2/uy +0.3/u, +0.4/us +0.5/u
+0.6/u, +0.7/ug +0.8/uy +0.9/u,, +1.0/u,,
And B also labeled “LARGE”
=0.0/v, +0.1/v, +0.2/v; + 0.3/v, + 0.4/v, + 0.5/ v,
+0.6/v, +0.7/vy +0.8/vy +0.9/v,, +1.0/v,,

A labeled “LARGE”

The negations of fuzzy sets 4 B would look like
=4 =1.0/u; +0.9/u, +0.8/u; +0.7/u, +0.6/us +0.5/u,
+0.4/u; +0.3/ug +0.2/uy +0.1/u,, +0.0/u,,
—B =1.0/v, +0.9/v, +0.8/v; +0.7/v, +0.6/v; + 0.5/ v
+0.4/v, +0.3/vg +0.2/v, +0.1/v,, +0.0/v,,
The binary relationship matrix R(D1 ( y).D, (x)) of a type (4.6) would look
like

—-B\—4 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

1 1 0 0 0 0 0 0 0 0 0 0
0.9 1 1 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0
0.8 1 1 1 0.14  0.12 0.1 0.08 0.06 0.04 0.02 0
0.7 1 1 1 1 0.18 0.15 0.12  0.09 0.06 0.03 0
0.6 1 1 1 1 1 0.2 0.16 0.12 0.08 0.04 0
0.5 1 1 1 1 1 1 0.2 0.15 0.1 0.05 0
0.4 1 1 1 1 1 1 1 0.18 0.12 0.06 0
0.3 1 1 1 1 1 1 1 1 0.14 0.07 0
0.2 1 1 1 1 1 1 1 1 1 0.08 0
0.1 1 1 1 1 1 1 1 1 1 1 0

0 1 1 1 1 1 1 1 1 1 1 1
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Applying (4.7)
R(D, (x))==B°R(D;(»), D, (x))

:',[1_'”3 (v)/vo j ((l—yB (v)) —)(l—yA (u)))/(v,u)

Vxu
=1.0/u, +0.9/u, +0.8/u; +0.7/u, +0.6/u; +0.5/u,
+0.4/u; +0.3/ug +0.2/uy +0.1/u,, +0.0/u,,
—

5. Concluding Remarks

In this article, we presented a systemic approach toward a fuzzy logic based for-
malization of an approximate reasoning methodology in a fuzzy resolution. We
derived a truth value of A from both values of B> A and B by some mechanism.
We used a t-norm fuzzy logic, in which an implication operator is a root of both
graduated conjunction and disjunction operators. We investigated features of
correspondent fuzzy resolvent, which was based on introduced operators. We
proposed two types of Similarity Measures for both linear and non-linear mem-
bership functions. We applied this approach to both generalized mod-
us-ponens/modus-tollens syllogisms, for which we formulated a set of Criterion.

The content of this investigation is well-illustrated with artificial examples.
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Appendix
Table S1. A Fuzzy Logic Operations.
Name Designation Value
Tautology A 1
Controversy A° 0
Negation —A —
Disiuncti a-b,a+b<l,
isjunction Av B Latb>1
Confuncti a-ba+b>1,
onjunction AAB 0atbsl
(1-a)-b,a>b,
Implication A—>B
l,a<bhb
(1—b)~a,a <b,
Equivalence A B l,a=b,
(l—a)-b,a >b,
1-a)-(1-b),a+b<1,
Pierce Arrow A4 B ( ) ( )
0,a+b>1
(1—a)~(l—b),a+b >1,
Shaffer Stroke AT B

Table S2. A Fuzzy Logic Implication Operation.

a—>b 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 1 1 1 1 1 1 1 1 1 1 1
0.1 0 1 1 1 1 1 1 1 1 1 1
0.2 0 0.08 1 1 1 1 1 1 1 1 1
0.3 0 0.07 0.14 1 1 1 1 1 1 1 1
0.4 0 0.06 0.12 0.18 1 1 1 1 1 1 1
0.5 0 0.05 0.1 0.15 0.2 1 1 1 1 1 1
0.6 0 0.04 0.08 0.12 0.16 0.2 1 1 1 1 1
0.7 0 0.03 0.06 0.09 0.12 0.15 0.18 1 1 1 1
0.8 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 1 1 1
0.9 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 1 1
1 0 0 0 0 0 0 0 0 0 0 1
Criterion I
Antecedent 1: If yis —B then xis A
Antecedent?2: yis B
Consequent. xis —A.
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Criterion II

Antecedent 1: If yis —B then xis A
Antecedent2: yis very B

Consequent: xis —(very A).

Criterion III

Antecedent 1: If yis —B then xis A
Antecedent?2: yis more or less B

Consequent. xis —(more or less A).

Criterion IV-1

Antecedent 1: If yis —B then xis A
Antecedent?2: yis —B

Consequent. xis unknown

Criterion IV-2

Antecedent 1: If yis —B then xis A
Antecedent?2: yis —B

Consequent. xis A.

Criterion V

Antecedent 1: If yis —B then xis — A
Antecedent?2: yis B

Consequent. xis A.

Criterion VI

Antecedent 1: If y'is —B then xis - A
Antecedent2: yis very B

Consequent. xis very A

Criterion VII

Antecedent 1: If y'is —B then xis —=A
Antecedent2: yis more or less B

Consequent. xis more or less A

Criterion VIII-1

Antecedent 1: If y'is —B then xis —A
Antecedent?2: yis —B

Consequent: xis unknown
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Criterion VIII-2

Antecedent 1: If yis —B then xis — A
Antecedent?2: yis —B

Consequent. xis —A.
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