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Abstract

In this paper, we extend a descent algorithm without line search for solving
unconstrained optimization problems. Under mild conditions, its global con-
vergence is established. Further, we generalize the search direction to more
general form, and also obtain the global convergence of corresponding algo-
rithm. The numerical results illustrate that the new algorithm is effective.
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1. Introduction

Consider an unconstrained optimization problem (UP)

min f (x),

xeR" )

where f:R" >R is a continuously differentiable function. In general, the

iterative algorithms for solving (UP) usually take the form:
X = X T dy,

)
where X,,a, and d, are current iterative point, a positive step length and a
search direction, respectively. For simplicity, we denote Vf(X) by g, and
f (Xk) by f,.

The main task in the iterative formula (2) is to choose search direction d,
and determine step length ¢, along the direction. There are many classic
methods to choose search direction d, , such as the steepest descent methods,
Newton-type methods, Variable metric methods (see [1]), and conjugate gradient
methods
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where f, is a parameter (see [2] [3] [4]). For step length ¢, it is usually

=1

determined by line search procedure, such as exact line search, Wolfe line search,
Armijo line search, and so on. However, these line search procedures may
involve extensive computation of objective functions and its gradients, which
often becomes a significant burden for large-scale problems. Evidently, it is a
good idea that line search procedure is avoided in algorithm design in order to
reduce the evaluations of objective functions and gradients.

Based on the above consideration, some authors have started to study the
algorithms without line search. Recently, some conjugate gradient algorithms
without line search were investigated. In [5], Sun and Zhang studied some
well-known conjugate gradient methods without line search, for instance,
Fletcher-Reeves method, Hestenes-Stiefel method, Dai-Yuan method, Polak-
Ribiere method and Conjugate Descent method. In [6], Chen and Sun
researched a two-parameter family of conjugate gradient methods without line
search. In [7] [8], Wang and Zhu put forward to conjugate gradient path
methods without line search. Shi, Shen and Zhou proposed descent methods
without line search in [9] and [10], respectively. Further, Zhou presented the
steepest descent algorithm without line search in [11].

Inspired by the above literatures, in this paper we will extend the descent
algorithm without line search of [10] to more general case, and discuss its global
convergence. The rest of this paper is organized as follows. In Section 2, we
describe the extended descent algorithm without line search. In Section 3, we
analyze its global convergence. Further, we generalize the search direction to
more general form, and obtain global convergence of corresponding algorithm.
Finally, numerical results are reported in Section 4.

2. Extended Descent Algorithm

To proceed, we first assume that [2]

(H,) The function fhas lower bound on £ :{X eR"|f(x)<f (Xl)} , where
X, isavailable.

(H,) The gradient g is Lipschitz continuous in an open convex set B that

contains £, ie, there exists L >0 such that
la()-g(y)] L=y ¥xyeB @

Now we give the extended algorithm.
Algorithm 2.1. Given a starting point X, a positive constant e, three

parameters z4, 4, and p such that O<,u1<%<,uz<1, %Sp<l.Let k:=1.

Step 1. If ||gk || <€, then stop; otherwise go to Step 2.
Step 2. Compute
0, k=1,
2
S, = Plod K> 2 (5)
2 ! -
Pl +(1-p)|gide|
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Step 3. Set search direction
—50x, k=1

d, = 6
k —{p(l— %15 Jgk ( ) 1Sk d| k>2. (6)
1 1+

1+ e, o,

Step 4. Compute step length by the following rule. When k=1, ¢, is
determined by Wolfe line search, i.e., it satisfies that

f (% +ady) - f < e 97d,, (7)
9(x +ad,)" dy > 1,97d,. (8)
When k=2,
o, =— gkd , (9)
L

where L, satisfies that pL<L <mlL and {m,k=12;-} is a positive
sequence which has a sufficient large upper bound.
Step 5. Set next iterative point
X = Xy + o1 d,. (10)
Step 6. Set k:=k+1, and go to Step 1.

Remark 2.1. Note that the formula of s, and d, in Algorithm 2.1 are the
generalized forms of those in [10].

3. Global Convergence

Lemma 3.1. If Algorithm 2.1 generates an infinite sequence {X,k=12,--},
then all search directions d, are descent,and Vk >2, it holds that

AT P"gk"
O = 1+Otkl

(11)

Proof. If k =1, it is obvious that —g,d, =,0||gl||2 >0.1If k>2, by (5) and

(6), we have
-g,d, = [ _lc_l: 25 j"gk” + 1 P)l kollSk 9¢dey
k-1
ol - "ik;? o -eobin.]
> plloif “k—lsk[pugkn +(1-p)|0fd,|
olal
1+,
This completes the proof. g

Lemma 3.2 (Mean value theorem, see [1]). Suppose that the objective

function f(X) is continuously differentiable on an open convex set 8, then

f(x +ad)-f, :aJ-:g(Xk+tadk)T d,dt, (13)
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where X, X +ad eB, d eR".If f(x) istwice continuously differentiable
on B, then

0 (x +ad,)-g, =af V3f (x +tad, )d,dt, (14)
and
f (% +ad, )~ f, = ag d, +aj (1-t)d{ V> f (x +tad,)ddt.  (15)
Lemma 3.3. Vk>2,

ol <30%- 3 " (16)

1<i<k

Proof. Where k=2, it holds that (1-p Sk|ngdH| =,0(1—Sk)||gk||2 by (5).
Then Vk>2,we have

2 _ 05 N %Sy
o =1 o, o)

O

— 2|1 Fea 2 _ PGS
p[ 1+ kl) "gk” T p( l+akl]

S
(1= p) %S gTd (1= p) ("‘“kjn A

l+a l+a

2

sp ”gk" +2p 1 ,0 Sk |gkdk 1| "dk 1"
= p*lall +20° (@=s )il +deall <30 o[ + ]
Using induction principle and noting that ||d1||2 = ,02 "91"2 , it yields that
[l <3029l +30% lawal +30% 9| ++ P 0l

Therefore (16) holds. The proof is completed. O
Theorem 3.1. If (H,), (H,) hold, and Algorithm 2.1 generates an infinite
sequence {X, k=12, then

e gk||4
§ | < o0 (17
k2 (1+ ak,l)z > "gi ”2
1<izk
and
00 ak 2
él_kakil ”gk" < 400, (18)

Proof. When k=>2, from (13), (4), Lemma 3.1, Lemma 3.3 and
pL<L, <mL, it yields that

T

fo=fa=-a, [, 9 (% +tad,) ddt
=-a,9,d, _akr[g(xk"'tak k gk] d,dt
~a, 0~ [ o (% +tayd ) g, d, ||OIt

>~ g7d, — L[ t]d, [ dt = e, 97d, akL||d I
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:(i_i\}(g;—dk)z >(2P—1)(§lkaﬂk)2
Lo 2b) Jaf” — 2tmdaf
(2p-1)-9" o’

> (19)
2L (Lra ) 30" 3 o]

15k
_ (20-1)]g]’
6Lm; (1+ ak—l)z LZ:k lo "2

which implies that {f,,k=1,2,---} isa decreasing sequence. And it is clear that
the sequence {Xk,k =], 2,---} generated by Algorithm 2.1 is contained in B
by (H,), and there exists a constant f" such that lim,_ f, = f". Therefore

ks N
2 (e fea) = fim 34 (f = fa) = fim (= fu)= f, = 17
=2

k=2

Thus

which combining with (19) yields

+00 ‘
"gk” < 400
2 2 '
2mg (L+a,) X ||9|||

1<i<k

(20)

Since {mk k=1, 2,---} has an upper bound, (17) holds.
On the other hand, by (9) and Lemma 3.1, we have

1
fi — fa - ngdk _Eakzl-"dkuz

Le, 9, d, :_(ZLk - L)(akngdk)
2L, 2L,

(2p—1)(akngdk)>(2P_1)ak”gk"2
2p T 20+ ay,)

=—q, gy d, + (21)

By the same analysis as the above proof, (18) holds. The proof is completed. [J

Lemma 3.4 (see [12]). If the conditions in Theorem 3.1 hold and
Supkﬂ{ak} < 40, then both the sequence {gk,k =1, 2,---} and {dk,k :1,2,---}
have a bound.

Theorem 3.2. If the conditions in Theorem 3.1 hold, then

liminf,_,_, |g,]=0. (22)
Proof. Suppose liminf,_,, ||gk || # 0, then there exists a positive y such that

loc|z 7, vk >1. (23)

In the following, we carry out our proofs in two cases.
Case 1. We complete the proof by utilizing reduction to absurdity. Suppose
that sup,., {e, } <+ . By (17), we have
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< _ 1|9 "
>l " <+ (24)
=N 1

I<i<k

From Lemma 3.4, we know that there exists M >0 such that
||gk|| <M,Vk >21. Combining (23), we have

o
2
> ol "k 'V'
I<i<k
It is known that
SIVAR A - O
ék M2 M2 kZ::k_Jroo’
So
= o’
(LS ’ 25
&y laf @
1<i<k

which contradicts with (24). Therefore (22) holds.
Case 2. When sup,, {, } =+, the proof is the same as that in [10] and here

is omitted.
It follows from the proofs of Case 1 and Case 2 that (22) holds. This completes
the proof. ]

Remark 3.1. Search direction of Algorithm 2.1 can be extended to more
general form as follows:

d = —Si Ok k=1, (26)
< P(l (ﬂ(akl)sk)gk (1 p)¢(p(ak1)skdk1' k=2,

where the function go(a) satisfies the following conditions(see [10]):
a) It is continuous and strictly monotone increasing when « €[0,+);
b) lim . ¢(a)=¢(0)=0 and lim,,  ¢(a)=1;
) a(l— (p(a)) is continuous, strictly monotone increasing when
a €[0,4), and
lim a(l—go(a)) =1.

a—+o

Evidently, there are many functions satisfying the conditions (a)-(c). For
2 3
example, @ R i > 0: 5> etc (see [10]). We denote Algorithm
l+a l+a+a” 1l+a’+a

2.1 in which d, is determined by (26) as Algorithm 3.1. By using proof
technique of above Theorem 3.2, it is easy to get its convergence theorem.

4. Numerical Results

In this section, we report some preliminary numerical experiments. The test
problems and their initial values are drawn from [13].
In numerical experiment, we take the parameter L, =100,and stop the

iteration if the inequality ||gk|| <107 is satisfied. The detailed numerical results
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Table 1. Numerical results.

Problem Dim NI NF NG  Problem Dim NI NF NG
ROSE 2 8 10 11 TRID 3 66 67 68
FROTH 2 6 7 8 50 84 85 86
GAUSS 3 126 128 129 100 86 87 88
BOX 3 1 51 52 200 85 87 89
SING 4 20 21 22 BAND 3 22 23 24
WOOD 4 6 7 8 50 27 28 29
BD 4 5 7 9 100 23 25 27
ROSEX 8 9 11 12 200 24 26 28

50 8 9 10 LIN 2 1 3 5

100 8 9 10 50 1 3 5

SINGX 4 20 21 22 500 1 3 5

PEN2 50 3 4 5 1000 1 3 5

VARDI

M 2 99 100 101 LIN1 2 18 19 20

50 4 5 6 10 1 3 5

are reported in Table 1, in which NI, NF and NG denote the total number of
iterations, the total number of function evaluations and the total number of
gradient evaluations, respectively. From Table 1, we can see the extended

algorithm has good numerical results.

5. Conclusion

In this paper, we extended the descent algorithm without line search of [10] to
more general case, and got its global convergence. Compared with [10], the
extended algorithm has more effective numerical perfermance, so it is effective.
In the future, we will further research the descent algorithms without line search,
and try to get some new descent algorithms without line search, which not only

convergence globally, but also have good numerical results.
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