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Abstract

In this paper, the existence and uniqueness of the global generalized solution
and the global classical solution for the Cauchy problem of the singularly per-
turbed sixth order Boussinesq type equation are proved.
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1. Introduction

In this paper, we consider the following Cauchy problem

u, =u,+ou), +au,+pu, xeR, t>0, (1.1)
u(x,0) =uy(x), u,(x,0)=u,(x), xeR, (1.2)

where u(x,t) is the unknown function, subscript x and ¢ indicate partial
derivatives, o(s) is the given function, ¢ >0 and [ >0 are real numbers,
uy(x) and u,(x) are given functions definedon R.

There are also several equations which are closely related to Equation (1.1). In

the numerical study of the ill-posed Boussinesq equation

u, =u_ +@’), +u (1.3)

Reveds

In [1], Darapi and Hua proposed the singularly perturbed Boussinesq equa-
tion
u, =u_ +W), +u,. +ou (1.4)

XXXXXX

as a dispersive regularization of the ill-posed classical Boussinesq Equation (1.3),
where 6 >0 is small parameter. The authors use both filtering and regulariza-

tion techniques to control growth of errors and to provide better approximate
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solutions of this equation.

Dash and Daripi presented a formal derivation of (1.4) from two-dimensional
potential flow equations for water waves through an asymptotic series expansion
for small amplitude and long wave length in [2] [3]. The physical relevance of
equation (1.4) describes the bi-directional propagation of small amplitude and
long capillary-gravity waves on the surface of shallow water for bond number
(surface tension parameter) less than but very close to 1/3.

In [4], Feng investigated the generalized Boussinesq equation including the

singularly perturbed Boussinesq equation
u, =[0w)],, + Z biu(2i+2)x’ (1.5)
i=1

where Qw)=u+bu",r and b,(i=1,---,n) areall real constants. By the means
of two proper ansatzs, the author obtained explicit traveling solitary wave solu-
tions.

In [5], Song et al studied the existence and uniqueness of the global genera-
lized solution and the global classical for the initial boundary value problem of
Equation (1.1). In [6], Song ef a/. also studied the nonexistence of the global so-
lutions for the initial boundary value problem of Equation (1.1).

The aim of the present article is to prove that, by virtue of the Galerkin me-
thod and prior estimates, the problem (1.1), (1.2) has a unique global generalized
solution and a unique global classical solution.

In order to prove that the Cauchy problem (1.1), (1.2) has a unique global so-

lution, we shall consider the following auxiliary problem

Ve =V H o), +av, +ﬂvx6, X€ER, t>0, (1.6)
v(x,0) =v,(x), v,(x,0)=v,(x), xeR. (1.7)

First of all, we shall prove that the periodic boundary value problem of Equa-
tion (1.6) has a unique global solution by the Galerkin method. Next, we prove
that the Cauchy problem (1.6), (1.7) has a unique global solution by constructing
a sequence of periodic boundary value problem of Equation (1.6). Then, we can
obtain a unique global solution of the Cauchy problem (1.1), (1.2) from (1.6),
(1.7) by setting v_(x,¢) =u(x,t), v, (x)=uy,(x) and v (x)=u(x).

2. Periodic Boundary Value Problem of (1.6), (1.7)

To obtain the global solution for the Cauchy problem (1.6), (1.7), we first discuss

the following periodic boundary value problem on Q,

v,=v _+o), + av, + ﬂvx(,, (2.1)
v.(x,t)=v (x+2D,t1), (2.2)
v(x,0) = v, (x), v,(x,0) =v,(x), (2.3)

where ér :5><[0, T],E =[-D,D],D>0,v,(x) and v (x) are given functions
defined on Q and satisfy (2.2).
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1
cosd, x,——=sino,x,n=1,2,---} be the orthogonal

Let {y,(x)}= {\/— \/— 7D

basein L’(Q) composed of the eigenfunctions of the eigenvalue problem

V'+1y=0,xeQ,

. (x)=y,(x+2D)

corresponding to eigenvalue A, =3, = (%)2 (i=1,2,---). Let

vy (x,1) = Z ay,(1)y,(x)

be the Galerkin approximate solution of the problem (2.1)-(2.3), where «,,(¢)
are the undermined functions, N is a natural number.

Substituting v, (x,#) and the approximations v,(x),v,(x) into the problem
(2.1)-(2.3), we get

tht = VNxx + O-(VNx )x + avNX4 + ﬁvaﬁ H (24)
Vi (6,8) =v, (x+2D,1), (2.5)
Yy (x,0) = vy (%), vy, (x,0) = v, (x). (2.6)

Multiplying both sides of (2.4) and (2.6) by y,(x), summing up for
s=12,---,N and integrating on €, we have

(tht - V]Vxx - G(VNX )x - aVNX4 - ﬁva6 H yv) = Oa (27)
va(O)zﬂ.v’vN.vt(O)zyx9S=1’2’“.’N' (2'8)

Lemma 2.1. (Adams [7]) There exist constants ¢£>0 and C(¢g)>0 such
that for any integers j and m, 0< j<m, the following inequality holds

Lemma 2.2. Assume that o e C'(R), o'(s) is bounded blow, i.e., there is a
constant C, such that o'(s)>C, for any seR,v, e H(Q),v, € [’(Q). Then
for any N, the problem (2.7), (2.8) has a global classical solution

il <@l +ef

a, (1) e C*[0,T] (s=1,2,---,N). Moreover, we have the following estimate
2 2
"vN ('st)||H3(Q) + "VNt (9t)|| < C] (T)st € [Os T], (2'9)

where and in the sequel C,(T)(i=L2,---) are constants which depend on T,
butnoton N and Q.

Proof: Let o,(s) = o(s) —k,s —0(0), k, = min{C,,0} <0, then ©,(0)=0,
o/(s)=0'(s)—k,20 and o,(s) is a monotonically increasing function, and
thus

j: o,(r)dr20,VseR.

Obviously, system (2.7) is equivalent to the following system
e —A+ kv —av o = Bv o —01(Vy), ¥,) = 0,5 =1,2,---,N. (2.10)

Multiplying both sides of (2.10) by 2, (¢), summing up for s=12,---,N,
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and integrating by parts, we obtain

“r2f [ oy (s)dsd) =0 (2.11)

2
+h “va3

d
Z(”th "2 +(1+kp) "va ‘—a "VNXX

When kj <-1, by virtue of Lemma 2.1, there is constants C, >0 and
C, >0 such that

0 < o 0 = (1f - )“vw Cof >0 @)
0
“vaZ ("’)“2 <G v +£”va3 (-,t)“2 1> 0. (2.13)

Adding 2[1-C,(1+k,)+C,a](vy,vy,) to the both sides of (2.11), integrating
in [0,¢], making use of (2.12), (2.13), we get

Iy €l b + o0 20, [ ooy

< ||vo||2 +||v1||2 + [)’"vgﬂz + 2_[0 J:O o, (s)dsdx (2.14)
H1-C,(1+ k) +Cyax] jo (o GO + w0 )zt €[0,T1.

Applying the Gronwall inequality to (2.14), we can obtain (2.9). When
-1<k <0, adding 2(1+ C,a)(vy,vy,) to the both sides of (2.11), integrating
the product over [0,7], making use of (2.13) and the Cauchy inequality and
Gronwall inequality, we get (2.9) immediately.

Using (2.9) and the Leray-Schauder fixed point theorem [8], we can prove that
the problem (2.7), (2.8) has a solution «,, € C*[0,T](s =1,2,---,N). Lemma 2.2
is proved.

Lemma 2.3. (Zhou and Fu [9]) Assume that G(z) is a k-times (k>1) con-
tinuously differentiable function with respect to variables z and
ze L”([0,T]; H*(Q)) . Then

2
o 2
6xk G(Z) < C(mak)”Z(’t) |Hk(Q) 5
where m =, gIl[(c’)lX] 5|z(x,1,‘) |, C(m,k) 1is a positive constant depending only on
x,t)e[0,T ]!
m and k.

Lemma 2.4. Assume that the assumption of Lemma 2.2 hold, ¢ e C*'(R),
v, € H?(Q),v, € H*(Q), then there exist the estimates

[vn GOl s gy + w5 D gy < G (T K20, (2.15)
Va O o SC(T),k=3+p,p 20. (2.16)

Proof: We apply the mathematical induction to prove the estimate (2.15). The
estimate (2.9) is the estimate (2.15) when & =0. Suppose that when k=n, the
estimate (2.15) holds. We shall prove that, when k=n+1, the estimate (2.15)
holds too.

Multiply both sides of (2.7) by 2(-1)""'2""'a,,(¢) , summing up for
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s=12,---, N, integrating by parts, we obtain

d 2 2 2 2
L 0+ a0 850

(2.17)
= 2(‘T(VNX )sz+2 H va"”t )
By lemma 2.1, there is a constant C, >0, such that
2 : B 2
oo <Gl + Lol >0 (2.18)

Adding 2(1+ C,a)(vy,vy,) to the both sides of (2.17), integrating the prod-
uct over [0,¢], Cauchy inequality, Lemma 2.3, (2.9) and (2.18), we have

5 2 2 ﬂ 2
P GO+ g O 0] + 2 vns 0]

2
\%

OX'HZ

< ""0”2 -|-‘le,”1 ’ + ﬁ“v()x,,+4 ’ + L: [C(m,n+2) ||vNX ,7) ZM(Q) (2.19)

e GO+ W+ C)or O + o 0 .

where m= max _|v, (x,7)]. It follows from (2.9), (2.19) and the Gronwall
(x,0)e[0,T]xQ

|

inequality, we get

2
“VNM” ‘ < (HVNX!’I*Z + “O‘(VNX ) ||t “VNXPI*“ + ﬂ“vaWé )“VNM” ‘ (2.20)
Multiply both sides of (2.7) by (-1)" A1, () , summing up for
s=1,2,---, N, integrating by parts, Holder inequality, (2.15), we get
“vmm“ \ < C(T),t €[0,T]. (2.21)

Theorem 2.1. Under the assumptions of Lemma 2.4, if & >3, then the prob-
lem (2.1) - (2.3) has a unique generalized global solution v(x,?), which has con-
tinuous derivatives v, (x,0)(0<s<2) and generalized derivatives
v, (x,0)(0<s<6), v, (x,)(0<s<3) and v, (x,1).

Proof: First we give the definition of the generalized solution, which v(x,?)

satisfies the identity
T
[ ] =ve o), —av , = By Jg(xdxdt = 0,Yg(x,0) € L(Q;) (2.22)

and the periodic boundary value conditions (2.2), (2.3) in the classical sense.

By Lemma 2.4, we have
v GOz gy 7 GO < Co(D 0T
Vau GO, @ SC(T),te[0,T],
It follows from Sobolev embedding theorem, when & =3, we know
v, €CI0.TIxQ)0<s<5), v , €C0,T]xQ)0<s5<2).

s

We can select a subsequence of {v,(x,#)} and a function w(x,f) and
N — o, the subsequence uniformly converges to the limiting function v(x,?)

in éT. In fact, {v,(x,t)} isthe uniformly bound in éT. Meanwhile
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| vy (x4 Ax,t + At) = vy (x,1) |
vy (x+Ax, 1+ At) — vy (x,t + A |+ | vy (X, + At — vy (x,0) | (2.23)
=V (X + G A, 1+ AL) || Ax [+ vy, (x, 1+ O,A0) || At |,

where 0<6,,0,<l,Ax and At are the change vectors. Therefore, {v,(x,?)}
is equicontinuous in éT.

According to Ascoli-Arzela, we can select a subsequence of {v,(x,?)}, still
denoted by {v,(x,7)}, such that there exists a function v(x,f) and N — o,
the subsequence v(x,7) uniformly converges to the limiting function v(x,?)
in éT. The corresponding subsequences v (6D} (s =12) also uniformly
convergesto v, (x,0)(s=12) in Q,, respectively.

Making use of the weakly compact theorem of the space I*(Q,), we know
that the subsequences W, (D}0<s<6), {v  (x)}0<5<3) and
{vy, (x,8)} weakly converge to v, (50(0<s<6), v, (x1)(0<s5<3) and
v,(x,1) in I*(Q,), respectively.

In fact,

[ [ o0, — o), Jg(x.r)dxt |
:‘ J.()T J.Q [O-,(VNx )(VNXZ N vxz ) + G”(VX + 93 (VNx - VX ))VXZ ]g(x’ t)dxdt ‘

, T (2.24)
<max |0’ [, [, 00 =y, )8 (e
T

n T
+max | 0" (v, + 0,y =y )W | [, [, O, =v)g (0,
T

where 0<6, <1. So the identity (2.22) holds. Obviously v(x,?) satisfies the
periodic boundary value conditions (2.2), (2.3) in the classical sense. Therefore
when £k >3, there exists a generalized global solution v(x,#) of the problem
(2.1) - (2.3).

It is easy that we can get the uniqueness of the solution of the periodic boun-
dary value problem (2.1) - (2.3). The Theorem 2.1 is proved.

Theorem 2.2. Under the assumptions of Lemma 2.4, if & >7, then the peri-
odic boundary value problem (2.1) - (2.3) has a unique global classical solution
v(x,t).

Proof: Differentiating (2.7) with respect to ¢, we have

(V= Vo = V0, = BVys, ~0 W) s ¥,) =0,5 =12, N (2.25)

Multiplying both sides of (2.25) by (-1)"*4a, (), summing up for
s=1,2,---,N, integrating by parts and using the Holder inequality, combining
(2.15), we conclude

<C,(T),k=p,+6,p, 20. (2.26)

”Vprzt3
Combining (2.26) and Sobolev embedding theorem, we know that
v . €C(0.T]xQ),0<s<k-7.

Using the method of Theorem 2.1, when £ >7, the periodic boundary value
problem (2.1) - (2.3) has a global classical solution v(x,¢). It is easy to prove the
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uniqueness of solution for the problem (2.1) - (2.3).

3. Cauchy Problem (1.6), (1.7)

Theorem 3.1. Suppose that o e C**'(R), o'(s) is bounded blow, v, € H*”(R),
ve H*(R).If k>3(k=3+p,, p, 20), then the Cauchy problem (1.6), (1.7) has
a unique global generalized solution v(x,?).

Proof: Let us take a real sequence {D_ }(D, >1) suchthat D, —» oo as
s —oo. For every s, let us construct periodic functions v, (x) and v (x)
with period 2D, such that

) v, € H*[-D,.D,1v, € H'[-D,.D,];

ii) vy, (x) =v,(x),v,(x)=v,(x) for xe[-(D,-1),D,—1] and

I

0sx!
‘ v d
1sx

i=0,1k+3,

N LV e
L°[-Dy,Dy] 0122 (R)

=01 k+1.

< ‘ Vo,
[-Dy.D;] L2 (R

we consider the following periodic boundary value problem

Ve =V +0(v) Fav, + By, (3.1)
v.(x,t)=v (x+2D,,1), (3.2)
v(x,0) = vy, (x), v,(x,0)=v, (). (3.3)

——C0S80,X,—— ! sind, x,n=1,2,---} be the orthogonal

Let {y,(x)}={7= \/— \/» 7D

basein I’(Q,) composed of eigenfunctions of eigenvalue problem
V'+iy=0,xeQ,,
yX(x) :yX(x+2DS)

corresponding to eigenvalue A, =3, = (lDi)2 (i=12,---),where Q =(-D_,D,).

s

Suppose that the Galerkin approximate solution of (3.1)-(3.3) is
NS‘
vy, (X%, 0) = z ay,()y;(x)
i=1

where «, ,(¢#) are the undermined functions.

Let v, (x,t) satisfy the following equation and conditions

Vau =Vna TOWy )+ avy .+ ﬂvNSxG, (3.4)
vy (60 = vy (x+2D,,1), (3.5)
vy, (%,0) = vy, (), vy, (3, 0) = v (x). (3.6)

By the same method as in the estimates (2.15), (2.16), we have

[

where and in the sequel C,(T)(i=8,9,---) are constants independent of N

<C(T),te[0,T], (3.7)

HP(Qy)

+[v +|v
B Q) Nt ||k ) N2

and D, . By the Sobolevimbedding theorem when k=4, we get
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"VM

5@, +||VN.J Q) + VNStz

[

By virtue of (3.9) and Ascoli-Arzela theorem, we can select from oy, (x0)} a

<Gy (T),te[0,T], (3.8)
)

(9

(<Cy(T)ee[0.T]) (3.9)

+ "v
Sy N,

subsequence, still denoted by {v, (x,?)}, such that when N — o0,
{vN p (x,0)}(0<k <2) uniformly converge to limiting functions

v (xn)(0<k<2) in 0, x[0,T7], respectively.

The estimates (3.8) still holds for the above subsequence {v, (x,#)} . Hence,

we can select from {v, (x,7)} a subsequence, still denoted by {v, (x,£)}, such
that when N, — oo, the subsequences {vN p (x,)}(0<k<0),

{vaxkt(x,t)}(OSk£3) and {v, ,(x,t)} weakly converge to limiting functions

v (nDO<k<6), v, (n)(0<k<3) and v, (x.0) in Z(0.T);2(Q,),

stt
respectively.

From the corollary of the resonance theorem [10], it follows that the estimates
(3.8), (3.9) still hold for v, (x,?), which is the generalized solution of the prob-
lem (3.1)-(3.3). Using Ascoli-Arzela theorem, we can select from {v (x,)} a
subsequence still denoted by {v (x,¢)}, such that when s-— o, the subse-
quences {v ,(x,1)}(0<k<2) uniformly converge to limiting functions
v (x,0)(0 <k< 2) inanydomain {-L<x<L,0<¢<T}, respectively.

It follows from (3.8) that we can select from v (x,7) a subsequence, still de-
noted by v (x,7), such that when s—o0, in L*((0,7);*(-L,L)), the subse-
quences {vﬂk (x,0)}(0<k<6), {vsxk (x,)}(0<k<6) and {v,
converge to limiting functions (0} (0<k<6), {v,(x,0)}(0<k<3) and
{v,(x,)}, respectively. The obtained limiting function wv(x,¢) is just the global

(x,t) weakly

generalized solution of the auxiliary problem (1.6), (1.7).

Clearly, the generalized solution of the auxiliary problem (1.6), (1.7) is also
unique. Therefore when k>3, the Cauchy problem (1.6), (1.7) has a unique
global generalized solution.

Theorem 3.2. Assume that the assumptions of Theorem 3.1 hold, If
k>7(k=6+ p,, p, 20), then the Cauchy problem (1.6), (1.7) has a unique
global classical solution v(x,?).

Proof: Combining the estimates (2.15), (2.16) with (2.35), we obtain

"VM

By the Sobolev imbedding theorem when k=7, we get

o
[

Using the method of Theorem 3.1, when % >7, the Cauchy problem (1.6),
(1.7) has a global classical solution. It is easy to prove the uniqueness of solution

<C,(T),t[0,T] (3.10)

+||V +|v 1%
HQ,) Nt ||k ) N2 N

HPI(Q;) HP2 (Qy)

: <C,(M),

+||V +{v Vo3
HIO(Q:) Nyt H7(QS) Nyt H4(Qj) Nt Hl(QS

+ ||le\,tt

+||v +v <CL(T).
Cg(ﬁj) Nt Cé(ﬁs) C3(5§) N;t3 @y 13( )
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for the problem (1.6), (1.7).
4. Cauchy Problem (1.1), (1.2)

1
Lemma 4.1. [11] Suppose that s=m+5+/1,ﬂe(0,1),mez+, then H*(R)

may be embedded into C"**(R), and for any u e H*(R), we have
k
|%u(x) > 0(x|>®o),VkeZ, ,0<k<m,
x

where Z, isa set of nonnegative integers.

Theorem 4.1. Suppose that & e C***(R), o'(s) is bounded blow,
u, e H*(R), u,e H'(R). If k—123(k=3+p,,p,20), then the Cauchy
problem (1.1), (1.2) has a unique global generalized solution u(x,?) .

Proof: Differentiating (3.4) and (3.6) with respect to x, we have

vNS,xtt = VN o + O-(VNsx)xx + aVN = + ﬂvN ¥ (41)
vN).x (x’ O) = VO.vx (x)’ vN).xt (x5 O) = lex (x) (4‘2)

Let
VNSx (xa Z) = uNS (xat)' (4.3)

Substituting (4.3) into (4.1), (3.5) and (4.2), we obtain

uNStt = uNSxx + G(MNV )xx + auNSx“ + ﬂuNSxﬁ > (44)
uy (x,0) =uy (x+2D,1), (4.5)
uy (x%,0) =ugy (x)uy,(x,0) =1,y (x). (4.6)

By using the change (4.3), it follows from (3.7) that

[
From (4.7) and the Sobolev imbedding theorem, we know that

s,

By using the same method as in Section 3, it follows from (4.7) and (4.8) that,

<
ey ey g, S Cu@Hr<0.T1 @)

<C(T).te[0,T].  (48)

o o
g, Nt g, Nitt g,

when k>4, the Cauchy problem (1.1), (1.2) has a generalized global solution
u(x,t).

It is easy that, we prove the uniqueness of solution for the problem (1.1), (1.2).
Hence, Theorem 4.1 is proved.

Theorem 4.2. Assume that the assumptions of Theorem 4.1 hold, If £ —-1>7
(k=6+p,,p, 20), then the Cauchy problem (1.1), (1.2) has a unique global
classical solution u(x,?).

Proof: By virtue of Theorem 3.2, when £k >8, the problem (1.6), (1.7) has a
unique global classical solution v(x,?) . Differentiating Equation (1.6), (1.7) with
x and substituting v_(x,7) =u(x,?) into this equation and
Vo, (¥) =uy(x),v,(x) =u,(x) into the obtained initial value condition, we get
u(x,t) is the classical global solution of (1.1), (1.2). The proof is completed.
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