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Abstract

We prove equiconvergence of the Bochner-Riesz means of the Fourier series and integral of dis-
tributions with compact support from the Liouville spaces.
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1. Introduction

Convergence of the Fourier series and integral of integrable functions of one variable at certain point depends
only from the values of the function in the small neighbourhood of this point (localizations principles). More-
over, the difference of the partial sums of the Fourier series and integral of a function uniformly converge to ze-
ro, which means both expansions converge or diverge at the same time (equiconvergence).

In N-dimensional case, N >1, localization principles, as well as equiconvergence, for the Fourier series and
integral is not valid by the Pringsheim convergence [1]. In [2] it is given a review of recent results on equicon-
vergence of expansions in multiple trigonometric Fourier series and integral in the case of summation over rec-
tangles. In [3] the problem of equiconvergence for expansions in a triple trigonometric Fourier series and a
Fourier integral of continuous functions with a certain modulus of continuity in the case of a lacunary sequence
of partial sums is studied.

In [4] equiconvergence of the Fourier interals and expansions associated with a Schrodinger operator is stu-
died. In [5] the author obtained sufficient conditions on the potential under which uniform equiconvergence
holds for the expansion of a integrable function in the system of eigenfunctions and associated functions of cor-
responding Sturm-Liouville operator and its Fourier sine series expansion (in [6] potential is a distribution). In
[7] a comparison theorem on equiconvergence of the Fourier Jacobi series with certain trigonometric Fourier se-
ries is proved.
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In this paper we study equiconvergence of the Fourier series and integral of the linear continuous functionals
(distributions) in the case of spherical summation. Localiation of spectral expansions of distributions for the first
time was studied by Sh.A. Alimov [8]. Further results in [8] expanded to the more general spectral expansions in
[9]-[14].

2. Preliminaries

Let E(T") be the space of infinitely differentiable functions ¢:T" — C , with the locally convex topology
produced from the system of the semi-norms

PK'7(¢):sup|Dy¢(x)|,

xeK

where K is a compact subset of T" :(—n,n)N , yz(;/l,yz,---,;/N), 7 (j =1,2,~~-,N) is a non negative in-

1 .
teger number, |;/| =y, +y,++yy. and D" =D'Dj?*---D{, D; =Tai, j=12,---,N.
i OX;
]
Recall E’(TN) the space of distributions on E(TN ) i.e. the space of all continuous linear functionals on
E(TN ) In fact any element f e E’(TN) has a compact support in T" and can be represented as the weakly

convergent Fourier series

N
f=(2n)2 ) f exp(inx), (1)
nezN
N
where its Fourier coefficients f_~defined as the value of f on the test function on (2x) 2 exp(—inx), x eT"
and Z" is the set of all N-tuples with integer coordinates.
The Riesz means of orders, s>0, of the spherical partial sums of the Fourier series (1) define by

In”

o-jf(x)z(zn)% > {1— IJ f, exp(inx). )

<4

Now, let us extend f from T" to R™ by zero and leave the same notation for f. Then recall the Bochner-
Riesz means of order s of the Fourier integral of f
- ) £ vyexoi
R; f(x)=(2n)2 J.Mzd 1—7 f (y)exp(iy-x)dy, ©))

N

where f(y) =<f,(2n)_2 exp(—iy§)> is the Fourier transformation of the distribution f evaluated as its action

N
on the test function (2r) 2 exp(—iy&) with respect to the variable &.

In this paper we shall be studying a relation between expansions (2) and (3) for some values of the summation
index s depending on the power of singularity of f. In fact we will prove uniform equiconvergence of the Riesz
means of the Fourier series and the Fourier integral expansion.

However, a behaviour of spherical means for the Fourier series and the Fourier integral expansion can be es

sentially different. The first results on the different behaviour of the Riesz means of critical index s :%

of the Fourier integral and the Fourier series in L, found by S. Bochner [15], where it is proved that the locali-
zation of the means (3) holds and for the means (2) the localization fails. In the same paper [15] it is proved va-

lidity of localization principle in L, for both expansions in the critical index s =¥. E. Stein [16] proved

. N-1 - oo . S .
that if SzT the localization principle for the means (2) remain valid in Llog*L (consequently in

L,, p>1).
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In [17] B.M. Levitan reported the first result on the uniform equisummability of the Riesz means

(s > Nz_lj expansions associated with the Laplace operator. The Riesz equisummability below critical index
N -1 . .
> studied by V.A. II’in [18].

3. Main Results
For any real number / by L, (T N ) denote the Liouville space of distributions
, l
Lg(TN):{f e Y (1+]nf) £ <oo}.
nezN

N-1

Theorem 1 Let />0 and s= +0. Thenforany fel, (T N)

ot (x)=R:f (x)+0)[f] ,

where |-|., anormin L;”(TN):

I, =(2n) 2 |3 (1nf) 17

nezM

Note, if s< +(, then for any x, eT" there exist a distribution from L’ (TN) such that it is coin-

cides with zero in some neighbourhood of x, and the means R;f(x,) (the same for the means o f (x,)
diverges [8]. Thus, formula (4) provides precise result on the uniform equiconvergence of the Riesz means of

the Fourier Integral and Series.
The illustration of the domains of convergence in the Theorem 1 given in Figure 1 below and equiconver

gence summation domain for the Dirac delta function & e L, (T N ) 4 >% given in Figure 2.

4. Estimation of the Direchlet Kernel

Let D;(x) be the Riesz means of the partial sums of the Fourier series of the Dirac delta function, which is
well known as the Direchlet kernel:

D (x)=(2n) " Y {1—@] exp(inx). (4)

Inf?<2

S Index of summability

A
N-1

<M1
S 2

> £ Power of singularity

Figure 1. Localization of the Fourier Integral and Series.
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S Index of summability

N
2

> ¥ Power of singularity

Figure 2. Localization domain for the Delta function.

Then for any distribution f € E' Formula (2) can be expressed as
ESf(x)=(f,D;(x-y)), )

where f is acting to the test function Dj(x—y) by the variable y.
Similarly, for the Fourier integral (3) we write

ij(x):<f,®j(x—y)>, (6)

where © (x) the Bochner-Riesz means of the Fourier integral of the Dirac delta function:

N

oy 2273, (4)
o _ -N |y| (iy%) vy — N oos 2 7
s (x)=(2n) -[\y\zd 1—7 e™dy=(2n) " 2 F(5+1)||—N+5' )
X| 2
Lemma 1 Let ¢>0,s= N _1+€ and @; (£) be the Fourier transformation of the Riesz-Bochner kernel
(8). Then
‘@j(f)‘soonst(l+|§|)_N_{ (8)
®;5 (x) SCOHSt(l+|X|)7NJ 9)
Proof. From the definition of the kernel © (x) obviously obtain
ERE
~ 1-2=1, if & <4,
CHABE [ 7| T (10)
0, otherwise.

Then estimate (9) immediately follows from (11). The estimate (10) follows from (8) and the estimate for the
Bessel functions:

J, (r seonsti, r>1.
(r) r

Lemma 1 proved.
Note, that if a function g(x) and its Fourier transformation §(&) satisfy the estimates (9) and (10), then
the Poisson formula for summation is valid:

S g(x+2nn)=(21) 2 3 §(n)expinx (1)

nezN nezN



A. A. Rakhimov

Thus from Lemma 1 applying (12) for the function g(x)=®5(x) obtain

> O (x+2nn)= (2n)_g > 05 (n)expinx.

nezN nezN

Then from (5) and (11) we have
D; (x)= ZN(aj(XJann).
neZ
In the sum of right hand side in (13) by separation term n=0 obtain
D; (x) =03 (x)+0:,(x),
where ©;, (x) defined as
O, (x)= Y. O(x+2mn).
nezN =0

Then from Lemma 1 immediately follows:

Lemma2let ¢>0,s= N

—1 +¢. Then uniformly in any compact set K TV

©:, (%)= o(ziJ

5. Proof of the Theorem 1
From the Formula (15) obtain
o3 F () =Ry T (x)=(f,0:, (x-y)).
Then the statement of the Theorem 1 follows from the lemma below and equality (17):
Lemma 3 Let s:¥+€, (>0, fe L;[(TN )ﬂ E’(TN) and let suppf cQccTV.
Then
<f®ii X— y> @]f].,

uniformly in any compact set K cTV\Q.
Proof. For any proper domain Q, cc Q

(.0, (x-y)| <] ]|

©:, (X B y)"w

where |-, , means anorm in the space L, (€,) taken with respect to the variable y Q.

Note if ]x y|>c, then [19]

ot =o[

where |-, meansanormin L, ()
Then the statement of the Lemma 4 follows from (19) and

ot v, o[ #

®i,z (X - y)"0 !

6. Conclusion

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

Equiconvergence of the Fourier series and integral of distributions depends on singularity of the distribution and
power of regularisation as found in the main theorem. Obtained in Theorem 1 a relation for the singularity and
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summability index is accurate. However, to prove sharp result for the Reisz means below critical index for the
smooth functions meets with some difficulties. This circumstance appears due to not applicability of the Poisson
formula of summation.
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