/
oo Resmurch
0.00 Publishing

Advances in Pure Mathematics, 2017, 7, 199-212
http://www.scirp.org/journal/apm

ISSN Online: 2160-0384

ISSN Print: 2160-0368

The Tarski Theorems and Elementary
Equivalence of Group Rings

Benjamin Finel, Anthony Gaglione?, Gerhard Rosenbergers3, Dennis Spellman*

'Department of Mathematics, Fairfield University, Fairfield, CT, USA
2Department of Mathematics, United States Naval Academy, Annapolis, MD, USA
*Fachbereich Mathematik, University of Hamburg, Hamburg, Germany
4Department of Statistics, Temple University, Philadelphia, PA, USA

Email: fine@fairfield.edu

How to cite this paper: Fine, B., Gaglione,
A, Rosenberger, G. and Spellman, D. (2017)
The Tarski Theorems and Elementary Equi-
valence of Group Rings. Advances in Pure
Mathematics, 7, 199-212.
https://doi.org/10.4236/apm.2017.72011

Received: November 23, 2016
Accepted: February 11, 2017
Published: February 14, 2017

Copyright © 2017 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

The Tarski theorems, proved by Myasnikov and Kharlampovich and inde-
pendently by Sela say that all nonabelian free groups satisfy the same first-
order or elementary theory. Kharlampovich and Myasnikov also prove that
the elementary theory of free groups is decidable. For a group ring they have
proved that the first-order theory (in the language of ring theory) is not de-
cidable and have studied equations over group rings, especially for torsion-
free hyperbolic groups. In this note we examine and survey extensions of
Tarksi-like results to the collection of group rings and examine relationships
between the universal and elementary theories of the corresponding groups
and rings and the corresponding universal theory of the formed group ring.
To accomplish this we introduce different first-order languages with equality
whose model classes are respectively groups, rings and group rings. We prove
that if R[G] is elementarily equivalent to S[H] then simultaneously the

group G'is elementarily equivalent to the group A and the ring R is elementa-
rily equivalent to the ring S with respect to the appropriate languages. Further
if G'is universally equivalent to a nonabelian free group Fand R is universally
equivalent to the integers Z then R[G] is universally equivalent to Z[F]

again with respect to an appropriate language.

Keywords

Group Ring, Elementary Equivalent, Universally Equivalent, Direct Union,
Discriminates

1. Introduction

For a general algebraic object A, for example a group, a ring, a field or an
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algebra, its elementary theory is the set of all first-order sentences in a logical
language appropriate for that object, true in A (see Section 2). Hence if Fis a
given free group, its elementary theory consists of all first-order sentences in a
language appropriate for group theory that are true in F. Two algebraic objects
are elementary equivalent or elementarily equivalent if they have the same
elementary theory. The Tarski theorems proved by Kharlampovich and Myas-
nikov and independently by Sela (see [1] and [2] and the references therein) say
that all nonabelian free groups satisfy the same elementary theory. Kharlam-
povich and Myasnikov also showed that the elementary theory of free groups is
decidable, that is, there is an algorithm to decide if any elementary sentence is
true in all free groups or not. For a group ring they have proved that the first-
order theory (in the language of ring theory) is not decidable and have studied
equations over group rings especially for torsion-free hyperbolic groups (see
2).

The set of universal sentences (see Section 2) in an algebraic object A that are
true in A is its universal theory while two objects are universally equivalent if
they have the same universal theory. It is straightforward to show that all
nonabelian free groups have the same universal theory. As part of the general
solution to the Tarski theorems it was shown that a finitely generated nonabelian
group is universally free (that is has the same universal theory as a nonabelian
free group) if and only if it is a limit group.

In this note, following the studies by Kharlampovich and Myasnikov on
equations over group rings [3], we examine and survey extensions of Tarksi-like
results to the collection of group rings and examine relationships between the
universal and elementary theories of the corresponding groups and rings and the
corresponding universal theory of the formed group ring. To accomplish this we
introduce different first-order languages with equality whose model classes are
respectively groups, rings and group rings. We prove that if R[G] is elemen-
tarily equivalent to S[H] then simultaneously the group G is elementarily
equivalent to the group H and the ring R is elementarily equivalent to the
ring S with respect to the appropriate languages. Further if G is universally
equivalent to a nonabelian free group F and R is universally equivalent to
the integers Z then R[G] is universally equivalent to Z[F] again with
respect to an appropriate language.

The outline of this paper is as follows. In the next section we review the basic
material on elementary and universal theory. In Section 2 we introduce three
first-order languages upon which the results are based. In Section 3 we describe
the Tarski theorems and some important related results. In Section 4 we con-
sider the universal theories of group rings while in Section 5 the elementary

theories of group rings.

2. Elementary and First-Order Theories

Alfred Tarski in 1940 made three well-known conjectures concerning non-

abelian free groups. We call these the Tarski Problems or Tarski Conjectures
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and they asked, among other things, whether all nonabelian free groups satisfy
the same first-order or elementary theory. This was proved in the affirmative by
Kharlampovich and Myasnikov ([4] [5] [6] [7] [8]) and independently by Sela
([9] [10] [11] [12] [13])). We now explain the terminology.

In order to discuss universal and elementary theory for an algebraic object A
we must first define appropriate logical languages to deal with the object. In the
context of this paper we need three languages; one for groups, one for rings and
one for group rings. To this end we introduce three first-order languages with
equality that we will call L, L, L,; the first appropriate for group theory, the
second for ring theory and the third for the theory of group rings. We then list
sets of axioms T,,T,,T, expressed in L, L,L, respectively and and view a
group as a model of T, aringasa model of T,. Moreover, we view the class of
group rings as a subclass of the model class of T,.

We first review the elementary and universal theory of groups. A first-order
sentence in group theory has logical symbols V,3,v,A,~ but no quantification
over sets. A first-order theorem in a group G is a theorem that says a first-
order sentence is true in G. For a class of groups G a first-order theorem is a
first-order sentence true in all groups in G . We make this a bit more precise:

We start with a first-order language L, appropriate for group theory. L, is
the first-order language with equality containing a binary operation symbol * a
unary operation symbol ~' and a constant symbol 1. A universal sentence of L
is one of the form VY{¢(7)} where X is a tuple of distinct variables, ¢(X)
is a formula of L, containing no quantifiers and containing at most the
variables of X . Similarly an existential sentence is one of the form EIY{¢(7)}
where X and ¢(X) are as above. A universal-existential sentence is one of
the form VKEIV{¢(7, 7)} Similarly defined is an existential-universal sen-
tence. It is known that every sentence of L, is logically equivalent to one of the
form Qx ---Q,x,¢(X) where X=(x,---,X,) is a tuple of distinct variables,
each Q for i=1---,n is a quantifier, either V or 3, and ¢(X) is a for-
mula of L, containing no quantifiers and containing free at most the variables
X, -+, X, . Further vacuous quantifications are permitted. Finally a positive
sentence is one logically equivalent to a sentence constructed using (at most) the
connectives v, A,V,3.

If G is a group then the universal theory of G consists of the set of all
universal sentences of L, true in G. We denote the universal theory of a group
Gby Th,(G). Since any universal sentence is equivalent to the negation of an
existential sentence it follows that two groups have the same universal theory if
and only if they have the same existential theory. Two groups G and H that
have the same universal equivalently existential theory are said to be universally
equivalent.

The set of all sentences of L, true in Gis called the first-order theory or the
elementary theory of G. We denote this by Th(G). We note that being first-
order or elementary means that in the intended interpretation of any formula

or sentence all of the variables (free or bound) are assumed to take on as values
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only individual group elements—never, for example, subsets of, nor functions
on, the group in which they are interpreted.

We say that two groups G and H are elementarily equivalent (symboli-
cally G =H) if they have the same first-order theory, thatis Th(G)=Th(H).

Two very important concepts in the elementary theory of groups, are com-
pleteness and decidability. Given a nonempty class of groups X closed under
isomorphism we say that its first-order theory is complete if given a sentence ¢
of L, either ¢ is true in every group in X or ¢ is false in every group in
X . The first-order theory of X is decidable if there exists a recursive al-
gorithm which, given a sentence ¢ of L, decides whether or not ¢ istruein
every group in X' . Kharlampovich and Myasnikov (see [1] [2]) proved that the
elementary theory of free groups is decidable.

Let L, be the first-order language as above and let T, be the axioms
X,y z((xy)-z2=x-(y-2))
Vx(x-1=x)
VX(X-X‘1 :1).

Then we view groups as models of T, that is the model class of T, is the
class of groups.

In order to extend some of these results to group rings we introduce two
additional first-order languages L, and L,. We then give axioms in these
languages so that the models of the axiomatic systems are rings and group rings
respectively.

Let L, be the first-order language with equality appropriate for ring theory.
The language L, contains two binary operation symbols + and -, two unary

operation symbols — and ~' and two constant symbols 0 and 1. A ring with unity

will then be a model of the following set T, of axioms.

VX Y (X+Yy=Y+X)

vy, 2{(xe )+ 2= xs (y+2)
VX(X+0=x)

(x+(-x)-0)

v y.2((cy)-2=x-(y-2))

Vx(x-1=Xx)

VX, y(((x y=1)A(y-x=1))> ( 1=y))

(Vy( x-y#1)v( y-x¢l))—>(x’1:0))
VX, Y, Z(X(Y+2)=X-y+X-2)
((

vx, Y. z((x+y)-z=x-2+y-2)
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10

Thus, we view rings with multiplicative identity 1=0 asmodels of T,.

We now let L, be the first-order language with equality containing two
binary operation symbols + and -, two unary operation symbols — and ', two
constant symbols 0 and 1 and two unary relation symbols I" and P.

To clarify the relation symbols we wish to model a group ring R[G]. The
relation symbol I' will identify elements in G and the relation symbol P
identifies elements in R. Hence I'(x) is true if xeG and P(X) is true if
xeR.

Now we let T, bethe union of T, and the following additional axioms.
r@

v Y((C(0) AT (y)) > T (x-y))
vx(C(x) > 3y (T(y) A (x-y =1) a(y-x=1)))
P(0)

P(1)

¥ Y((P(X)AP(¥)) = (P(x+Y)))
¥% Y((P(x) AP (y)) = P(x-y))
¥x(P(x) > P(-x))
VX(P(X)—>P(X’1 )

VX, Y(P(X) > x-y=y-X)

If A isamodelof T,,welet F(A) = {a € A:F(a)} and
P(A)={aeA:P(a)}.

Thus, T'(A) is a group and P(A) is a commutative ring with identity
1#0 which is central in A. We call a model A of T, standard provided

every element ae A is uniquely expressible in the form ) r(g)-g where
gel"(A)

r(g)eP(A) forall gel'(A) and at most finitely many r(g) are nonzero.
Thus, we view group rings as standard models of T,. Henceforth we omit the
binary operation symbol - in favor of juxtaposition.

With these languages and model classes in place we can speak of universal
equivalence and elementary equivalence of rings and group rings. Hence two
rings R,S are universally equivalent if they satisfy the same universal sentences
relative to Z, and elementary equivalent if they satisfy the same first-order
sentences relative to Z,. Analogously two group rings R[G],S[H] are uni-
versally equivalent if they satisfy the same universal sentences relative to Z, and

elementary equivalent if they satisfy the same first-order sentences relative to L,

3. The Tarski Theorems in Groups

Alfred Tarski made three well-known conjectures concerning the first-order
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theory of nonabelian free groups. The purpose of this paper is to extend if
possible parts of these to group rings. Here we recall these basic results. Com-
plete discussions can be found in the book [1] and in the paper [2].

Tarski first asked the general question whether all nonabelian free groups
share the same elementary theory. Vaught, a student of Tarksi’s, proved almost
immediately that all free groups of infinite rank do have the same elementary
theory, and thus reduced the question to the class of nonabelian free groups of
finite rank. After this, Tarski’s question was formalized into the following con-
jectures.

Tarski Conjecture 1. Any two nonabelian free groups are elementarily equi-
valent. That is any two nonabelian free groups satisty exactly the same first-
order theory.

Tarski Conjecture 2. If the nonabelian free group H is a free factor in the
free group G then the inclusion map H — G is an elementary embedding.

ASn elementary embedding is a group monomorphisms which preserves the
truth of first-order formulas. Specifically, if H and G are groups and

f:H->G

is a monomorphism then f 1is an elementary embedding provided whenever
#(Xy,-+,%,) is a formula of L, containing free at most the distinct variables
Xp,-, %, and (hy,---,h)eH™ then ¢(hy,---,h,) is true in H if and only

if

n n

A(F(Ro).- f (M)

istruein G.If H isa subgroup of G and the inclusion map i:H —->G is
an elementary embedding then we say that G is an elementary extension of
H . It follows that the second conjecture is stronger than the first and in fact
implies the first. If true, then the theory of the nonabelian free groups would be
complete, that is given a sentence ¢ of L, then either ¢ is true in every
nonabelian free group or ¢ is false in every nonabelian free group.

Two very important concepts in the elementary theory of groups, are com-
pleteness and decidability. Given a non-empty class of groups X closed
under isomorphism then we say its first-order theory is complete if given a
sentence ¢ of L, then either ¢ is true in every group in X or ¢ is false
in every group in X'. The first-order theory of X is decidable if there exists a
recursive algorithm which, given a sentence ¢ of L, decides whether or not
¢ is true in every group in X . The third Tarski conjecture was about
decidability.

Tarski Conjecture 3. The elementary theory of the nonabelian free groups is
decidable.

After a long series of partial results (see [1] [2]) the positive solution to the
Tarksi conjectures (1) and (2) was given by O. Kharlampovich and A. Myas-
nikov ([3] [4] [5] [6] [7]) and independently by Z. Sela ([8] [9] [10] [11] [12]).
The proofs by both sets of authors involved the development of whole new areas

of mathematics, in particular an algebraic geometry (Sela calls this diophantine
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geometry) over free groups. In addition Kharlampovich and Myasnikov proved
Tarski Conjecture (3).

Theorem 3.1. (1) Any two nonabelian free groups are elementarily equivalent.
That is any two nonabelian free groups satisfy exactly the same first-order
theory.

(2) If the nonabelian free group H is a free factor in the free group G then
the inclusion map H — G is an elementary embedding.

(3) The elementary theory of the nonabelian free groups is decidable.

Although Tarksi was never explicit on the origin of the basic question, it is
motivated by several basic results, and concepts, in the theory of free groups (see
[1] and [14] for complete discussions of free groups). First is the observation
that most free group properties, involving elements, are rank independent, that
is, true for all free groups independent of rank. For example all nonabelian free
groups are torsion-free and all abelian subgroups of nonabelian free groups are
cyclic.

A second possible motivation, which also shows that all nonabelian free
groups have the same universal theory, is the following. Let F, be a free group
of rank 2. It is a straightforward consequence of the Reidemeister-Schreier pro-
cess (see [MKS]) that the commutator subgroup of F, is free of infinite rank.
This implies that if we let F, denote a free group of countably infinite rank,
then F, <F,. Thatis, F, can be embedded isomorphically as a subgroup of

w

F, . It follows that for any m,n>2 with m<n we have

..<F <F,<F <F <..<F <.. (3.1)

This shows that F, can be embedded isomorphically in F, and F, can
be embedded isomorphically in F, . Its like a snake eating its tail.

If Gc H thenany universal sentencein H mustalso be truein G, thatis
Th,(H)<=Th,(G). This observation combined with the observations above
prove that all nonabelian free groups have the same universal theory and hence
are universally equivalent.

Theorem 3.2. A/l nonabelian free groups are universally equivalent.

Gaglione and Spellman [15] and independently Remeslennikov [16] gave a
characterization of the universally free groups. This characterization became one
of the cornerstiones of the proof of the Tarksi theorems. Recall group G is
residually free provided, for every geG\{l}, there is a homomorphism
¢:G — F, where F isa free group, such that ¢(g)=1. G fully residually
free provided, for every finite set of nontrivial elements g,,---,d, € G\{1},
there is a homomorphism ¢:G — F, where F is a free group, such that
¢(9;)#1. We also say that G is discriminated by a free group. Finitely
generated fully residually free groups are also known as limit groups since they
arise as limits of homomorphisms into free groups (see [1]).

The following is the result due to Gaglione and Spellman and independently
to Remeslennikov that ties together fully residual freeness and universal freeness.

Theorem 3.3. ([15] [16]) Suppose G is residually free. Then the following
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are equivalent.

(1) G is fully residually free,

(2) G is commutative transitive,

(3) G is universally free if nonabelian.

Parts (1) and (2) of the theorem were due originally to Benjamin Baumslag
[17].

Prior to the solution of the Tarski problems, it was asked whether there exist
finitely generated non-free elementary free groups. By this it was meant that if
all countable nonabelian free groups do have the same first-order theory do
there exist finitely generated non-free groups with exactly the same first-order
theory as the class of nonabelian free groups.

In the finitely generated case, the answer is yes, and both the Kharlampovich-
Myasnikov solution and the Sela solution provide a complete characterization of
the finitely generated elementary free groups. In the Kharlampovich-Myasnikov
formulation these are given as a special class of what are termed NTQ groups
(see [1] or [2]). The primary examples of non-free elementary free groups are
the orientable surface groups of genus g >2 and the nonorientable surface
groups of genus g >4 (see [1]). Recall that a surface group is the fundamental
group of a compact surface. If the surface is orientable it is an orientable surface

group otherwise a nonorientable surface group.

4. Universal Equivalence of Group Rings

We now attempt to extend the Tarski results to group rings, in particular to
group rings of free groups. We start by considering the universal theory of a
group ring R[G] where R isa commutative ring with an identity. Let F be
a nonabelian finitely generated free group and Z the integers. If F is any
other nonabelian countable free group then we have the same snake eating its
tail situation F <F <F as before. Since every subring of 7Z with an identity

is Z itself the same argument as for groups shows that for any language we use

Th,Z[F] < Th,Z[F] < Th,Z[F] (4.1)

It follows as for groups that all integral group rings of finitely generated
nonabelian free groups are universally equivalent. Here we will use the universal
theory with the axioms T, andlanguage L, for group rings.

Theorem 4.1. All integral group rings for nonabelian countable free groups
are universally equivalent.

In this context we call any group ring universally equivalent to Z[F] for a
nonabelian countable free group a universally free group ring. We now con-
sider the question of classifying the universally free group rings in a manner
similar to the Gaglione-Spellman-Remeslennikov theorem.

In [18] the following more general results were proved answering this. The
proofs are short so they are included. The proofs depend on material in the book
by Bell and Slomson [19].

Theorem 4.2. Let R be a commutative ring with identity 1#0 and let G
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and H be groups. If G and H are universally equivalent with respect to
Ly, then R[G] and R[H] are universally equivalent with respect to L, .

Proof. H is amodel of Th,(G). Thus, by Lemma 3.8 of Chapter 9 of [19],
there is a nonempty set | and an ultrafilter D on | such that H embeds
in “G=G'/D. Hence, R[H] embeds in *(R[G])E R[G]. Hence, R[H] isa
model of Th, (R[G]) with respect to L. Interchanging, the roles of G and
H in the above, we get R[G] isa model of Th, (R[H ]) with respect to L.
Therefore, Th, (R[G])=Th, (R[H]) with respectto L,.

Theorem 4.3. Let R and S be commutative rings with identity 1+0 ad
let G beagroup. If R and S are universally equivalent with respect to L,
then R [G] and S [G] are universally equivalent with respect to L.

The proof of the second theorem is similar to that of the first (see [18]).

Combining these two theorems and using the transitivity of universal equi-
valence with respect to L, we immediately deduce.

Theorem 4.4. Let G and H be groups and let R and S be commutative rings
with identity 1#0. If G and H are universally equivalent with respect to L,
and R and S are universally equivalent with respect to L, then R[G] and
S[H] are universally equivalent with respect to L.

These two theorems can be utilized to handle the classification of universally
free group rings which is stated in the following corollary.

Corollary 1. Let F =(a1,a2;> be the rank 2 free group and let 7 be the
ring of integers. Let G be a group and R be a commutative ring with identity
1% 0. If G is universally equivalent to F with respect to L, and R is universally
equivalent to 7. with respect to L, then R[G]| is universally equivalent to
Z[F)] withrespectto L,.

In [18] a second independent proof of the above result was given. We want
next to extend to group rings an analog of the Gaglione-Spellman-Remeslennikov
result tying universal freeness to fully residual freeness. First we need the follow-
ing idea which is the appropriate analog of residual freeness for rings.

A ring R with identity 1#0 which is discriminated by Z 1is said to be
o -residually Z . Such rings have characteristic zero so Z<R. A ring all of
whose finitely generated subrings are @ -residually Z is said to be locally o -
residually Z . Of course, every ring is the direct union of its finitely generated
subrings. Hence, every locally  -residually Z ring is universally equivalent to
Z . The converse is also known to be true.

Using these concepts we may paraphrase Corollary 1 thusly. Let F = (ai, a2;>
and let R be a locally @ -residually Z ring. If G is a nonabelian locally
fully residually free group, then R[G] is universally equivalent to Z[F] with
respect to L. Now R[G] is the direct union of the family of subrings of the
form R;[G,] where R; is a finitely generated subring of R and G, is a
nonabelian finitely generated subgroup of G. If x,yeG, and do not com-
mute, then (x, y) = F . By Lemm 3.5 it suffices to show that such subrings are
discriminated by Z[F].

If R isaring with identity 1#0 welet U(R) be its group of units. If R
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is a commutative ring with identity 10 and G a group then an element of
U (R[G]) is said to be a trivial unit provided it has the form ug where
ueU(R) and geG.

Definition 4.5. A group G is orderable provided it admits a linear order <
satisfying the conditions that hg, <hg, whenever ¢, <g, and gh<g,h
whenever ¢, <(, as 0,,9, and h varyover G.

It is well known that free groups are orderable. See e.g. [20]. One can find, for
example in Passman’s book [21], that, if K is a field and G is an orderable
group, then K[G] has trivial units only. From that it easily follows that if D
is an integral domain and G is an orderable group, then D[G] has trivial
units only. Now suppose that R is any locally @ -residually Z ring. Then
R is universally equivalent to 7Z and thus the following four sentences hold in
R.

1) VX y(xy=yx).

i) vxy((y=0)—>((x=0)v(y=0))).

(iii) VXy((xy =1) > ((x=1)v(x= —1))) :

(iv) 1=#-1.

It follows that any locally @ -residually Z ring R is an integral domain
with group of units U(R)={1-1}=U(Z). Note that since F =(a1,a2;> is
orderableand Z is an integral domain, Z[F] has trivial units only and thus

U (Z[F])=(-1)xF.

Theorem 4.6. Let F :<a1,a2;>, R be a locally w -residually 7 ring and
G beagroup. If R[G] is universally equivalent to Z[F| with respect to L,
then G Iis a universally free group.

Lemma 4.7. U (R[G]) is universally equivalent to U (Z[F]) with respect
to L.

Proof. Suppose that VX, -, X, @(X,---,X,) is a universal sentence of L,
truein U (Z[F]) Then

WX % Yoo Y (/\( XY =1) A (Y% =1))—>¢>(x1,~-wxn)j (4.1)

i=1

is true in Z[F]; hence, it is true in R[G] and so VX, X, @(X, -, X,)
holdsin U (R[G]).

Suppose EIXl,-~~,Xn1//(X1,~~-,Xn) is an existential sentence of L, true in
U (Z[F]). Then

B X Yoo Vo (/n\((xiyi =1) A (% =1))W(X1,-~-,Xn)) (42)

i=1

is true in U (Z[F]); hence, it is true in R[G] and so 3, X, W (X, X, )
holds in U (R[G]) It follows that U (Z[F]) and U (R[G]) are universally
equivalent with respect to L.

Lemma 4.8. —1 is the unique element of U (R [G]) having order 2. Further-

more, -1 is central in U (R [G])
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Proof. The following sentences of L, are truein (-1)xF =U(Z[F]).
3((2° =1) (2 #1)
Vlez(((zf =1) (22 =1)A(z,21) A (2, ¢1))—>(21:22))
e )

Hence, they are true in U (R[G]) and the conclusions follow. O
Lemma 4.9. If R[G] is universally equivalent to Z[F| with respect to L,

then G is an orderable group. In particular, R[G] has trivial units only and

U (R[G])=(-1)xG.
Proof. <—1> xG<U (R [G]) from which we get an embedding
G~ U (R[G])/(-2)

by factoring out by the central subgroup (—1). It is shown in [22] that order-

SO

ability is captured by a set S of universal sentences of L. Hence,

F=U(z[F])/(-1)

isamodel of S.
Let o eS.Suppose o is VX, X (X, X, ). Let o be the sentence

VX, - ~,xn,z((zz=1)/\(z¢1))—>(/3(x1,~-,xn,z) (4.3)

where @(X,,--+,X,,z) is obtained from ¢(X,---,X,) by replacing each equ-
ation u(X)=1 with the disjunction (u(X)=1)v(u(X)=2) and each inequ-
ation w(X)#1 with the conjunction (W(X)#1)A ( (X)# ) Then o°
holds in U ( [F]) since it asserts that o holds in U(Z[F]) modulo ( 1>
Therefore, o" holds in U ( [G]) and so o holds in U ( [G]) modulo
(—1) . Therefore, U (R[G]) / (—1) is orderable. Since orderability is preserved in
subgroups and G embeds in U (R[G])/(—l) , G is orderable. m

This far, we have viewed group rings as instances of models of T, in L. If
we view group rings as standard models of T, in L, and assert the stronger
condition of universal equivalence with respect to L,, then the converse to
Theorem 4.3 is true (see [18]).

Theorem 4.10. Let G and H be groups and let R and S be commutative rings
with identity 1+0. View the group rings R[G]| and S[H] as standard
models of T,, A and B respectively. If A and B are universally equivalent with
respect to L, , then G is universally equivalent to H with respect to L, and R is
universally equivalent to S with respect to L.

Proof. Suppose VX, ngo( , --,Xn) is a universal sentence of L, true in
G= F(A). Then

VX17'”7Xn(Z}F(Xi)_)¢(xl""’xn)J (44)

istruein R[G]= A.Thereforeitistruein S[H]=B andso
VX, %@ (X, X, ) dstruein H =T'(B).
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Suppose  3X,-++, X, ¥ (X,---,X,) is an existential sentence of L, true in
G =TI"(A).Then

X, [Z\F(Xi)Aw(xl,m,xn)j (4.5)

istruein R[G]=A.Henceitistruein S[H]=B andso
Xy, Xy W (Xg,eee, X, ) ds true in H =T (B). It follows that G and H are
universally equivalent with respectto L.

Suppose in,-n,xna(xl,-n,xn) is a universal sentence of L, true in
R=P(A). Then

e AP > a (i) (46

istruein R[G]=A.Henceitistruein S[H]=B andso

VX, X (X, X, ) dstruein S =P(B).
SuPPOSe X, X, B(X, . X, ) is an existential sentence of L, true in
R=P(A). Then

et ATOAA (1) (@)

istruein R[G]= A.Hence, itistruein S[H]=B andso
X, B(X,+,X,) is true in S=P(B). It follows that R and S are

umversally equivalent with respect to L.

5. Elementary Equivalence of Group Rings

We now examine the elementary equivalence of group rings. We need the fol-
lowing proposition that can be found in the book of Chang and Keisler ([23]).

Proposition 1. (Keisler-Shelah [24]) Let L be a first-order language with
equality and A and Bbe L-structures. If A=, B, then there is a nonempty set /
and an ultrafilter D in 7such that the ultrapowers *A=A'/D and *B=B'/D
are isomorphic.

This proposition was first proven by Keisler using the Generalized Continuum
Hypothesis and subsequently reproven by Shelah without need of that assump-
tion.

Using this we get the following which says that if two group rings are elemen-
tary equivalent with respect to L, then the groups are elementary equivalent
with respect to L, and the rings are elementary equivalent with respectto L,.

Theorem 5.1. Let Gand Hbe groups and R and $be commutative rings with
1#0. View the group rings R[G] and S[H] as standard models of T,, A4
and Brespectively. If A=_B,then G=_H and R= S.

Proof. By Keisler-Shelah there is a nonempty set /and an ultrafilter D on /
such that the ultrapowers ‘A= A'/D and *B=B'/D are isomorphic. Let
@:"A— "B be an isomorphism. Then ¢ induces a group isomorphism ¢,
from F(*A): ‘G=G'/D onto F<*B)= "H=H'/D as well as a ring iso-
morphism ¢, from P(*A): ‘R=R'/D onto P(*B): 'S=S'/D : Now,
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G=, G="H=_  'H=_ H.Hence, G=_H. Similarly, R=, 'R="S= S.
Hence R= S. o
In [18] the converse was considered, that is whether or not G =, H and
R=_ S imply that R[G]=_ S[H]. The total answer was not settled in that
1 2
paper but a sufficient condition on group rings was introduced for this to occur
(see [18]). This is a finiteness condition since the question is answered affirma-

tively for finite groups Gand H.

6. Summary and Conclusion

In this note we extended the Tarksi theorems for groups to the collection of
group rings. In particular we examined the relationships between the universal
and elementary theories of the corresponding groups and rings and the corres-
ponding universal and elementary theory of the formed group ring. In order to
do this we considered three first-order languages with equality whose model
classes are respectively groups, rings and group rings. Our main results are that
if R[G] is elementarily equivalent to S[H] then simultaneously the group G
is elementarily equivalent to the group A and the ring R is elementarily equiva-
lent to the ring S with respect to the appropriate languages. This yields the ana-
log of the basic Tarksi theorem for groups, that is, that all integral groups rings
Z[F] where Fis a nonabelian free groups are elementarily equivalent. Further
if Gis universally equivalent to a nonabelian free group Fand R is universally
equivalent to the integers Z then R[G] is universally equivalent to Z[F]
again with respect to an appropriate language.
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