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1. Introduction

This paper lies in the field of variable exponent function spaces, exactly we will deal
with the space WBVp(_) ([a, b]) of bounded p(-)-variation in Wiener’s sense with vari-
able exponent (see [1], [2]).

Variable exponent Lebesgue spaces appeared in the literature in 1931 in the paper by
Orlicz [3]. He was interested in the study of function spaces that contain all measurable
functions uU:Q — R such that

p(Au)= IQ¢(/1|U (x)|)dx,

for some A>0 and ¢ satisfying some natural assumptions, where Q is an open
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setin R". This space is denotated by L” and it is now called Orlicz space. However,
we point out that in [3] the case |u (X)|p(x) corresponding to variable exponents is not
included. In the 1950’s, these problems were systematically studied by Nakano [4], who
developed the theory of modular function spaces. Nakano explicitly mentioned variable
exponent Lebesgue spaces as an example of more general spaces he considered, see
Nakano [4] p. 284. In 1991, Kovacik and Rakosnik [5] established several basic
properties of spaces L™ and W™ with variable exponents. Their results were
extended by Fan and Zhao [6] in the framework of Sobolev spaces W m.p(x)

With the emergence of nonlinear problems in applied sciences, standard Lebesgue
and Sobolev spaces demostrated their limitations in applications. The class of nonlinear
problems with variable exponents growth is a new research field and it reflects a new
kind of physical phenomena.

It is well known that the class of nonlinear operator equations of various types has
many useful applications in describing numerous problems of the real world. A number
of equations which include a given operators have arisen in many branches of science
such as the theory of optimal control, economics, biological, mathematical physics and
engineering. Among nonlinear operators, there is a distinguished class called composi-
tion operators. Next we define such operators.

Definition 1.1. Given a function h:R — R, the composition operator A, associated
to a function f(autonomous case) maps each function f: [a, b] — R into the composi-

tion function Hf :[a, b] — R, given by
Hf (t)=h(f(t)), (te[ab]). (1.1)
More generally, given h: [a, b] xR —- R, we consider the operator /, defined by
Hf (t)=h(t, f(t)), (te[ab]). (1.2)

This operator is also called superposition operator or susbtitution operator or
Nempytskij operator. The operator in the form (1.1) is usually called the (autonomous)
composition operator and the one defined by (1.2) is called non-autonomos.

A rich source of related questions are the excellent books by J. Appell and P. P.
Zabrejko [7] and J. Appell, . Banas, N. Merentes [8].

E. P. Sobolevskij in 1984 [9] proved that the autonomous composition operator
associate to h:R — R is locally Lipschitz in the space Lip[a,b] if and only if the
derivative h’ exists and is locally Lipschitz. In recent articles J. Appell, N. Merentes, J.
L. Sanchez [10], N. Merentes, S. Rivas, J. L. Sanchez [11] and O. Mejia, N. Merentes, B.
Rzepka [12], obtained several results of the Sobolevskij type. According to the authors
mentioned above the importance of these results lies in the fact that in most
applications to many nonlinear problems it is sufficient to impose a local Lipschitz
condition, instead of a global Lipschitz condition. In fact, they proved that Sobolevskij’s
result is valid in the spaces BV, [a, b] , HBV [a, b] , RY, [a, b] , OBV [a, b] and
xDBV [a,b].

In this paper, we obtained two main results. The organization of this paper is as

follows. Section 2, we gather some notions and preliminary facts, and necessary back-
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ground about the class of functions of bounded p(-) -variation in Wiener’s sense with
variable exponent, also we expose some new properties of this space. In Section 3, we
establish our first main result of the Sobolevskij type which is also valid in some spaces
of functions of generalized bounded variations such as WBV, ([a b]) In Section 4,
we enunciate and prove our second main result related to the composmon operator: If
a locally defined operator K maps CWBV, (1) into C(l) then it is composition

operator.

2. Preliminaries
Throughout this paper, we use the following notation: Let a function p:[a,b]— (1,%)
and we will denote by @y ( f.[a,b] ) = Sup{|f (s)|p<xt5) ‘t,sela, b]} the dia-

meter of the image f ([a, b]) (or the oscillation of fon [a, b] ), by X, anumber be-
tween [t,5] and p* = SUD, ) p(x).

In 2013 R. Castillo, N. Merentes and H. Rafeiro [1] introduced the notion of bounded
variation space in the Wiener sense with variable exponent on [a, b] and present a
result of compactness (Helly principle) in this space.

Definition 2.1 (See [1]). Given a function p:[a,b]—(1,0), a partition
mia=t <t <--<t =b of the interval [a,b] and a function f:[a,b]—>R. The
nonnegative real number

V;“(’_) () :VF‘)“(’_) (f.[ab])= sup ;

T

p(xj-1)

F(t)- ()

is called Wiener variation with variable exponent (or p() -variation in Wiener’s sense)

of fon [a, b] where 7z is a tagged partition of the interval [a, b] , Le, a partition of
the interval [a,b] together with a finite sequence of numbers X,,--,X,, subject to
the conditions that for each j t; <x; <t;,,.

In case that V“)’\(") ( f.[a, b]) <o, we say that fhas bounded Wiener variation with
variable exponent (or bounded p() -variation in Wiener’s sense) on [a,b] . The
symbol WBVp(,) ([a, b]) will denote the space of functions of bounded p(-)-variation
in Wiener’s sense with variable exponent on [a, b] .

Definition 2.2. (Norm in WBV ([a b])) The functional
|| || \WBV, ( [a, b])—)R deﬁned by

115 =[f (@) + a1y (1), f <WBV,,, ([a,b]) 2.1)

where 1, (f)=inf {/1 >0 :V;Ql‘) (%) < l} isanorm on WBV,,, ([a, b])

Theorem 2.3 (See [1]). Every sequence in WBV ([a b]) has a subsequence conver-
gent pointwise to a function x eWBV ([a b])

In 2015, O. Mejia, N. Merentes and ]. L. Sanchez [2] showed the following properties
of elements of WBV, ([a b]) that allow us to get characterizations of them.

Lemma 2.4 (General properties of the p(-)-variation). Let f :[a,b]—> R be an ar-
bitrary map. We have
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(P1) minimality: if t,s e[ b] then
(%s)
[F (1) f(s)"™ <y, (.[ab])<Vy, (f.[a,b]).

(P2) monotonicity: if a,t,s,be [a, b] and a<t<s<b,then

i (L) <V (1as])s v (1 [5:0) <V (1,[tb) and

Vi, (F.[ts]) <V, (F.[ab]).
(P3) semi-additivity: if te [a, b] , then
2°P'vl (. [ab]) <Vl (F.[at])+ Vi, (F.[tb]) <V, (f.[a.b]).

(P4) change of a variable: if [C, d] cR and ¢: [C, d] - [a,b] is a (not necessarily
strictly) monotone function, then V;’E’,) ( f, go([c, d ])) :V;Ql‘) ( fogp,[c,d ]) .

(P5) regularity: VZ{,) (f.[ab])= sup{vg{) (f.[s.t]);ste[ab]as< b} .

The following structural theorem is taken from [2], this gives us a characterization of
the members of WBV, ([a b])

Theorem 2.5 (see [2]) The map f :[a,b]—>R is of bounded p() -variation if
and only if there exists a bounded nondecreasing function ¢:[a,b]—> R a Holderian
map ¢ :(o([a,b])—HR of exponent 7=1/p(-) and H (g)Sl such that f=gog
on [a,b].

Given f eWBV, ([a b]) consider the p() -variation function in Wiener’s sense

V‘A(’ [ab] >R deﬁnedby

V%M(Xyzvﬁﬂfiixn- (2.2)

Proposition 2.6. Suppose that f eWBV ([a b]) is continuous at some point
Yo €[a,b]; then, the function V e (22)0s also continuous at ;.

Proof. Let £>0 and suppose that f: [a b] — R is continuous function at Y,,
without loss of generality we can assume that Yy, <y <b. Consider the difference
va)f (y)—le + (Yo)- Choose partitions P, = {a =ttt = yo} and

P,={a=ty,t, -t =y} such that
Vit ([0, 0]) < Vi, (£, P, [ Yo, b]) + &
Afterwards, we choose & such that |f(y)—f(y0)|<g for 0<y-y, <6 which

is possible by the continuity of fat Y,. By definition of V,\)'\('A) ( f,[a,b]) there exist a
partition 7:a=t, <t;<---<t =b and £>0 such that

v (£ <3 )= 1 (1)

+&.
=1

Then for these y; we have
SJr ()1 (=Sl 0)-
=S S ) 1 ()

=1 j=k+1

p(%i-1)

P(%i1)

Xj1) _IZ;:| £(t)
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p(%i1)

<3 £ ()™ eS0T 0)
svg{_)(f,[yo b])+g—vV{ (f.[y.b])
=1 (9)= £+ 3 (1) F (e ) 20 (1. [y.b)

yoy +Z
<gp( wor) +2¢ <3max{gp "01) }=

i=2

Lemma 2.7. Let f eWBV [a b ) Then

f
vl —— <1
()
" {nfn“:(.)]

ProofLet 7" isatagged partition of the interval [a,b], take 2 >||f ||V:(4). Then

(]
()~ f (1))

f
<%l —|<1.
; P P(')[ﬁ)

f S ‘f (tj)_ f (tH) |
Wil = | <1.
"‘{nfnmj ) 7

Proposition 2.8. Let {f,} eWBV, ( a,b
to f almost everywhere, with f eWBV o) ( ) Then
<

[£]15, <timinf £,

that is, the Luxemburg norm is lower semi-continuous on WBVP(.) ([a, b]) .

Thus

) be a sequence such that f, converges

f
Proof Let ¢ R such that « <V;’E’,) (E,[a,b]j for 1>0. By the Definition 2.1,

for any feR with « <,B<V;’;’_) (%,[a,b]j exist a tagged partition 7 :{ti},n of

i=0

[a, b] such that

P(%i-1)

L > B,

W f * m
V(47 =20 10)
By the pointwise convergence of f, to f exist n, e N such that

y) (ﬂ]/P(XH) _ al/P(XH))
Zm]/p(xl—l)

[, () f(t)<o:=

KD
+%%, Scientific Research Publishing

731



J. A. Guerrero et al.

for all n>n;, and tez , t, <x <t,,i=01---,m-1. And by the Minkowski’s in-

i+11
equality, we get

1 p(%i-1)

B ng‘)A(’l) (%,ﬂ'*j = Zm: z(f (t)-f (ti—l))

i=1

:| :|P(Xi-1)
:|P(Xi1)

1 1

P(Xil)]p(xil)

A
VR
I

|
M=
N
VY
~
e
£
o=
3
3( e
=
=3
Ll R
ol X
=
3
&
N —
N—e
=
>
e
o
=
&
+
7\
M=
NI
~—~~~
—h
p=1
—~
o d
N—
—n
p=1
—~
—t
L
N—
N —
=
-3
&
N—e
=
X =
>

1 p(Xi-1)
i Xi P(%-1) (%i1)
m |1 ﬂ(ﬂ]/p(x"l) _a]/P( |-1)) 1 P
+H D=
| A 2m1/p(xi—1)
1 1 1 P(%ia)
i f * ( i1 )
< Igp(x.fl) — g Pli1) +(V;A(/)[7n,ﬂ Dp " , forall n>N,
therefore
foo. wi(f
« <Vp()(7n:” j<Vp(.) (T”Ij forall n> N,
hence
w n
= nlﬂfovp(-) (_' ' ]
that is,

a< Iimianp(‘)(T”, Ij.

f
Passing the limit as « tends V;’;’,) (7”, Ij, we get that VF\)'(V,) is sequentially lower

wlfY o (f
Vi) [} <liminfVe)| =7 )

semicontinuous, ILe.,

K2
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if f eR',neN and lim f,(x)=f(x) forall xel.By the Definition 2.1 it fol-

N—+00 n
lows that

||f||p <liminf |f, ||

Lemma 2.9 (Invariance Principle). Let h:R — R be a function. Then, the com-
position operator (1.1) maps the space WBV | ([a b]) into itself if and only if it maps,
for any other choice of ¢ <d , the space WBV ([a b]) into itself.

Proof. The function v:[c,d]—[a,b] deﬁned by

v(t)= 2 i(t c)+a
is an affine homeomorphism with inverse the function V™*: [a, b] - [C, d] defined by
Vis) =1 (s-a)+e,
such that: v(c)=a and V( )=b.Thus, v:P([c,d]) > P([a,b]) defined by
=V({to tureita}) = {v(t) V(L) v (8]
{ (t, )}: eP([a b]),

defines a 1-1 correspondence between all partitions P([C,d]) of [C,d] and all par-
titions P ([a,b]) of [a,b] since vis strictly increasing. Consequently, for
u eWBV ([a b]) , we obtain

Yy, (u.[,b])= sup i|u (v(t))-u(v(ty))

P(%i-1)

P([ab]) =1
= sup Df(uev)(t)—(uov)(t, )"
P([e.d]) =

3. Locally Lipschitz Composition Operators

In this section, we expose one of the main results of this paper. We demonstrate that a
result of the Sobolevskij type is also valid in the space WBV, ([a b]) of bounded
p(-) -variation in the Wiener’s sense with variable exponent.

Theorem 3.1. Let h:R — R be a function. If the composition operator H gene-
rated by 4 maps the space WBVp(l) ([a, b]) into itself then H is locally Lipschitz if and
onlyif h’ exist and is locally Lipschitzin R.

Proof. First let us assume that h’ is locally Lipschitz in R. For r>0 we denote
by K,(r) the minimal Lipschitz constant of h’ andby K,(r) the supremum of |h|

8= U {1 ()]l <rf<E

ast<b

on the bounded set

The finiteness of K, (r) implies that A satisfies a local Lipschitz condition in the
norm ||||oo (norm of supremum), so we only have to prove a local Lipschitz condition

for H with respect to the p(-)-norm (2.1). We do this by applying twice the mean
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value theorem.
Fix f,geWBV, ([a, b]) with ||f ||V:(.) , ||g||V:(‘) <r . Given a partition

7r={to,t1,---,tm} of [a, b], we split the index set {1, ..., m} into a union | UJ of
disjoint sets /and /by defining the following:
jel if
‘f (t)-9(t )Mf (ti)-9 (tH)‘ < ‘f (t)-f (tH)‘Jf‘g (t,)-9 (tj—l)"
jed if

‘f (t)- g(tj)‘J”‘f (t1)-9 (tH)‘ >‘f (t)-f (tH)Hg (t)- g(ti—l)"

By the classical mean value theorem we find «; between ¢ (t j) and f (t j) such

that
H (1))~ Ha (t;) =" (e ) ()~ 9 (t))], (i=2-.m).
Now, by definition of 7we have
oty —a, | < 2| ()= £ (t,)] +2]a (t,) -9 (t,)], (iet).
Making a simple calculation
[HI (t;)=Ha () HF (t)+ Ho (1.,
:‘h'(aj)[f(tj -g(t;) ]—h’ . [f (t.)-9(t; ]
:‘(h'(“i)‘h'(“ )LF()-a(t)]+h'(« [ )-9(t) =1 (t)ra(ts)]
<K (1o eI £ - g||oo+K QI (,1>+9( y
<[2K,(r)|f -], +K, )J‘f(tj)‘g(tj)‘f(ti—1)+9(1—1)‘
K3(r)‘ (t)-a(t)- f(i—l)+g(t1—1)"
Since p:[a,b]—>(1,%0) andaddingon jel we get that
Z;‘Hf (t;)-Ha (t;)-Hf (t;)+ Ha t;,) o
SZKs(r)p(xj e)-0(t) -7 (5a)+ ()

Z‘ f— e f—g)(tH) p(xifl)

jel

<K (rVey (f-9)
<K, (r)[f —9||V:(A)-

p(xj1)

Again by the mean value theorem we find f; between f (t j) and f (t H) and y;
between g (tj) and ¢ (tj_l) such that

Hf (t1>‘Hf (tj):h'(ﬁj)[f (tj)_ f (tJ)J (j :1’2""’”‘)

and

K2
734 0:52: Scientific Research Publishing



J. A. Guerrero et al.

Hg(tj)—Hg(tj):h’(yj)[g(tj)—g(tjﬂ (i=12,-,m).
By definition of /we have
|ﬁj—;/j|32‘f(tj)—g(tj)‘+2‘f(tH)—g(tH)‘.
Again a simple calculation shows that
‘Hf (tj)—Hg(tj)—Hf(tj)+Hg(tj)‘
:‘h,(ﬂj)[f (t)-* (tiflﬂ_h’(ﬁ)[g(ti)_ 9(t;)
:‘(h’(ﬁi)_h'(%))[f (t)-f (tj—l)]_h,(“ifl)
<Ks (0], =7, £ ()= 1 (t)|+ Ke (0| (1)
3[4K5(r)||f||w+K6(r)ﬂf (t)-9(t;) - f(t,
:K7(r)‘f(tj)—g(tj)—f(tj_1)+g(tj_1)‘.
Since p:[a,b]—(1,%) andaddingon jeJ we get that
[Ht (1) ot )t (1) +H 1

=K ()8 () - g ()~ f () + g(tj_l)‘p(m)

- Ke(r)z‘ f(t)-a(t;)-f(ta)+o(t) Pl)

jel

(Vs (f-9)
(D[t —9||v:(.)-

Summing up both partial sums and observing that K,(r) and Kg(r) do not de-
pend on the partition 7 we conclude that

Ke
Ks

VY Hu — Hv <1
(K (r)+Ks (1) Ju =]y,

which proves the assertion.

Conversely, suppose that A satisfies a Lipschitz condition. By assumption, the constant

) ”Hu - HV"V:() . W W
K(r)=sup W ‘u,veWBV, ([a,b]), ||u||p(.) ,||v||p(.) <r,uzvs (3.1)
p()

is finite for each r>0. Considering, in particular, both functions z and v in (3.1)
constant, we see that

Ih(u)-h(v)[<K(r)u=v| (uveR,u,<r).

This shows that 4 is locally Lipschitz, and so the derivative h’ exists almost every-
where in R. It remains to prove that h' exists everywhere in R and is locally

Lipschitz. For the proof of the first claim we show that h’ exists in any closed interval
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I =[a,b].

Given r >0, consider z eWBV ([a b]) with || || <— Let {an}:zl be a de-
creasing sequence of positive real numbers converging to 0; w1th0ut loss of generality,
we may assume that o, < % forall neN. Define a sequence of functions

h,.:[ab]>R by

h, ,(t)= (z2(t) + ) -h(z(1)) (te[a,b]). (3.2)

y

Since the composition operator / associate to / acts in the space WBV ([a b])
assumption, the functions h, , given by (3.2) belongto WBV/ ([a b])

Now, we show that the sequences {ha 2 }w have umformly bounded p(-) -variation

in Wiener’s sense for all z eWBV ([a b]) with || || . In fact, let

= {to,t1,~--,tm} be a partition of the interval of [a,b]. For each ne N define fun-
ctions U, and vby

u,(t)=z(t)+a, v(t)=z(t) (te[ab]). (3.3)
Then, ||un||V:(_) <r and ||V||V:(A) <r . Furthermore, from Lemma 2.7, (3.2) and (3.3), we
obtain the estimates

Q, |:han,z (tj )_ han,z (tj—l)J

p(xj)

>

) |Hu" ~ va(->

(et )+ ) =h(z(t))=h(z(t ) +en ) +h(2(t) olx)

=Y .

:JZZ h<Un (t; ))-h(v(t,—|)2|— h_(l: (ul))-‘-h(v(til)) p(x;)
o)

—Hv Hu, — Hv
- \I\! SVi\),\(’.) |H n_H w ;[a’b] <L
()

()

Since the partition 7 = {to NS ,tm} was arbitrary, the inequality

h
VAR [P Py S
|H -H p()

Un v

holds for every neN and each zeWBV, ([a b]) with ||Z|| <— From Lemma

2.7, the definition of the function h in (3.2), and the definition of the functions u,

o,z

and vin (3.3), we further get
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w

n()

ah

n'ay,,z

=[n(z+a)-n()l}, =Ih(w) -n I,
<K(r)|u, —v||p(.) =K(r)e,

h

a2

hence <K(r).By Lemma 2.7, we conclude that

p()
W
Vi, (., ) < K(r), (3.4)
which shows that the sequence {han . }: satisfies the hypotheses of Theorem 2.3.

Theorem 2.3 ensures the existence of a pointwise convergent subsequence of

{ha } ; without loss of generality we assume that the whole sequence {ha } con-
nz ) nog nz ) nog

verges pointwise on [a,b] to some function f cWBV, ([a b])

Now setting z(t):=At, where 1>0 small enough such that ||Z||v:(>) S%. By (3.3)
we note that
h(z(t —h(z(t
f(t):lim (Z( )+an) (Z( ))

n—oo a

h(at h(at 3
_jim M2 @) 70 o
n—o a

for almost all te [a, b]. Since the primitive of fand the function t— h(/it) are both
absolutely continuous and have the same derivative on [a,b], we conclude that they
differ only by some constant on [a, b] ,and so h’ exists everywhere on [a, b]. From
the invariance principle (Lemma 2.9), we deduce that the derivative h' of A4 exists on
any interval, and so everywherein R.

It remains to prove that h’ satisfies a local Lipschitz condition. Denoting by F the

composition operator associate to the function f from (3.5), we claim that, for

ZeWBV ([a b]) with || || <—,wehave
" FZ"\Z() <K(r), (3.6)

where K(r) is the Lipschitz constant from (3.1). In fact, by Theorem 2.3 we conclude
that

||f||mp' <liminf ||h ||

n—o0

whenever the sequence {hn}:: of functions h, eWBV ([a b]) converges pointwise

1
on [a, b] to some function £ Combining this with (3.4) and the observation that

ha 2 ( ) -0 ( ) as N — oo we obtain (3.6). We conclude that the composition opera-
tor ' maps the space WBV/, ([a b]) into itself, and so the corresponding function f

is locally Lipschitzon R. By (3.5), the same is true for the function h'.

4. Locally Defined Operators

In this section, we present our second main result, which is related to the notion of
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locally defined operator. We prove that every locally defined operator mapping the
space of continuous and bounded p () -variation in Wiener’s sense functions into
itself is a composition operator (Nemytskij operator).

Definition 4.1. Let | = [a, b] be a closed interval of the real line R, a,beR,a<b
andlet X=X(1), Y=Y(I) be function spaces ¢:1 - R. An operator K:X —>Y
is called a locally defined, or (X, Y)-local operator, briefly, a local operator, if for every
open interval J c R and for all functions f,g € X, the implication

f|Jr\I = g|JmI = K(f)|.]ml = K(g)|.]m|

holds true.

Remark 4.1. For some pairs (X, Y) of function spaces the forms of local operators
K:X > Y (or their representation theorems) have been established. For instance in
[13] it was done is the case when X=C"(l) and Y=C(I) or Y=C'(1), in [14]-
[16] in the case when X and Y are the spaces of n-times (&-times, respectively)
Whitney differentiable functions, in [17], [18] in the case when X is the space of
Holder functions and Y = C(I), in [19] for continuous and monotone functions, in
[20] in the case when X =CW, ( I ) for functions of bounded ¢ -variation in the sense
of Wiener and Y=C ( | ) and in [21] in the case when X = RVp (I ) for functions of
bounded Riesz-variationand Y =C(1).

Definition 4.2. (See [13]) An operator K:X — Y is said to be

1) left-hand defined, if and only if for every S, €l and for every two functions
f,geX,

f|(—ao,so)nl = g|(—w,so)ml =K ( f )|(—oo,so)m| =K (g)|(—oc,so)ml ’

2) right-hand defined, if and only if for every s, | and for every two functions
f,geX,

f 1n(—0,50) = g|lm(—oc,so) =K ( f )|In(—oc,so) =K (g)|lf\(—so,50)'

From now on, let CWBVP(_)(I):WBVp(_)(I )mC(I), where C(I) stands for the
space of continuous functions defined on Z We begin this section with some definitions.

Theorem 4.3. (See [13]) The operator K:X — Y islocally defined if and only if it
is left and right defined operator.

The locally defined operators have been the subject of intensive research and many
applications of then can be found in the literature (See, for instance [22], [23] and the
references therein).

Theorem 4.4. Let p:[a,b]—(1,0). If alocally defined operator X'maps
CWBVp(_) ( | ) into C ( | ) then there exist a unique function h: Il xR — R such that,
forall fe CWBVp(.)(I )

K(f)(t)=h(t f(t)), tel.

Proof. We begin by showing that for every f,geCWBV, (1) and for every
S, €int(1) the condition

f(s)=09(so) (4.1)
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implies that
K()(s5)=K(9)(s0)-

To this end choose arbitrary s, €int(l) and take an arbitrary pair of functions
f,ge CWBVp(.) (I ) which fulfil (4.1). The function y:l1 - R defined by

y(t)z{f (t) fortefa,x,];

g(t) forte(x,b]
belongs to CWBVp(A) (1).Indeed, define the functions f,g,:1 >R by

fl(t):{f(t)—f(xo) forte[a,x];

0 for t € (x,,b]

and

9 (t):

{O fortea x];

9(t)—g(x) forte(x,b]

Since f,geCWBV (.)(I), f,g are continuous in I,V:\(’A)(f)<oo and
t.

p
V'\)’(v.) (g)<oo.Let 7= ,}in;o be a partition of /such that t,, <s, <t, for some

1<¢<m.Then
m X /-1 X X
I ()~ (t) P =3/ (6)- 1 (t) L (50) - F ()] <V (1),

Hence V,(,(f;) <. By asimilar reasoning, we have Vi, (9,) <. Finally
f,+9, € CWBV,,(1),as CWBV, (1) isalinear space. Thus
Vi (f+0,) <. (4.2)
Since, for all t,t'e |
(fi+9) (1) - (f+9)(t)=r(t)-7(t),
the condition (4.2) implies that y € CWBV, (I). As
Pt = s 89 Gl =7
according to Definition 4.2, we get
K(1‘)|(7m’50)ml = K(y)|(7wv50)m and K(g)|(sw)m = K(y)|(w)m.
Therefore, by the continuity of K(f),K(g) and K(») en s;, we obtain
K(1)(50) =K (7)) =K(9)(s5):

Suppose now that s, is the left endpoint of the interval 7 (ie, S, =a ). By the con-
tinuity of fand gat s, , there exist a sequence (t, )neN such that:
So <ty <ty [t, =S| <(b=5,)/n,neN and

|f(tn)_f(so)|<ni2, |g(tn)—g(so)|<n—1z, neN. (4.3)

The sequence of functions y,:1 > R,ne N, defined by
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wa_so)-ff(so) fOI’tE[SO,Szk];

M(t_sﬁ)+ f (sZi) fOI’tE(SZi,SZi_l],i6{1:""k};

Yok (t) = Szica ~ Syi
f (SZi)_ 9 (Szi+1) (t _32i+1) +g (52i+1) forte (Szi+1152i]' ie {]_,...,k _1} :
Sai ~ S
9(s) fort e(s;,b]
w(t_so)+g(so) for te[s,, Sy
Sak1 ~ So
f (Sai2) = 9(S211) i
t—s, . fort i1 Saig [ 1€42,- K}
Yok (t) = Syii0 =Sy ( SZH) *e (SZH) - (SZH ’ 2] | e{ }
9(Sa5)~ f (SZi’Z)(t —Sy )+ F(Sy,) forte(sy,,sy,].ie{2, k-1};
Ssi3 ~ Sai2
9(s) fort e(s,,b]

forall k€N, belong to the space WBV,, (1). Indeed, by the definition of 7,k eN,
the triangle inequality, (4.1) and (4.3), we have

p(%i1) < (Ej PLx-1)
<\ 7

S|7/2k( )= 72k(50 ‘72k ~ 72 (80)

|72k (ti)_?/zk (So)

and

P(%-1)

p(%i1) (ij(xll)
7

‘72k (ti)_7zk(tj)
for all i,je{l,--- 2k } i < j,k € N. Therefore

Z‘?’A — 7Yk So)

p(%i-1)

2 P(%i41) 2k 1 ,
Sg(l—zj SMZm, (1<M =2p( '71)<+00),

=11

SO
Vo, (720:1) < Mz nE N. (4.4)

Similar reasoning shows, that

2k-1

V( (72k1, ) MZ prl , N. (4.5)
From (4.4) and (4.5), we obtain that y, e WBV () (I ) and

V (}/n,) MZ , keN. (4.6)

p(%1)

Let us observe that

Vara (So) =72 (S0) = F(S9) =9(s, ), keN, (4.7)
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and forall k,ieN,
Vo (t) = T (ta) =720 () 721 (1) = 9 (tacs) = 7o (tacn), - (48)
and forevery tel\{t :keN} thereexist ny e N such that
Vo(t)=7y (t), n2ny neN. (4.9)
Put
y(t)=limy, (t), tel.

From (4.7), (4.8) and (4.9) the function y is well defined and
|7(t)_7(t2k)|s|g(t2k+1)_ f (t2k)| (4.10)
<19 (ta) — 9 (so)|+|f (tac) = T (5)], forall tefty,,,t,,)

and

|7(t)_7(t2k )| = |g (t2k—l)_ f (tzk )|

(4.11)
<[9(tu) =9 (o) +| f (ta )= T (50)], Foralltety, by ;).

To show that y is continuous at y, fix an € >0. By the continuity of fand g at
S, » there exist N, e N such that

la(t,)-g(sy)|<€/3, |F(t,)-T(s)|<€/3, neN, nxn, (4.12)

Take an arbitrary te (SO, ) There exist ke N such that 2k—-1>n, and either
te [tzm: 2k) or te [t2k, 2k—1) Since, by triangle inequality and (4.7)

|7(t)_7(so)| < |7(t)_7(t2k )|+|7(t2k)_3’(50)|
<[y (6) =7 (t ) +] f () = T (0]
therefore, by (4.10) and (4.12)
|y ~7(s |<|g ty ) — g(so)|+2|f(t2k)—f(so)|<e
in the case when t €[ty 1, ),and by (4.11) and (4.12)
(1) =7(30)| <9 (ts) = 9 (50)|+ 2| F (o) = T (56)| <
in the case when te[t,,t, ). As the continuity of y at the remaining points is
obvious, » is continuous.
By the lower semicontinuity of V (Proposmon 2.8) and (4.6)
v ()(7, )<I|m|nf MZ prll ,

n—>+o0

and the convergence of series Y~ implies that y eWBV, (1).

i=132p(1)

Thus there exist a function y e CWBV,, , (1) and sequence (t, )keN such that
() =09(ts), 7(t)=f(ty) t el kel

According to the first part of the proof, we have

K(7)(tas) = K(9)(tyea) and K(r)(ty)=K(f)(ty), keN.
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Hence, by continuity of K(y),K(f) and K(g) at s, letting k — oo, we get
K(F)(s0)=K(7)(s0) =K (g)(s0)-
When s, is the right endpoint of  the argument is similar.

To define the function h:IxR — R, fix arbitrarily an Yy, € R, let us define a fun-
ction P, :1 >R by

P, (1))=Y, tel. (4.13)

Of course Pyo , as a constant function, belongs to CWBVP(_) (I ) For s;el,y, eR,
put

h(se: o) = K(Pyo)(so).
Since, by (4.13), for all functions £
f(s)= Pr(so) (s0),
according to what has already been proved, we have
K ()(50) =K (Pye ) (50) = (50, T (50))- (4.14)
To prove the uniqueness of A, assume that h: 1 xR — R is such that
K()(©)=h(t f (1)

forall feCWBV, (1) and tel.Toshowthat h= h let us fix arbitrarily
tel,yeR andtake f e CWBVp(_) (I ) with f (t) =Y. From (4.14), we have

h(ty)=h(t f (1) =K (F)(O)=h(t T (1)) =h(ty),

which proves the uniqueness of A.

5. Conclusion

In this paper, we get two important results. In Theorem 3.1, we show that the result of
the Sobolevkij type is valid for the space of functions of bounded p() -variation in
Wiener’s sense (WBV, ([a, b])) on [a,b]. And the Theorem 4.4, we show that if a
locally defined operator K maps CWBVp(_)(I) into C(I) then it is composition
operator.
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