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Let X be an arbitrary nonempty set, D is an X-semilattice of unions which is
This work is licensed under the Creative

Commons Attribution International closed with respect to the set-theoretic union of elements from D, fbe an arbi-

License (CC BY 4.0). trary mapping of the set X in the set D. To each mapping f'we put into corres-
http://creativecommons.org/licenses/by/4.0/

pondence a binary relation «; on the set X that satisfies the condition
= o = U({X}X f (X)) The set of all such a; (f:X —>D) is denoted by

xeX

By (D) . It is easy to prove that By (D) is a semigroup with respect to the op-
eration of multiplication of binary relations, which is called a complete semi-
group of binary relations defined by an X-semilattice of unions D.

We denote by & an empty binary relation or an empty subset of the set X. The
condition (X, y) €a will be written in the form XaYy. Further, let XyeX,

Yc X, aeBy(D), D= UY and TeD. We denote by the symbols

YeD
ya, Ya, V(D,a), X' and V(X*,a) the following sets:
ya:{XeX|an}, Yo = Uya, V(D,a):{YalY eD},

yeY

X' ={Y|@=Y <X}, V(X"a)={Ya|@ =Y c X},
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DT={ZeD|TgZ}, YT“={yeX|ya=T}.

It is well known the following statements:

Theorem 1.1. Let D= {5, Z, Zz,---,Zm_l} be some finite X-semilattice of
unions and C (D)= {PO, PP, mel} be the family of sets of pairwise nonin-
tersecting subsets of the set X (the set O can be repeated several times). If ¢ is a
mapping of the semilattice D on the family of sets C ( D) which satisfies the

_ Dzl Zz ”'Zm—l
e op

m-1

conditions

and I§Z =D\D,, then the following equalities are valid
D=R,URUPU-UP., Z=RuU [J ¢(T). (L.1)

" TeDy,

In the sequel these equalities will be called formal.

It is proved that if the elements of the semilattice D are represented in the
form (1.1), then among the parameters P, (0 <i< m—l) there exist such pa-
rameters that cannot be empty sets for D. Such sets P, are called bases sources,
where sets P (0< j<m-1), which can be empty sets too are called com-
pleteness sources.

It is proved that under the mapping ¢ the number of covering elements of the
pre-image of a

bases source is always equal to one, while under the mapping ¢ the number of
covering elements of the pre-image of a completeness source either does not ex-
ist or is always greater than one (see [1] [2] chapter 11).

Definition 1.1. We say that an element a of the semigroup B, (D) is ex-
ternal if a #6860 forall S,€B, (D)\{a} (see[1][2] Definition 1.15.1).

It is well known, that if Bis all external elements of the semigroup B, (D) and

B’ is any generated set for the B, (D) ,then Bc B’ (see[1] [2] Lemma 1.15.1).

Definition 1.2. The representation a = | J (YT“ ><T) of binary relation a is
TeD

called quasinormal, if |JY" =X and Y'Y =@ for any T,T'eD,

TeD
T=T' (see[1] [2] chapter 1.11).
Definition 1.3. Let o, c X x X . Their product d=ao°f is defined as
follows: X5y (X,yeX) if there exists an element 7€ X such that Xazfy
(see [1], chapter 1.3).

2. Result

Let X, (X ,n+k +l) (3 <k < n) be a class of all X-semilattices of unions

whose every element is isomorphic to an X-semilattice of unions

D= {Zl, Zyy Ly D} , which satisfies the condition:
Z,,<cZ,cb, (i=12,k); Z,<D, (j=12,,n+k);

(see Figure 1).
Z\Z,#@ and Z\Z,#D (1< p#q<n+k).
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Figure 1. Diagram of the semilattice D.
It is easy to see that D= {Zl, Zz,---,ZM} is irreducible generating set of the
semilattice D.
Let C(D)z{PO,Pl,PZ,---,Pmk} be a family of sets, where P,,R,PR,,---,P,,,
D2z 2Z -2,
PR P R

n+k

are pairwise disjoint subsets of the set Xand ¢ 2( ] is a map

ping of the semilattice D onto the family of sets C ( D) . Then the formal equali-
ties of the semilattice D have a form:

_ Ntk n+k n+k
D=JP; U MZa= U Pog=12-k (20

i=0 i=0 i=0,

i#] i#q,n+q

Here the elements P (i=1,2,---,n+k) are bases sources, the element P,
are sources of completeness of the semilattice D. Therefore |X| 2n+k (by
symbol |X| we denoted the power of a set X), since |P,| >1(i=12,---,n+k)
(see [1] [2] chapter 11).

In this paper we are learning irreducible generating sets of the semigroup
By (D) defined by semilattices of the class Zq(X,n+k+1).

Note, that it is well known, when k =2, then generated sets of the complete
semigroup of binary relations defined by semilattices of the class
Tg(X,2+2+1)=3%4(X,5).

In this paper we suppose, that 3<k <n.

Remark, that in this case (ie. k >3), from the formal equalities of a semilattice
Dfollows, that the intersections of any two elements of a semilattice Dis not empty.

Lemma 2.0 If D eX;(X,n+k+1), then the following statements are true:

n+k

a) (Z =P

i-1
b) Z,,\Z;=P,, j=12,,n-1,

o) Z\Z, =P =1k

Proof. From the formal equalities of the semilattise D immediately follows the

following statements:

n+k n+k n+k
ﬂz PO’ Zj+l Zj U PI \ P| J 12 d
i=0, i=0,
I#J+l i#]
n+k n+k
Z\Zo=|UR |\ U PR |=P.g a=1-k
:;g i:t;r?iq

The statements a), b) and c¢) of the lemma 2.0 are proved.
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Lemma 2.0 is proved.
We denoted the following sets by symbols D,, D, and D,:

Dlz{Zl,Zzl'“:Zk}l Dz :{Zk+1!zk+2""lzn}’ D3 :{Zn+1lzn+2"“’zn+k}‘

Lemma 2.1. Let DeZ(X,n+k+1) and aeBy (D). Then the following
statements are true.

1) Let T,T'eD,uD, T#T". If T, T’ eV(D,a), then a is external element
of the semigroup B, (D);

2) Let TeD,, T'eD,uD,. If T'¢T and T,T'eV(D,a), then a is ex-
ternal element of the semigroup B, (D).

3) Let T,T'eD, and T#T'. If T,T'eV(D,a) and k>3, then « is ex-
ternal element of the semigroup B, (D);

Proof. Let Z,= D and =608 for some J,f€ By (D)\{a} . If quasi-
normal representation of binary relation Jhas a form

s= U (Y;"XT),

Tev(D.5)
then

a=s-p= ) (W xTp). (2.1)
Tev(D,5)
From the formal equalities (2.0) of the semilattice D we obtain that:
n+k n+k
Zp=URB: Z,=UURB i=12n;
i=0 i=0
i#]

(2.2)

n+k

Zn+qﬂ: U P|ﬂl q=1,2,"',k.

i=0,
i#q,n+q

where PS#@ for any P#@ (i=012--,n+k) and BeB,(D) by
definition of a semilattice D from the class X, (X n+k +l) .

Now, let Z f=T and Z;8=T' for some T#T', T,T'eD,UD;, then
from the equalities (2.3) follows that T=P,#=T' since T7and T' are minim-
al elements of the semilattice D and P, # by preposition. The equality
T=T' contradicts the inequality T #T".

The statement a) of the Lemma 2.1 is proved.

Now, let Z =T and Z;f=T', for some TeD,, T'eD,uUD, and
T'& T, then from the equalities 2.3 follows, that

n+k n+k
T'=2,=2,=URPB, if j=0, or T'=Z,8=JRB, 1<j<n, or
i=0 :j}
n+k

T':Zn+qﬂ: U P|ﬁ
ii(l],:[?-ﬁy-q

where j=n+(q.Forthe Z;f=T" we consider the following cases:
n+k

) If T'=Z,8=|JPA, then we have
-0

Po:B: F}_ﬂ:'“: n+kﬂ:T”

since T’ isa minimal element of a semilattice D. On the other hand,
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n+k n+k

Upip:UT’:T’, if1<m<n;
i=0, i=0,
T = Zmﬂ: |¢rr]n+k o n+k
U PB= | T'=Tifm=n+q.
i¢::r?4-q iz::r?;q

But the equality T =T’ contradicts the inequality T #T'. Thus we have,

that j=#0.
n+k
2)Let 1< j<n,jie T'=Z,f=|JPp, then we have, that
i=0,
i%]j

RA=PB=-=P B=P == B=T

since T’ isa minimal element of a semilattice D. On the other hand:

n+k n+k
(UF}/?J: URB|UPB=T'UPB, if m=0;
0 =]
n+k n+k
PA|=| JPRB|UPA=T' UPS, ifl<ms<n, m=j;
i=0, =0,
T — Zmﬂ — I#m 1=m, ]
n+k
U PB|=T,ifm=n+j;
|¢I:r?ij
n+k n+k
U RB|=| U PRB|UPB=T' UPB ifm=n+q, q# ]
i=0, i=0,
i#q,n+q i#q,n+q, j

The equality T =T’ contradicts the inequality T #T'. Also, the equality
T=T'UPp (P]ﬂ € D) contradicts the inequality T#T'UZ for any
ZeD and T'¢T (T’ T, by preposition) by definition of a semilattice D.

n+k
3)If j=n+q (1<q<k),ie T'=Z  B= |J RS, then we have, that

i=0,
i#q,n+q

Poﬁ: Plﬁ:“': Pq—lﬂ: Pq+1ﬂ:“': Pn+q—1ﬂ: Pn+q+1ﬂ:'“: Pn+kﬂ:T')

since T' isa minimal element of a semilattice D. On the other hand:

n+k n+k
PB|= U Ps UPqﬁUquﬁ:T'UPqﬁUquﬁ, ifm=0;
=0 g
n+k n+k
UPiﬂ = U Pp UPM,B:T’UPMﬂ, if1<m=q<n;
i g
T= Zmﬂ = n+k n+k
Urs|=| U PRB|URBUR,  B=T'URBUPR, B ifl<m=qg<n;
ilst:rgy i:trr]l,;(,)ﬁ+q
n+k n+k n+k
Ursl=| U PB|= U PB|UPRLUPR,  =TUPBUP,. .,
:E(r)n i:eql’j?jrq’ i;:,q’,nlr:q(’),vq,nm
if n+1<m=n+q'<n+k, q=q’sincej=m.
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The equality T=T' contradicts the inequality T #T'. Also, the equality
T=T'"UPRBUPR, B, or T=T'UR B (Pq/?, P.fe D) contradicts the in-
equality T#T'UZ forany ZeD and T'¢T by definition of a semilattice
D.

The statement 2) of the Lemma 2.1 is proved.

Let TT'eD, and T#T'. If k>3 and Z,8=T', Z =T, then from
the formal equalities (2.0) of a semilattice D there exists such an element, that
Pq c Zj and Pq cZ,,, where 0<q<m+k. So, from the equalities (2.3) fol-
lows that R,AcZ;f=T" and RAcZ,f=T. Of from this and from the
equalities (2.3) we obtain that there exists such an element Z € D, for which the
equalities T'=ZUZ" and T=ZUZ", where Z',Z"eD. But such elements
by definition of a semilattice D do not exist.

The statement c) of the Lemma 2.1 is proved.

Lemma 2.1 is proved.

Lemma 2.2. Let DeXy(X,n+k+1) and aeB, (D). Then the following
statements are true:

1) Let V(D,a)nD, 2DV (D,a)nD, =@V (D,a)ND, =D . If
|V (D,a)n D1| > 2, then a is external element of the semigroup B, (D) ;

2) Let V(D,a)nD, =@V (D,a)nD, #3,V (D,a)nD, =D . If
|V (D) D2| > 2, then a is external element of the semigroup By (D);

3) Let V(D,a)nD, =@V (D,a)nD, =3V (D,a)nD, Q. If
|V (D,a)n D3| > 2, then a is external element of the semigroup B, (D);

4) Let V(D,a)nD, =@V (D,a)nD, #3V (D,a)"D, #J, then a is ex-
ternal element of the semigroup B, (D);

5) Let V(D,a)nD,#B\V (D,a)nD, =3,V (D,a)nD, #J. If
V(D,a)nDy|>2, |V(D,a)nD;|=1,0or V(D,a)n D=1,
|V (D,a)n D3| >2 then a is external element of the semigroup B, (D) ;

6) Let V(D,a)nD,#@,V (D,a)nD, #B\V (D,a)"D, =&, then a is ex-
ternal element of the semigroup B, (D);

7) Let V(D,a)nD, 2D,V (D,a)nD, #0,V (D,a) "D, =D, then a is ex-
ternal element of the semigroup B, (D).

Proof. Let « be any element of the semigroup B, (D) . It is easy that
V(D,a)eD. We consider the following cases:

Let V(D,a)nD, =@,V (D,a)nD,=3,V(D,a)nD, =0, then
V(D,a)e {Ij} since V (D, a) is subsemilattice of the semilattice D.

1) Let V(D,a)nD, =3V (D,a)nD,=3V(D,a)nD,=0.

If |V(D,a)m D1| =1, then V(D,a)e{Zj} , or V(D,a)e{Zj,Ij} , where
j=12,---k,since V (D, a) is subsemilattice of the semilattice D.

If |V (D, a) ) D1| > 2, then by statement c) of the Lemma 2.1 follows that « is
external element of the semigroup B, (D).

2)Let V(D,a)nD, =@,V (D,a)nD, =@,V (D,a)nD,=0.

If |V(D,a)m D2| =1, then V (D,a)e{Zj} , or V(D,a)e{Zj,fD} , where
j=k+1,k+2,---,n,since V (D, a) is a subsemilattice of the semilattice D.
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If |V (D,a)n D2| > 2, then by statement a) of the Lemma 2.1 follows that « is
external element of the semigroup By (D).

3)Let V(D,a)nD, =@,V (D,a)nD,=3,\V(D,a)nD,#J.

If |V(D.@)nDy|=1, then V(D.@)e{Z;} , or V(D.&)e{Z,D},
j=n+Ln+2,---,n+k,since V (D, a) is subsemilattice of the semilattice D.

If |V (D) D3| > 2, then by statement a) of the Lemma 2.1 follows that « is
external element of the semigroup B, (D).

4) Let V(D,a)nD, =@,V (D,a)nD, =3V (D,a)nD,; =D, then by the
statement a) of the Lemma 2.1 follows that « is external element of the semi-
group B, (D).

5)Let V(D,a)nD,#0,V(D,a)nD,=2V(D,a)nD, Q.

If V(D,a)nD|=1V(D,a)nDy|=1, then V(D,a)={Z,,2Z,} , or

n+q’ q

V(D,a)={Z,4.2,,D}, or V(D,a)={Z,,,Z;,D} where Z,<Z;<Z, and
g=12,---,k.

If V(D,a)={Zn+q,Zj,I5} where j#0,0=12,---,k, then by the statement
2) of the Lemma 2.1 follows that o is external element of the semigroup
By (D);

If |V(D,a)nDy|=1V(D,a)nD;|22,0r
V(D,)"D,|>2|V(D,a) "D,| =1, then from the statement 1) and 3) of the
Lemma 2.1 follows that « is external element of the semigroup By (D) respec-
tively.

6) Let V(D,a)nD, =@V (D,a)nD,#d,V(D,a)nD;=J. Then from
the statement b) of the Lemma 2.1 follows that « is external element of the semi-
group B, (D).

7) Let V(D,a)nD,#@,V(D,a)nD, =@,V (D,a)ND, #J, then by the
statement a) of the Lemma 2.1 follows that « is external element of the semi-
group B, (D).

Lemma 2.2 is proved.

Now we learn the following subsemilattices of the semilattice D:
mlz{{zmj,zj,D}},wherej=1,2,---,k;
2, :{{Zj,D}},Where j=12,--,n+k;
%y ={{Z,,;.2,}} where j =12, k;
2, :{{Zj},{f)}},where i=12,---,n+k.
We denoted the following sets by symbols 2, and B(2,):
Ay ={V(D,a)=D|V(D,a) g A LA, UA, LA},
B(2,)={aeB, (D)|V(D,a)e,}.
By definition of a set B(2,) follows that any element of the set is external
element of the semigroup B, (D).

Lemma 2.3. Let DeZ, (X ,N+k+1). If quasinormal representation of a bi-

nary relation o has a form
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n+j

a=(YgxZ,, )oY *xZ;)u(Yy xD),
where Y\, Y[ Yy & (@} and j=12

the elements of set B(2,).

-,k , then a is generated by elements of

Proof. 1). Let quasinormal representation of binary relations ¢ and S have a
form

5= (Yniszmj)u(fozj)u(Yﬁ ) )

(¥
$=(Z017201) (211201 )<2,)0((512,) 2, ) o ((x 1 D)D),

where Y% Y* Y" ¢ {@},lezquk,qij,j:l,...,k.

ity 'g
Z,.;9(Z,\2,.)u(D\Z;)u(X\D)

n+k

=|PU U P|UP, UP u(X\D) Du(X\B):

ﬂ+j

|¢Jn+1

since the representation of a binary relation S is quasinormal and by state-
ment 3) of the Lemma 2.1 binary relations J and /S are external elements of the
semigroup B, (D). Itis easy to see, that:

Zn+jﬂ = Zn+j '
n+k n+k
Z,p= POUUPi p=| Ry U PIVUR. |8
i=1, i=1,
i#] i#j,n+]j

=Z,,BYUPp=2,,9L, =2,

n+k —
Z,p= POUUPi B=2,,9Z;VZ, =D,
i=1,
i#q
n+k

bp=URp=2,;vZ;vZ,=D
i=0

since  Z,NnZ,,; #D,2,1(Z;\Z,,)=P,.; #@.Z,n(D\Z;)=P, =@  (see
equality (2.0))

a=80B=(Y2xZ,,;B) (Y xZ,8) (Y xZ,8)u(YS xDB)
=(Y2%Z,;)u(Y] xZ;)u(YS xD)u(Ys % D)
= (Y % 2oy ) (Y] %2 ) ( (Y LY )% D) =

n+]

if YO i =Yoip» YJ-‘5 =Y;" and Yq‘; VY, =Y/ . Last equalities are possible since
|Yq5 UY05| =1 (|Y05| >0, by preposition).
Lemma 2.3 is proved.
Lemma 2.4. Let DeZ, (X ,N+k +1) . If quasinormal representation of a bi-
nary relation o has a form o= (Yj“ X Zj)u(YO" X 5) , where Yj“,YO“ & {@} )
1=12,---,n+Kk, then binary relation o is generated by elements of the elements
ofset B(2,).

Proof. Let quasinormal representation of the binary relations ¢ and £ have a
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form:
§=(Yx2;)u(YS xZ,)u(Yy xD),
ﬂ:(zjxzj)u((f)\zj)xzq)u((x\5)x5),

where Yf,Yfe{@} and Z,<Z;#Z,<Z . Then from the statements a), b)

and c) of the Lemma 2.1 follows, that § and £ are generated by elements of the
set B(2,) and

Z,8=2,
Z,8=D,since Z,n(D\Z;)=P =@,
DA =D;
(Y7 xZ;8) (Y xZ,8) (Y x D)
(Y xZ;)u(Y) xD)u (Y xD)
(1) %2, )o((¥; ¥ )<D) e
if Y=Y/, YJUYy =Yy and q=12,,n+K. Last equalities are possible

Yq‘y UYO()‘| >1 ( |Y0‘5| =20 by preposition).

Lemma 2.4 is proved.

Sop

since

Lemma 2.5. Let DeZ, (X ,N+k+1). If quasinormal representation of a bi-
Y] ¢{D},
J=1,2,---k, then binary relation « is generated by elements of the elements of
set B(2,).

Proof. Let quasinormal representation of a binary relations J, § have a form

§=(Y2 %2y, )U(Y xZ,)U(Ys x D),

n+j
ﬂ (Zn+Jxzn+j)u((|j\zn+i)xzj)u((x\D)XD)’
where YniJ,Ya {@}, j#q and j=12,---,k. Then from the Lemma 2.2
follows that 3 is generated by elements of the set B(2,), 5€B(%,) and
Zn+jﬁ=zn+j'

ZpB=2,,9L,=1; , since Z,NL,,,#D ,
qu(lj\Zn+j) n+]¢® j#q (see equality (2.0))

f)ﬂ:Zj since Dﬁ(X\D)—@

5o B=(Y5xZ, . B)V (Y xZ,8) (Y5 xD)
=(Y2 %2, )u(Yd x2Z ) (Yﬁxz)

nary relation o has a form a = (Yn‘: i %20 ) U (Yj“ xZ, ) , where Y.,

H+J q

= (Y25 % Zoys )0 (YUY )xZ;) =,

H+J q

it Y ;=Y and qu vy, = Y . Last equalities are possible since
|Yq5 UY05| =21 (|Y0§| >0 by preposition).

Lemma 2.5 is proved.

Lemma 2.6. Let D €%, (X,n+k+1). Then the following statements are true:

1) Ifquasinormal representation of a binary relation  has a form a =X xZ,
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( =12, k) , then binary relation o is generated by elements of the set
B (). ]
2) Ifquasinormal representation of a binary relation e has a form o =XxD,
then binary relation « is generated by elements of the set B (Qlo) .
Proof 1) Let T e D\(D, UD;). If quasinormal representation of a binary re-

lations &, 8 have a form
5=(Y]xZ;)u(Yy xD),
B=(Z4;%2,5)0((2)\2,,)xZ,)((X\D)xD),
where Y/.Yy e{@}, j=12,k
Z,.;9(Z2;\Z,.;) (X \D)

n+k

=l U R |u(Pur

, 1) Y(X\D)=DU(X\D)=X

i¢},:n-¢'-j
(see equalities (2.0) and (2.1)), then from the Lemma 2.4 follows that J'is gener-
ated by elements of the set B(2,) and from the Lemma 2.3 element /3 is gen-
erated by elements of the set B(2,) and

Zp=2,,9Z,=1,
Dﬁzzj,since 50()(\5):@,
&ﬁ:(v;"xzjﬁ)u(\(;’xDﬂ):(v;"xzj)u(vszj):x xZ,=a,

since representation of a binary relation Jis quasinormal.
The statement a) of the lemma 2.6 is proved.

2) Let quasinormal representation of a binary relation dhave a form
8=(2,;xZ,)u((X\Z,,,)xD),

where j#(, then from the Lemma 2.4 follows that & is generated by elements
of the set B(2,) and

n+k n+k - _ _

Z,6= UPI S = UP|5 =Z,uD=D,D5=D,since
i=0, i=0,
i#q [E]

j#0,2,6nZ,,#D and Z,6N(X\Z,,)# D,

n+l

508 =(Z,,;%Z,0)((X\Z,.;)x D)

:(ij x[“))u((x \Znﬂ-)x 5):X xD=a

since representation of a binary relation Jis quasinormal.
The statement b) of the lemma 2.6 is proved.
Lemma 2.6 is proved.
Lemma 2.7. Let D e 3y (X,n+k+1). Then the following statements are true:
a) If |X \ Ij| >1 and T e D, uD,, then binary relation o =X xT is gener-
ated by elements of the elements of set B(2,);
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b) If X =D and T eD,UD,, then binary relation a=XxT is external
element for the semigroup By (D).

Proof. 1) If quasinormal representation of a binary relation ohas a form
n+k
s=(YxD)u | (¥/xZ)),

j=k+1
where Yf #Q forall j=k+L1k+2,--,n+k, then &eB(2;)\{a}. Let qua-
sinormal representation of a binary relations § have a form
B :(Ij xT)u U ({t'} x f (t')) , where fis any mapping of the set X \D in the

t'eX\D

set (D2 UD;)\{T}. It is easy to see, that f#a and two elements of the set
D, UD, belong to the semilattice V (D,f), ie. §€B(2,)\{a}. In this case
we have that Zjﬁ:T forall j=k+Lk+2,---,n+k.
n+k
sop=5=(YxDB)u |J (Y] xZ,8)
j=k+1

n+k

=Y xT)u U (Y] =T)

j=k+1

n+k
:({YO‘S U U Yf]xTJz XxT =«,

j=k+1

since the representation of a binary relation ¢J'is quasinormal. Thus, the element
a is generated by elements of the set B(2,).

The statement a) of the lemma 2.7 is proved.

2) Let X=D, a=XxT, for some TeD,UD, and a@=6°8 for some
0,p By (D)\{a} . Then we obtain that Z;=T since 7'is a minimal element
of the semilattice D.

Now, let subquasinormal representations S of a binary relation fhave a form

A=((Un)r o U (w20,

>

i=0 t'eX\D

where f = TTT T

,[72 is empty, since X \D =, i.e. in the given case, subquasinormal represen-

r Po Pl Pz Pn+k
is normal mapping. But complement mapping

tation S of a binary relation S is defined uniquely. So, we have that
p= E =X xT =a (see property 2) in the case 1.1), which contradict the condi-
tion, that S ¢ B, (D)\{a}.

Therefore, if X =D and a=XxT, for some TeD,UD,, then a is ex-
ternal element of the semigroup B, (D).

The statement 2) of the Lemma 2.7 is proved.

Lemma 2.7 is proved.

Theorem 2.1. Let DeX (X, n+k+1), k=3, and

Dl:{zl’ZZ’”"Zk}’ Dz :‘{Zk+11zk+27"':zn}’ D3 :{Zn+llzn+2""’zn+k};

211={{Z Z D}},Whereq=1,2,~--,k;

n+q' “q?
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2, ={{z,,D}}, where j=1.2,---,n+k
A, ={{Z,,;,2,}} where j=1,2,--- k;
2, ={{z,}.{D}}, where j=1,2,--,n+k;
Ay ={V(D,a)c DIV (D,a) e, u, uA,uA,},
B(,)={aeB, (D)IV(D.a)e,},
B,={XxT|T ¢D,uD,}

Then the following statements are true:

1) If |X \ 5| >1, then the S,=B(,) is irreducible generating set for the
semigroup B, (D);

2) If X =D, then the S, =B, B(2,) is irreducible generating set for the
semigroup B, (D).

Proof Let De%y(X,n+k+1), k>3 and |X \ |5| >1. First, we proved that
every element of the semigroup By (D) is generated by elements of the set S, .
Indeed, let & be an arbitrary element of the semigroup B, (D) Then quasi-

normal representation of a binary relation o has a form

n+k
a=(YyxD)uJ(Y“*xZ),
(e xo)ol)i <2,
n+k
where [JY“=X and Y“NY?=@ (0<i#j<n+k). For the V(X",a)
i=0
we consider the following cases:
1) If V(X' a)e 2 U, uA; U, then aeB(2A,)SS, by definition of
aset S;.
Now, let V (X", ) e 2, U, LA; LA,
2)If V (X*,a) €2,, then quasinormal representation of a binary relation «
“ xZn+j)u(Yj“><Zj)u(Y0“x|5), where Y7,.Y/,Y) ¢{D}

has a form a= (Y i
(] =12, k) and from the Lemma 2.3 follows that « is generated by elements

nej
of the elements of set B(2,) =S, by definition ofaset S;.

3)IfV (X*,a) €%, , then quasinormal representation of a binary relation ¢
has a form « =(Yf’ XZj)U(YO“ x D) , where Y/",Y" ¢ {@} , 1=12,---,n+k
and from the Lemma 2.4 follows that « is generated by elements of the elements
ofset B(2,)<= S, by definition ofaset S;.

4) If V (X *,a) € 2,, then quasinormal representation of a binary relation «
has a form az(Yn‘ij ><Zn+j)u(Yj“ XZJ) , where Y1, ,Y7 ¢{Q@}, j=12,k
and from the Lemma 2.5 follows that « is generated by elements of the elements
ofset B(2,)<= S, by definition ofaset S;.

Now, let V (X*,a) €, , then quasinormal representation of a binary rela-
tion chasaform a=XxD,or a=X ><ZJ- ,where j=1,2,---,n+k.

5) If @ =X xD, then from the statement b) of the Lemma 2.6 follows that

binary relation « is generated by elements of the set B ( Qlo) .
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6)If a=X ij , where j=1,2,---,n+k, then from the statement a) of the
Lemma 2.6 and 2.7 follows that binary relation « is generated by elements of the
set B(2,).

Thus, we have that S, is a generating set for the semigroup By (D) .

If |X \ |5| >1, then the set S; is an irreducible generating set for the semi-
group B, (D) since, S; isa set external elements of the semigroup B, (D).

The statement a) of the Theorem 2.1 is proved.

Now, let X =D. First, we proved that every element of the semigroup
By (D) is generated by elements of the set S;. The cases 1), 2), 3), 4) and 5)
are proved analogously of the cases 1), 2), 3), 4) and 5 given above and consider
case, when V (X*,a)e 2.

If v(x*,a)=zj , where j=1,2,---,k, then from the statement a) of the
Lemma 2.7 follows that binary relation « is generated by elements of the set
B(2,).

If vV (X*,(Z)sz , where Z; € D, UD;, then from the statement b) of the

Lemma 2.6 follows that binary relation a =X xT is external element for the
semigroup B, (D).

Thus, we have that S, is a generating set for the semigroup B, (D).

If X =D, then the set S, is an irreducible generating set for the semigroup
By (D) since S, isa setexternal elements of the semigroup B, (D).

The statement b) of the Theorem 2.1 is proved.

Theorem 2.1 is proved.

Corollary 2.1. Let DeXg(X,n+k+1) (k>3) and

Dlz{zl’ZZ"”'Zk}'DZ :{Zk+1’zk+2""’zn}'D3 :{Z Zn+2""vzn+k};

n+l?

A, ={{Z,,,Z,, D} where g =1,2,- k;
2, ={{z;,D}}, where j=1,2,-,n+k;
2, ={{Z,,,,2,}} where j=1,2,--- k;
%, ={{z;}.{D}} where j=1.2,--n+k;
Ay ={V(D,a) =DV (D,a) e uA, AU, },
B(Y,)={aeB, (D)IV(D.a)e,},
B, ={XxT|T ¢D,uUD,}

Then the following statements are true:

1) If |X \ |5| >1, then S,=B(%,) is the uniquely defined generating set for
the semigroup B, (D) ;

2) If X=D, then S,=B,u B(2,) is the uniquely defined generating set
for the semigroup B, (D).

Proof. 1t is well known, that if B is all external elements of the semigroup
B, (D) and B’ isany generated set for the B, (D), then B< B’ (see [1] [2]
Lemma 1.15.1). From this follows that the sets S, =B(2,) and
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S, =B, UB(2,) are defined uniquely, since they are sets external elements of
the semigroup B, (D).

Corollary 2.1 is proved.

It is well-known, that if B is all external elements of the semigroup B, (D)
and B’ isany generated set for the B, (D), then B < B’ (Definition 1.1).

In this article, we find irredusible generating set for the complete semigroups
of binary relations defined by X-semilattices of unions of the «class
g (X ,n+k +1) (k > 3) . This generating set is uniquely defined, since they are

defined by elements of the external elements of the semigroup By (D).
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