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Abstract

For any graph G, the Inj-equitable graph of a graph G, denoted by 1E(G), is
the graph with the same vertices as G and for any two adjacent vertices z and
v in IE(G), |degin (u)—deg;, (v)| <1, where for any vertex WeV(G),
deg,, (w)= |{w’ eV N(W)NN(w)= ¢}

of some graphs are obtained, and some properties and results are established.

. In this paper, Inj-equitable graphs

Moreover, complete Inj-equitable graph and the Inj-equitable graph are
defined.
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1. Introduction

We consider only finite undirected graphs G =(V,E) without loops and
multiple edges. (X) will denote the subgraph of G induced by a set of vertices
X. For any vertex VeV (G) the open neighborhood of v is the set
N(v)= {u eV (G):uve E} . The closed neighborhood of vis N[v]=N(v)Uv.
The degree of a vertex vin G is deg(v):|N (V)| A(G) and 6(G) are the
maximum and minimum vertex degree of G respectively. The distance d (U,V)
between any two vertices u and vin a graph G is the number of the edges in a
shortest path. The eccentricity of a vertex u in a connected graph G is
e(u):max{d (uv),v GV}. The diameter of G is the value of the greatest
eccentricity, and the radius of G is the value of the smallest eccentricity. The
clique number of G, denoted by a)(G) , is the order of the maximal complete
subgraph of G. The Inj-neighborhood of a vertex UeV(G) denoted by
N;, (u) is defined as Nin(u)={v eV(G):|F(u,v)|21}, where |F(u,v)| is the

number of common neighborhood between the vertices z and v. The cardinality
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of N;, (u) is called injective degree of the vertex u and is denoted by degin(u)
in G The corona product GoH is obtained by taking one copy of G and
|V (G)| copies of A and by joining each vertex of the ith copy of H to the i-th
vertex of G, where 1<i< |V (G)| . The cartesian product GxH isa graph with
vertex set V (G)XV (H ) and edge set E(GxH)= {((u, u’),(v,v')) ‘u=v and
(W,v)eE(H), or u'=Vv" and (u,v) € E(G)} . For more terminologies and
notations, we refer the reader to [1] [2] [3] and [4].

The common neighborhood graph (congraph) of a graph G, denoted by
COH(G) , is the graph with vertex set {Vl,VZ,---,Vn} , in which two vertices are
adjacent if and only if they have at least one common neighbor in the graph G
[5]. The equitable graph of a graph G, denoted by G°, is the graph with vertex
set V (G) and two vertices u and v are adjacent if and only if

|deg (u)—deg(v)[<1 [6].

2. IE-Graph of a Graph

The Inj-equitable dominating sets on graphs which introduced in [7] motivated
us to define two new graphs: the IE-graph of a graph and the IE-graph. In this
section, we define the Inj-equitable graph of a graph and study some properties
of this graph. Also, the injective equitable graph of some graph’s families are
found.

Definition 1 Let G = (V, E) be a graph. The injective equitable (Inj-equitable)
graph of a graph G, denoted by |E(G), is defined as the graph with the same

vertices as G and two vertices u and v are adjacent in 1E(G) if
|deg;, (u) - deg;, (v)] <L.

Example 2 Let G be a graph as in Figure 1. Then, 1E(G)=K, UK UK,.

The Inj-equitable graph of some known graphs are given in the following
observation:

Observation 3

(i) For any path P, with nvertices, 1E(P,)=K,.

(ii) For any cycle C, with nvertices, IE(C,)=K.

(iii) For any complete graph K, IE(Kn ) =1E(K,)=K,.

Proposition 4 For any complete bipartite graph K,

|E(Kr,s)={Kr+s Jr s <1,

K, UK, otherwise.

Proof. Let G=K,  be a complete bipartite graph with partite sets 4 and B
such that |A| =r, B| =5. Clearly for any vertex vfrom 4, deg,, (V)=r-1 and
for any vertex u from B, deg;, (U) =S—1. Therefore, for any two vertices zand v
in K, , |deg, (u)-deg, (v)|=|r—s|. If |r-s|<1, then IE(K )=K,
Otherwise, IE(Kr,s) =K, UK.

We will generalize Proposition 4 in the following result.

+s

Proposition 5 For any multipartite graph K, , ., where m2>3,
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Figure 1. A graph G.

IE(K )=K,, where T=3"n.

g
Proof. Let Gbe a multipartite graph K, ., where m2>3. Then for every
vertex u in mG, deg;, (u)=n,+n,+---+n, —1. Hence, IE(Knl,nz,m,nm ) =K, ,
where = Zi:lni .
Bi-star graph is the graph obtained by joining the apex vertices of two copies
of star K, .

Proposition 6 For any bi-star graph B(s,t),

IE(B(s.1)) - Ko if [s—t|<1;
K, UK, otherwise.

\ e
deg;, (u)=t , deg,(v)=s , for i=12--s , deg,(u)=s and for
j=1,2,-t, degy(v;)=t . So, if [s—t|<l, then IE(B(s;t))=K,,., .
Otherwise, 1E(B(s,t))=K,,UK,,.
A firefly graph F  , is a graph on 2r+2s+t+1 vertices that consists of r
triangles, s pendant paths of length 2 and # pendant edges sharing a common
vertex.

Proposition 7 For any firefly graph F (., r>1,s>1 and t>1,

K2r+s+2 U Ks If t =11
IE(Fr,s,t) = K2r+s+2 U Kl,s+2 U Ks If t= 2’
Kyt UK LUK, ift>2,

Proof. Let G be a firefly graph F  as in Figure 3, where r>1,s>1 and
t>1. Let v be the center vertex, V;,,i=12,---,2r be any vertex from the
triangle other than v. W,,i=12,---,t be any end vertex in the pendant edge. U,
and Uu/,i=12,---,5 be any end vertex and internal vertex respectively in the
pendant path. Then, deg,, (v)=2r+s, deg; (v,)=2r+s+t,
deg;, (W )=2r+s+t-1, deg, (u))=2r+s+t-1 and deg; (u;)=1. There are
three cases:

Case 1. Suppose that t=1. Then, |degin (V)—degirI (vi )| =1,

deg;, (v)-deg,, (w;)| =0, |deg;, (v)-deg, (u))[=0,
deg,, (v) - deg;, ()| =1, |deg,, (v)-deg;, (1/)|=1 and
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Figure 2. A bi-star graph.
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Figure 3. A firefly graph.

|degin (w)—deg;, (U,')| =0. Hence, IE(Fr,s,t ) = Kypein UK.
Case 2. Suppose that t=2.Then, |deg;, (v)-deg;, (W, )| =1,
deg,, (v)-deg,, (u/)|=1, |deg,, (v;)-deg, (w)/=1,
deg;, (v;)—deg;, (/)| =1 and |deg,, (w)—deg,, (u)|=0.
Hence 1E(F )= Ky, UKy, UK.
Case 3. Suppose that t<2.Then, |deg; (V;)—deg;, (W )| =1,
|deg,, (v;)—deg,, (u/)[=1 and |deg;, (w;)-deg,, (u/)[=0.
Hence 1E(F, )=K,,. UK UK,.
Definition 8 A complete chain graph denoted by CC (nl, SNy, Sy, .Sy, nr)
is a chain of complete graphs K, K, ,--- K, such that there are s; common

vertices between Kni and KnH1 ,for 1=1,2,---,r-1.
Proposition 9 Let G be a graph such that G =P, xP,. Then

E(G)<d om ifm<4,
()= CC(8,4,2m-4) ifm>5.

Proof. Let Gbe a graph such that G = P, x P,. Then there are two cases:
Case 1. If m<4, for all veV(G), either deg; (v)=2 or deg, (v)=3.
deg,, (u)—deg,, (v)|<1. Hence,

Therefore, for any two vertices u and v
IE(G)=K,,.

Case 2. If m=>5, there are 4 vertices with Inj-degree 2, 4 vertices with
Inj-degree 3and 2m—8 vertices with Inj-degree 4. Therefore,

IE(G)=CC(8,4,2m~4).

Proposition 10 Let G be a graph such that G =P, xP,, where m>4. Then
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£(6)= CC(10,4,6) if m=4;
~|cC(10,4,2m-2,2m~6,3m-10) ifm>5.

Proof. Suppose that, G =P, xP,. Then we have two cases:

Case 1. If m=4, then there are 6 vertices have Inj-degree 3, 4 vertices have
Inj-degree 4 and 2 vertices have Inj-degree 5. Therefore, |E(G)=CC(10,4,6).

Case 2. If m2>5, then there are 6 vertices have Inj-degree 3, 4 vertices have
Inj-degree 4, 2m—6 vertices have Inj-degree 5and M—4 vertices of degree 6.
Therefore, IE(G)=CC(10,4,2m-2,2m-6,3m-10).

Theorem 11 Let G be a graph such that G=P, xP,, where m,n>5. Then
IE(G)=CC(12,8,2m+2n—-4,2m+2n-12,2m+2n-8,4,2m+2n-8,2m+2n-12,
(n-2)(m-2)).

Proof. Suppose that G=P, xP, . Therefore, there are 4 vertices have
Inj-degree 3, 8 vertices have Inj-degree 4, 2m+2n-12 have Inj-degree 5, 4
vertices have Inj-degree 6, 2m+2n—12 have Inj-degree 7 and (n—4)(m—4)
have Inj-degree 8. Hence I|E(P,xP,)=CC(12,8,2m+2n-4,2m+2n-12,
2m+2n-8,4,2m+2n —8,2m+2n—12,(n—2)(m—2)) .

The generalized Petersen graph GP(m,n) is defined by taking

V(GP(m,n)):{ui,vi 0<i<m-1

and

E(GP(m,n))={ull;, UV, Vi, :0<i<m-1}

i M T i

where the subscripts are integers modulo 7z, m>5 and 1<n< LmZ_lJ .

Theorem 12 Let G be a generalized Petersen graph GP(m, n) . Then,
IE(G)=K
Proof. Let G be a generalized Petersen graph GP(m,n) with vertices as in
Figure 4. Then, Ni (U;)={Uj5 Ui 5,V Vi Vig, Vi) and
Niy (Vi) = {Upsg, Ui g, Ui Ui Vison s Vign | - Therefore, for 0<i<m-1,
deg;, (u;) =deg;,(v;)=6. Hence, IE(G)=K,,.
Proposition 13 Let G=C, xP,. Then IE(G)=K
Proof. Let G =C_ xP,. We have three cases:
Case 1. If m=3, then for all VeV (G), deg, (v)=5. Therefore, all the

vetrices have the same Inj-degree. Hence, 1E(G)=K

m+n *

3m *

= Ram -

Case 2. If m=4, then for all veV(G), deg, (v)=4 or 5. Therefore,
IE(G)=K,,.

Case 3. If m>5, then for all VeV (G), deg; (v)=5 or 6. Therefore, for
any two vertices zand vin G,

|deg;, (u) - deg;, (V)| =1. Hence, IE(G)=K,,.

Theorem 14 For any graph G such that G=C_ xP,,

IE(G)=K,,U Kin-z)» where n>5.

Proof. Suppose that G=C_xP,. Then we have 2m vertices of injective
degree 5, 2m vertices of injective degree 7 and m(n—4) vertices of injective

degree 8. Hence, IE(G)=K,, U Km(n—z)'
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Figure 4. Generalized Petersen graph GP (m, n) .

Proposition 15 For any graph G, such that G=C xC,, IE(G)=K,.

Proof. Let G be a graph such that G=C_ xC,_ . Then every vertex in G has
injective degree 8. Hence, 1E(G)=K, .

Proposition 16 IE(Kn ° Km)= K, UK,

Proof. Consider the corona K oK . The interior vertices have injective
degree (N—1)(m+1) and the outer vertices have injective degree N+m-2.
Therefore IE(Kn ° Izm): K,UK,, .

Theorem 17 For any graph G with 622, if G is k-regular or (K,k+1)-
biregular, then

IE(GoK,)=K,UK,,

where n is the number of vertices in G.

Proof. Let G be a k-regular graph with z vertices and 6 =2 . Suppose that
{ul, uz,---,un} and {Vl,vz,---,Vm} are the vertex sets of Gand K, respectively.
Therefore, for i=12,--,n, deg,(u)=k(m+1) and for j=1,2,---,m,
deg,, (VJ— ) =k +m-1. Therefore, |deg,, (u;)—deg;, (vj )‘ =m(k-1)+1>1. Hence,
IE(GoK,)=K,UK,,. Similarly, we can prove if Gis (k,k+1)-biregular, then
IE(GoK_)=K UK, .

Proposition 18 For any cycle graph C,, 1E(C, oK )=2K,.

Proof. Let u; be any vertex on the cycle C, and v, be any vertex outside the

cycle C,.Then deg, (U )=4 and deg, (V;)=4. Therefore,
IE(C, °K,)=2K,.

Definition 19 Let G=(V,E) be a graph. A subset D of V is called degree
Inj-equitable set if the difference between the injective degree of any two vertices
in D less then or equal one. The maximum cardinality of a degree Inj-equitable
set in G is called degree Inj-equitable number of G and is denoted by D, (G).
the minimum cardinality of a maximal degree Inj-equitable set is called the
lower degree Inj-equitable number of G and is denoted by d,, (G) .

Observation 20 For any integer S <i<A-1, Jet S, = {V eV :deg;, (V)=i or
i+ 1} . A nonempty subset A of V is a maximal degree Inj-equitable if and only if
A=S, for some i Hence, D,(G)= max{|Si|:5s i<A-1 and S, #0} and
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d,. (G)=min{|S|:6<i<A-1 and S, #0}.

Observation 21 Let G=(V,E) be a graph. The intersection graph of
maximal degree Inj-equitable sets denoted by G,, is defined on the family of all
maximal degree Inj-equitable sets of G and has the property that any two
vertices are adjacent if their intersection is not empty.

Theorem 22 For any graph G,
A(IE(G))= D, (G)-1
and
S(IE(G))=d,(G)-1.

— Mie

Proof. Since <Si> is complete subgraph in IE(G) and from Observation
20 Die(G)zmaX{|Si|:5£iSA—1 and S;#0}, then D,(G) is the order of
the maximum complete subgraph in |E(G). Therefore, for any vetrex in the
maximum complete subgraph has degree D, (G)-1. Hence
A(IE(G))=D,(G)-1.

Similarly, we can show that 5( IE (G)) =d, (G)-1.

The following proposition can be proved straightforward.

Proposition 23 For any graph G,

(i) diam(IE(G))=4,,(G)-5,(G).

(ii) (o( IE(G)) =D, (G), where a)( IE (G)) is the clique number of 1E(G).

Theorem 24 Let G be any graph. The number of edges in |E(G) is given by:

asil(si|-1) &2siNsif(ISi NS -1)

Z —

iz 2 i 2

where S;={vVeV :deg, (v)=i or i+1}.
Proof. Let G be any graph. Since each <Si> is complete subgraph graph in
S|([Si] -1
IE(G), then (Si> has %

[Si/(]s/-1)

2

edges. But the edges in <Si+1ﬂ8i> are

counted twice in . Hence the number of edges in IE(G) is given

by

i 2 i 2

§|Si (Si-1) &2[siNS.i[(|S NS;|-1)
Theorem 25 Let G be any graph. Then the following are equivalent:
(i) IE (G) is connected graph.
(ii) The distinct sequence of the Inj-equitable degrees are
(). (G)+1,6, () + 2.8, (G).
(iii) The intersection graph of maximal degree Inj-equitable sets G,, is a path.
Proof. (i)=(ii): Assume to the contrary, that IE(G) is connected and there
exist an integer &, (G)<i<A, (G). Then S, and S, has no common
vertices, that means IE(G) is not connected which is a contradiction. Hence,

the distinct sequence of the Inj-equitable degrees are

0(6).6,(G) +1.5, (G) + 2,4, (G).
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(ii)=(iii): Suppose that the distinct sequence of the Inj-equitable degrees are
(G),6,(G)+1,6,(G)+2,---,A,,(G). Then S;NS,,#¢ and SNS;=¢ if
|i - j| > 2. Hence, the intersection graph of maximal degree Inj-equitable sets

G

é‘in i+l

i is a path.
(iii)=(i): Suppose that G, is a path. Then S;NS
complete, then IE(G) is connected.

=@ . Since <Si> is

Proposition 26 For any graph G, |E(G) is totally disconnected if and only
if G=K,.

Proof. Let G be a graph such that |E (G) is totally disconnected. Therefore,
A(IE(G)) :5(|E(G))=0 . So, from Theorem 22, D, (G)—l: die (G)—le )
Therefore, D,(G)=d,(G)=1.Hence, G=K,.

Conversely, suppose that G = K, . Therefore, G has only one maximal degree
Inj-equitable set of order one. So, D, (G) =d, (G) =1. Therefore,

A( IE (G)) = 5( IE (G)) =0. Hence, IE(G) is totally disconnected.

Theorem 27 For any graph G with n vertices, |E (G) =K, ifand only if G
has only one maximal degree Inj-equitable set.

Proof. Let G be a graph of order n and IE (G) = K, . Therefore, for any
vertices zand vin G, |degin (u)—deg,, (V)| <1. Hence, G has only one maximal
degree Inj-equitable set. Conversely, suppose that G has only one maximal
degree Inj-equitable set S, . Since (S;) is complete in IE(G), then
IE(G)=K,.

Next theorem gives the relation between the IE(G), Con(G) and G°.

Theorem 28 For any graph G, |E(G)= (Con(G))e .

Proof. Let G be any graph and consider con(G)and IE(G). Both graphs
have the same vertices. Now, let f =uv be any edge in IE(G). Then,
|degin (u)—deg,, (V)| <1 in G Since deg,(u) in G is equal deg(u) in
con(G) , then, |deg(u)—deg (V)| <1 in con(G) . Therefore, fis an edge in
(Con(G))e .Hence IE(G) isa subgraph of (con(G))e .

Similarly we can show that (con(G))" isa subgraph of 1E(G).

3. Injective Equitable Graphs

Definition 29 A graph G is said to be injective equitable graph (IE-graph) if
there exists a graph H such that 1E(H)=G.

For example, any complete graph is /E-graph.

Definition 30 The family of graphs H which satisfy the condition
IE ( H ) =G s called the injective equitable family of G and denoted by G, .
ie

Ge ={H:IE(H)=G}.

Example 31 Let H;,H, and H, be figures as an Figure 5. Then,
IE(H;)=K; forall i=1,2,3.
Lemma 32 Any path P, isnotIE-graph.

Proof. Suppose, to the contrary, that G=P, such that G is /E-graph.
Therefore, there exist a graph A such that IE(H)=G. Let v,,v, and v, be
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H, H, H;,

Figure 5. 1E(H,)=K;.

any vertices in G such that v, adjacentto v, and v, adjacentto Vv,.Suppose
that deg;, (v,)=i in A Therefore, deg; (v,)=i-1 orior i+1.

Case 1. deg,,(V,)=i-1. Therefore, deg; (V;)=i-2 or i-1 or i If
deg;, (V3) =i—-1 or i then v, and v, are adjacent which contradicts that G is
a path. So, deg;, (v,)=i-2.

Case 2. deg, (V,)=i. Therefore, deg, (v;)=i-1 orior i+1.So, v, and
v, are adjacent which contradicts that Gis a path. Hence, deg; (Vv,)#i.

Case 3. deg;, (v,)=i+1. Therefore, deg; (v;)=i or i+l or i+2. If
deg;,(vs)=i or i+1, then v, and v, are adjacent which contradicts that G
is a path. So, deg; (v;)=i+2.

Hence the graph A has different injective degrees which contradicts that any
graph with n vertices has at least two vertices of the same Inj-degree. Therefore,
P

) is not JE-graph.

Lemma 33 Anycycle C, isnot IE-graph, where n>4.

Proof. Suppose, to the contrary, that G is a cycle such that G is JE-graph.
Therefore, there exist a graph A such that IE(H)=G. Let v,,v, and v, be
any vertices in G such that v, adjacent to v, and v,.Let deg, (v,)=i in A
Therefore, deg;,(v,)=i or i—1 or i+1 and deg, (v;)=i-1 orjor i+1.

Case 1. deg;, (v,)=i.If deg, (V;)=i-1 orior i+1 then v, and v, are
adjacent which contradicts that Gis a cycle.

Case 2. deg;, (v,)=i-1. If deg, (v;)=i or i—1, then v, and v, are
adjacent which contradicts that Gis a cycle. Therefore, deg;, (V3) =i+1.

Case 3. deg;, (v,)=i+1. If deg; (v;)=i or i+1, then v, and v, are
adjacent which contradicts that Gis a cycle. Therefore, deg;, (V3) =i-1.

Hence the graph A has different injective degrees which contradicts that any
graph with n vertices has at least two vertices of the same Inj-degree. Therefore,
any cycle C, isnot /E-graph.

Lemma 34 Any bipartite graph is not IE-graph.

Proof. Suppose, to the contrary, that G is a bipartite graph such that G is
IE-graph. Therefore, there exists a graph A such that IE(H)=G. Let v,,v,
and v, be any vertices in G such that v, adjacentto v, and v, adjacent to
V;.Let deg; (v,)=i in A Therefore deg; (v,)=i-1 orior i+1.

Case 1. deg;, (v,)=i.If deg, (V;)=i-1 orior i+1 then v, and v, are
adjacent in G. So, G contains an odd cycle which contradicts that Gis a bipartite
graph.

Case 2. deg;, (v,)=i-1. If deg, (v;)=i or i-1, then v, and v, are
adjacent in G. So, G contains an odd cycle which contradicts that Gis a bipartite
graph. Therefore, deg, (v,)=i+1.
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Case 3. deg, (v,)=i+1. If deg; (v;)=i or i+1, then v, and v, are
adjacent in G. So, G contains an odd cycle which contradicts that G'is a bipartite
graph. Therefore, deg, (v,)=i-1.

Hence the graph A has different injective degrees which contradicts that any
graph with n vertices has at least two vertices of the same Inj-degree. Therefore,
any bipartite graph is not /E-graph.

Theorem 35 A connected graph G is IE-graph if G is a chain of complete
graphs.

Proof. Suppose that G is a connected /E-graph. Then there exists a graph A
such that IE(H ) =G . Each <Si> is complete in IE(H ) and there are
S,NS,,, common vertices between <Si> and <Si+1> . Therefore, Gis a chain of
complete graphs.

4. Conclusion

In this paper, we introduced the injective equitable graph of a graph IE(G)
and the injective equitable graph IE-graph. We defined these graphs and
presented some of their properties. Also, we found the Inj-equitable graph of
some graph’s families. The degree injective equitable set, the degree injective
equitable number of a graph and the lower degree injective equitable number are
defined. Relations on those parameters in terms of maximum vertex degree,
minimum vertex degree, diameter and clique number of the injective equitable
graph are established. The connectedness of IE(G) and relations between the
IE(G), Con(G) and G° are studied. In the last of this paper, the sufficient
condition for a connected graph G'to be /E-graph is presented.
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