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Abstract

In this paper, complete semigroup binary relation is defined by semilattices of the class X, (X , 8) .

We give a full description of idempotent elements of given semigroup. For the case where X is a fi-
nite setand Z, =J, we derive formulas by calculating the numbers of idempotent elements of the

respective semigroup.
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1. Introduction

Definition 1.1. Let ¢€B, (D). If coe=¢ or aoec=a forany aeB, (D), then & is called an idem-
potent element or called right unit of the semigroup B, (D) respectively.

Definition 1.2. We say that a complete X-semilattice of unions D is an Xl-semilattice of unions if it satisfies
the following two conditions:

a) A(D,D,)eD forany teD;

b) Z :U/\(D, Dt) for any nonempty element Z of D (see [1], Definition 1.14.2 or see [2], Definition

teZ

1.14.2).
Definition 1.3. Let D be an arbitrary complete X-semilattice of unions, o € By (D) Af
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V(X",a), if@eD,
Vla]=1V(X"a), ifFeV(X" a),
V(X",a)u{d}, if @eV(X",a) and @ e D,

then it is obvious that any binary relation « of a semigroup B, (D) can always be written in the form

a= U (YT“ ><T) the sequel, such a representation of a binary relation « will be called quasinormal.
Tev[a]

Note that for a quasinormal representation of a binary relation ¢ , not all sets Y, (T eV [a]) can be differ-
ent from an empty set. But for this representation the following conditions are always fulfilled:

a) YYNY =, forany T,T'eD and T=T';

b) X = U Y/ (see [1], Definition 1.11 or see [2], Definition 1.11).

TEV[(Z]

Theorem 1.1. Let D, £(D), E(X’)(D’) and | denote respectively the complete X-semilattice of unions D,
the set of all Xl-subsemilattices of the semilattice D, the set of all right units of the semigroup B, (D’)
(D'ex(D)) and the set of all idempotents of the semigroup B (D). Then for the sets EY’(D’) and I the
following statements are true:

a)if eD and 3,(D)={D'ex(D)|@eD'},then

1) EY (D) EY) (D")=@ for any elements D' and D" of the set X, (D) that satisfy the condition

D'« D";
2 1= U EQ(D);
D'EZQ(D)
3) the equality [I|= EMD’)‘ is fulfilled for the finite set X.

D'eZg(D)
b)if J¢D,then
1) EY(D')nEY(D")=2 for any elements D' and D" of the set (D) that satisfy the condition

D'«D";

2 1= |J EY(D);

D'ex(D)
3) the equality [I|= EY) (D’)‘ is fulfilled for the finite set X (see [1] [2] Theorem 6.2.3).
D'ex(D)

2. Results
Lemma 2.1. Let DeX,(X,8) and Z, =@ . Then the following sets are all XI-subsemilattices of the given
semilattice D:

1) {@}. (seediagram 1 of the Figure 1);
2) {@,ZG},{Q,ZS},{®,24},{@,ZB},{@,ZZ},{Q,Zl},{Q, 5} (see diagram 2 of the Figure 1);

(2,2,,2,}.{2.2,,2,} (2,24, 2,} {20} {825, 2.} {225, 2,} {3, 25, 2,} {5, 25, .},
{@,2,,0}.{2,2,,2,} .{2.2,,2,}.{,2,,D},{.,2,,2,}.{@.2,,0}.,{@.2,,D},{2,Z,,D};

agram 3 of the Figure 1);
(2,26,2,,2,}.{2.2,,2,,2,}.{.2,,2,,D},{@,Z,,2,,D}{3,2,,2,,0} {3, 25, 2,,2,},

(see di-

4) {2,2,,2,,2,},{2,25,2,,D} {@,2,,2,,2,},{@.,2,2,,0},{@,2,,2,,D},{@,Z;,Z,,D}, (see diagram
{z,.2,,2,,0}.{2,.2,,2,,0}.{Z,,2,,Z,, D},
4 of the Figure 1);
5) {@.24.2,,2,,0}.{2,2;,2,,2,,0},{®,2,,2,,2,,0},{@.2;,2,,2,,0} {3, 2;,2,,2,,D}, (see diagram
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5 of the Figure 1); ~ ~

6) {2.24.25,2,},{9.25.25,2,},{2.2,,2,,2,},{8.,2,,Z,,D},{@,2,,Z,, D} (see diagram 6 of the Figure
1);

7 {2.2,,2,,2,,0}.{2.2,,2,,2,,2,,}.{@.2,,2,,2,,0}.{3,2,.2,.2,,0},{8,2,.2,.2,,D}, (see dia-
gram 7 of the Figure 1); ~

8) {©.2,.2,,2,,2,,0}.,{®.,25,2,,Z,,Z,,D}; (see diagram 8 of the Figure 1);

9) {@,25,24,23,21,[3}; (see diagram 9 of the Figure 1);

10) {3,26,25,24,2,},{2.24,25,24,2,}{@.25,25,2,,0},{3.2,.2,,2,,0},{3,2,,2,,2,,0}, (see dia-
gram 10 of the Figure 1);

11) {2,24.2,2,,2,,0},{@.,25,25,2,,2,,D}; (see diagram 11 of the Figure 1);

12) {@,24,25,2,,2,,2,},{2.24,24,2,,2,,0},{2,2,,2,,2,,Z,,D} (see diagram 12 of the Figure 1);
13) {@,25,24,23,22,2 f)} (see diagram 13 of the Figure 1);

14) {@, Z.,2.,2,,2,,7,, } (see diagram 14 of the Figure 1);

15) {@,26,25,24,22,21, D}, (see diagram 15 of the Figure 1);

16) {@,2,,25,2,,25,2,,Z,,D}; (see diagram 16 of the Figure 1);

Proof: This lemma immediately follows from the ([3], lemma 2.4).

Lemma is proved.

We denote the following semitattices Q,,i=(1,2,---16) as follows:
1) Q ={3},where FeD;

2) Q,={3,T'}, where @=T'eD;

3) Q,={D,T'T"}, where =T cT"eD;

4) Q,={@, T T"T"}, where F=T' cT"cT"eD;

5) Q,={@,T,7,T",D}, where @#T cT'cT"cDeD;

6) Q, = @,T',T",T'UT"}, where T'T"eD, @=T', @=T", T'\T"20, T"\T'2J;

) Q={ST T T"T"UT"}, where, G=T'cT", D=T'cT", T"\T"2@, T"\T"2J;

{

8) Qg={®,T,Z4,Zz,Zl,I5}, where T e{Z;,Z};

9) Qg={®,zs,24,zs,zl,|5};

10) Qu={D, T T"T'UT"T"}, where F=T', @=T", T\T"'2Q2, T'\T'2Q, T'UT"cT";

11) Q, = {® z,,2,,2,,T, D} where T e€{Z,,Z,};

12) Q, ={@, T T T'UT " T"T'UT"UT"}, where, D=T', D=T", T\T" 2@, T'\T'2J,
T T, (T'OT'N\T"2@, T"\(T'UT")2D;

13) Q,=1{92.25.2,,2,.2,,2,,D};

14) Q, = @,26,25,24,23,21,5};

15) le=i®,ze,zs,z4,zz,zl,5};

16) Qg ={2.25,25.2,,24,2,,2,,D}.

Theorem 2.1. Let DeX;(X,8), Z,=& and aeB, (D). Binary relation « is an idempotent relation
of the semigroup B, (D) iff binary relation « satisfies only one conditions of the following conditions:

1) a=9;

2) a:g;‘ x@)U(YIxT'), where @#T'eD, Y ¢{Q}, and satisfies the conditions: Y, 2@,
Yo NnT' #d;

3) a_(Y x@) (Y ><T1) g(a xT"), where @=T'cT"eD, Y Y ¢{@}, and satisfies the condi-
tions: Y 2, Y"uY" T+, YonT"#J;

4) a_(Y x@)u(YaxT )u(Y“xT”z/ (Y"‘ xT"), where @=#T'cT"cT"eD, YY1 YEel{D),
and satisfies the conditions: Y, o2&, Y, UY 2T, YUY, UY 2T, Y'nT' 2D, YonT"#2J,
Yo NT" 2D ;
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Figure 1. All Diagrams XI-subsemilattices of the semilattice D.

5) & =(Y; x @)U (Y xT)u (¥ xT" ) (Y xT")U(Yy x D), where Z, #T <T'<T"<D,

Y Y YE Y e (D) and satisfies the conditions: Y, 2@, YUY 2T, YUY LY 2T,
YSOYSOYEOYE T, YEnT 23, YT 23, YonT" =D, Y NnD#J;

6) a=(Y; x D) (VI xT ) (Vi xT") U (Y x(T'UT")), where T\T" 2@, T'\T'#Q,
Yy, Yy ¢ {D} and satisfies the conditions: Y;* UY” 2T, YUY T, Y/inT =&, YinT"#J;

7) a=(Yx@) (Y xT) O (Y xT") (Y2 xT") U (Ve pe < (T"OT™)), where, D=T'<T",
G£T'<T", T'"\T"2Q, T"\T"=&, Y7, Y, Y% ¢{D} and satisfies the conditions: Y;" o &

Y OYS T, YUY oY oT", Y uY  uYL oT", YPnT' #d, YanT"#d, YL nT"#J;

8) a =Y xB)u (Y xT)U (Y xZ,)U(¥; xZ,) (¥ xZ,)U(Ys x D), where T e{Z,Z},

Y Y Y Y ¢ {@) and satisfies the conditions: V" &, YUY T, YUY UY, 2Z,,
YUY OYSuY) oz, YUY OY,uY oz, YYnNT 20, Y/nZ,208, Y, NZ,#D,
Y NZ D, -

9) a =Yy x@)U (Y xZg)u Yy xZ, ) (Vs x Zy) U (Y xZ,)U(Ys x D), where Z, < Z,, Z; <Z,,
Z,\Z2, 2D, Z,\Z, =D, Yo YY0Y, ¢ (D) and satisfies the conditions: Y," 2@, Y LYY 2 Zs,
Y OYEUYE D Zy, Y OYSOYS D2, YN # D, YN, 2D, Y nZ, D, Y ND=J;

10) a=(Y; xD) o (Y xT" ) U (Vi xT")u (Y;‘UT <(T'UT"))u(Y xT"), where, T\T"# @,
T\T'2g, T'OT"cT", YY) Y ¢ {&} and satisfies the conditions: Y,” UY 2T', Y/ UYS oT",
YonT' #0, YonT"#d, YunT"=+J; ~

11) a= (Y x@)U(Ye xZe ) o (Vs x Zs )L Yy xZ, ) (¥ xT)U(Yy x D), where T €{Z,,Z,},

Yo Y2 Y Ys e {@) and satisfies the conditions:, Y;* UY ©Zg, YUY 2 Zs
Yo OYE O UYS  OYE oT, Y N2 2D, Y nZ#D, YnT#D, Y NnD=J;

12) o= (Y < @) (Y xT) O (Y xT") O (g x (T OT")) O (2 XT ") (Vg x (T OTUT™)),
where T'"\T"=Q, T"\T'#J, T"<T", (T’uT")\T"’i@, T"'\(T'UT”);&@,

Y Y Y Y e 2 {0 and satisfies the conditions:, Y, UYT 2T, YUY oT" Y,  UY UYL oT",
Y“mT';t@ YonT"#0, YanT"#d;

13) a = (Y x@)U(Ye x Zs ) U (Vi xZ, ) U (Y5 % Zg ) U (Y x Z, ) U (Y x 2, )Yy x D), where Z; < Z,,
Z,cZ,, Z\2,#D, Z\Z,;#D, Z,cZ,, Z,\Z,#D, Z,\Z, =D, Y, Y7 Y7 Y Y ¢ {D)
and satisfies the conditions: Y;* ©Z,, YUY 2 Z,, YUY UYS  2Z;, YUY uY o7,

YUY OYSUY D2, YN xD, XN, = D, XL, =D, NN #D;
18) @ =(Y7 x D) U (Y& x Zg ) U (Ye x Zg ) U (Yi % Z, ) U (Y5 x Z4 ) (Y x Z,)U(Ys x D), where, Z,c Z,,



G. Tavdgiridze et al.

Yo Y2 YY) Y) ¢ {D) and satisfies the conditions: YUY ©Zg, YUY 27,
Y OYE UV D2y, Y N2 2D, YENZ# D, VN2, =D, Y NnD=T;

15) = (Y7 x@B) (Y x Zg ) U(Ye x Zg ) U(Yy < Z, ) U (Y5 x Z, ) (Y x Z,) (Y x D), where
Yo YY) ¢ {@) and satisfies the conditions: Y, UYy ©Z, YUY 2Z;,

YUY YUY, UY o7, YUY OYSOUYSUY D Z, Y N2 2D, Y N2 2D,
Yy N2, 20, ' NZ, #D;

16) a = (Y7 x D)V (Y xZg ) U(Ye % Zg ) U(Yy % Z, ) U(¥5 x Z ) U (Y5 % Z, ) U (Y x Z, ) u(Y5 x D),
where, YJ, Y, Y YY) YY" ¢ {D) and satisfies the conditions: Y;' 2@, YUY 2 Zg,
YUY DZg, YUY OUYS 2Z,, YUY uUYS Y uUY,) o7, YW N2 =D, Y N2y =D,
YyNZ, 2D, Y, N2, 0.

Proof. This Theorem immediately follows from the ([3], Theorem 2.1]).

Theorem is proved.
Lemma 2.2. If X be a finite set, then the following equalities are true:

a) 1(Q)=1
Q, )| Tl _ ),z\X\T'\ :

(

) Q) =(2"-)-(37" 2737
21 1) (3T _ 2T (4T _ T g X
(2"-1)( ) ( ).,

Il
/—\/—\
N
=l
[
L
—_—
W
=
=
N
=
=
N
—_—
S
5
W
2
=
N
—_—
(S200
>
=
L
9
5
N
(S200
>
x
o

|: (2“\ _1),(3\24\” _ 2\24\T\).3\(Zzﬂ11)\z4\ ,(4\21\22\ _3\21\22\),(4\12\21\ _3\12\21\),6‘)(“5‘;
2\25\ ),2‘(23“24)\25\ _(3\23\24\ _ 2\23\24\),(3\24\23\ —2‘24\23‘)-(6‘5\(Z3UZ“)‘ —S‘D\(ZSUZ4)‘)-6‘X\D"

Z\T T ) Z\T"\T'\ _1).(5‘T’”\(T’UT")‘ _4\T'"\(T'uT")\)_5\x\T”\ ;

(

oM _ ) (Z\T'\T\ _1).(5‘T~\z4\ _4T”\Z4).[65\T" —5D\T"j'6X\D ;
)
2

= = =

—_— = =

:\ ~—~ A~~~

p ,LO O

\_/ i —
Il

Il —_

) |I(Q12 :( o _ Z\Tw_1).(3\T'"\<Tw>\_Z\T*wwn).G\X\aww;

m) [1(Qu)|= (2% 1) 257l (gl _ gl (gral _ gltal) (gl g 74,
) [1(Qu) = (25 ~1)- (2% - (g0l -7 ). (7P P ). 7,

0) [[(Qu)|= (2% 1) (2% 1) 4Fzra el (gRaal _ geanl) (e _ gleaed ).,

D) | I(QlG )| _ (2\26\23\ _1) ) 2\25\24\ _(2\25\26\ _1).(3\23\22\ _2\23\22\).(5\22\21\ _4\22\21\).8\“'5\.

Proof. This lemma immediately follows from the ([3], lemma 2.6).

Lemma is proved.

Lemma 2.3. Let DeX,(X,8) and Z,=@. If X is a finite set, then the number ||*(Q1)| may be calcu-
lated by the formula |I* (Q)|=1.

Proof. By definition of the given semilattice D we have

QI ={2}.
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If the following equalities are hold

then

1"(Q) |:|I(D' |:

[See Theorem 1.1] Of this equality we have: || (Q |:

[See statement a) of the Lemma 2.2.]

Lemma 2.4. Let DeX,(X,8) and Z,=0.
lated by the formula

1"(Q, )|:( ol0] 1).2\X\D\ +(2\ze\ _1).2\X\zs\ +(2\z5\_1),2\><\z5\ +(2\z4\_1).2\><\z4\ 4

+(2\Zs\ _1) . 2\X\Z3\ +(2\Zz\ _1),2\)(\22\ +(2\Zﬂ _1),2\)(\21\

Proof. By definition of the given semilattice D we have

Q8 = {{27, D}’{27’26}'{27’ZS}’{27’24}'{27123}’{27122}’{27’21}}

1" (Q, )| may be calcu-

D;={Z,,D}, D; ={Z;.Z,}, D} ={Z;,Z}, D, ={Z,,2,}, D; ={Z,,Z,}, D} ={Z,,2,},D; ={Z,,2,} .
Then
||*(Q2)|:||(D;)|+||(Dz')|+||(D;)|+||(D;)|+||(Dg)|+||(Dg)|+||(D;)|.
[See Theorem 1.1] Of this equality we have:
1'(Q)|= (2\5\27\ _1) oo (zwze\ _1) oz (2\25\ _1) Xz (2\z4\ _1) ¥z,
+ (2\23\ _ 1) Loxzg (2\22\ _ 1) o¥Za| (2\21\ _ 1) ¥z

[See statement b) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.5. Let DeX (X 8) and Z, = . If X is a finite set, then the number || (Q) | may be calcu-
lated by the formula

|* (Q3 )| _ (2\21\ _1) . (3\5\21\ 3 2\[’)\21\ )'S‘X\D‘ N (2\22\ _1)'(3\5\22\ : 2\[‘)\22\ ).3\X\D\
3\D\z3\ B 2\[‘)\23\ ) ) 3\X\D\ N (2\24\ _1) ) (3\5\24\ B 2\5\24\ ) _ S\X\D\
(2%l 3"3‘25‘ _2‘5\25‘).3"(\5‘ _,_(2\26\ _1).(3"5\26‘ _ 2‘5\26‘).3"“5‘

(-9
(2%-3)
(271 21 (3P0 — gl ). Gl (7 1) (372 el ). g
(2% -)
(2% )
(2% -1)-(

+(2%l -

+ 2\26\ 1) 3\21\26\ _2\21\25\ _3\X\zl\ +(2\25\ 1 _(3\24\25\ _2\24\25\).3\X\24\

) )

2\25\ 3\23\25\ _ 2\23\25\),3\X\23\ +(2\Zs\ _1),(3\22\25\ _ 2\22\25\),3\)(\22\
) )
)

1)
+( 2%l - )

+(2\z4\ _ ).(3\21\24\ _ 2\21\24\)_3\x\zl\ +(2\23\ 1

+

3\21\25\ _ 2\21\25\ .3\x\zl\ +(2\24\ 1

. 3\21\23\ _2\21\23\ '3\x\zl\

. (3\22\24\ _0lZ2\Z4| ) .g¥\Z
( )

Proof. By definition of the given semilattice D we have
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Q9 ={{2.2,,0}.{2.,2,,0}.{2.2,,0}.{8,2,,D}.{2,Z,,D},{2.2,,D}.{2.2,. 2.},
D.25,2,} 19,25, 2,} 1B, 25, 2,} (D, 25, 23§ 1B, 25, 2,} (D, 25, 2, (D, 2, 2, |,
(©.2,,2,}.{2.2,,2,}}

D/={@,2,0}, D;={@,2,,0}, D;={®,2,D}, D,={2,2,,D}, D;={2,Z,D},
Ds {@Z D} D; ={@.2,2,}, D;={2.,Z5,2,}, Dy ={D,Z5,2,}, D}, ={D.Zs,Z,},

D/,

Then

Q)=

|I*

{® 25123}’ 1'2 ={®,25,ZZ}, D1’3 :{@,Zs,Zl}, D1'4 :{@!24’22}1 D1'5 :{®124'Zl}'
Dl'6 {@ Zg,Zl}

D)1 (3 )]+ (D) |1 (D2)] 1 (D8 +[1 (D)} + |1 (D7) +[1 (D5)] +1 (D))

+ (D )|+ |1 (D) + 1 (DL )]+ (D )| +[1 (D1,)] +[1 (D5 )| +[1 (DS

[See Theorem 1.1]. Of this equality we have:

(Q3)| =

(271 -2)-(371 290 ) 39 (). (30 0.5
(29103720 ) 39 (27 ) (% 2.5
(274 <2) (3P 2. (27 ) (% o0 ) 3
(2 1) (1% gl ) gl (2 1), (37215 gl ) g
(2 —1)- (%% g2l ) g (%] _q). (305 gl ) g
(2%-1)-{
(2%-1)-{
i

)
)
2\z5\ 1 3\23\25\_2\23\25\) 3\><\z3 +(2\zs\ 1) (3\22\25\_2\22\25\).3@\22\
)
)

+

+

(2%l _1).(3%4\%sl _ 9@ \zs] ) XNz (olzal _q )

( (3\22\24\ _ 9l72\z4] )_3\’(\22\
(2‘24\ -1 3\21\24\ _ 2\21\24\ 3‘X\Zﬂ +(2\Zs‘ 1) (3\21\23\ _ 2\21\23\ ),3‘)(\21‘

[See statement c¢) of the Lemma 2.2.]
Lemma is proved.
Lemma 2.6. Let DeX,(X,8) and Z,=@. If X is a finite set, then the number |I* (Q4)| may be calcu-
lated by the formula

|| * (Q4 )| _ (2\26\ _1) ) (3\z4\zs\ _glzaze ) ) (4\5\24\ _3\5\24\ ) ) 4\)(\0\ +(2\Ze\ _1).(3‘22\26‘ B 2‘22\26‘).(4\5\22\ _3\5\22\ ) ) 4\)(\5\

+(2% -1

+ 2\25\

(
+ (2‘25‘
(

4 (22 _1), U] _ ol7\Zy

-1

-1

(
(
{
(
(

. 3\21\26\ _ 2\21\26\

)
).
)

(4\5\z1\ _ 3P| ) 4ol (2\25\ _1) ) (3\24\25\ _olzaz ) ) (4\5\24\ _ 30\ ) s
(4‘5\23‘ _ 3‘5\23‘ ) . 4"‘\'5‘ + (2\25\ _1) . (3\22\25\ _ olz2\7] ) . (4‘5\22‘ _3‘5\22‘ ) . 4"(\5‘

)

)

) (4\0\21\ _S\D\zl\ ) . 4\x\D\ +(2\24\ _1).(3\22\24\ _ 9z )’(4\5\22\ _B\D\zz\ ).4‘X\D‘
)

)

3\23\25\ _ 2\23\25\

3\21\25\ _ 2\21\25

4‘D\21‘ _ 3‘5\21‘ ) . 4"(\5‘ 4 (2\23\ _1) . (3\21\23\ _ 2\21\23\ ) . (4‘5\21‘ _ 3"5\21‘ ) . 4‘X\D‘

+ (2\25\ _1) . 3\24\15\ _ 2\24\25\ (4\22\24\ _ 3\22\24\ ) . 4\X\Zz\ + (2\25\ _1) . (3\24\25\ _ 2\14\25\ ) % (4\21\24\ _ 3\21\24\)
x 4\7(\21\ + (2\25\ _1) . (3\23\25\ _ 2\23\25\ ) ,(4\21\23\ _ 3\21\23\ ) . 4\X\Zl\ + (2\26\ _1) . (3\24\26\ _ 2\24\26\ )

% (4\22\24\ _ 3\22\24\ ) % 4\’4\22\ + (2\26\ _1) . (3\24\26\ _ 2\24\26\ ) . (4\21\24\ _ 3\21\24\ ) . 4\X\Zﬂ
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Proof. By definition of the given semilattice D we have
Q% ={{2.2,,2,,0}, 2{2,,2,,2,,D}, {,2,,2,,0}, {2,Z;,2,,0}, {©,2;,2,,D},
{@.2,,2,.0}, {2,2,,2,,0}, {©,2,.2,,0}, {&,2,,2,,0}, {2.Z,,2,,D|
(9,2,,2,,2,}, 1©.25,2,.2,}, (3,2,,2,,2,}, {D,2,,2,,2,}, {9.25,2,,2,}.

If
D ={@.2,.2,,D},D; ={@,Z,,2,,D},D ={®z z,,b},D; ={@,Z;,2,,D},
-{2.,2,,2,,0},0; ={2.,2,,2,,0}, D, ={@,Z;,2,,0}.0; = {©,2,,Z,,D},
D; ={@.,2,.2,,D},D;, ={@,2,,2,,0},D}, ={@.2,,2,.2,}.D}, ={2.,Z.2,.Z,}
Dy =(2.2,,20,2,}, D}y = (2,2, 2,2} Dis = (2.2, 2,.2,).
Then
1 (Qu)] =1 +[1 (D) +[1 (D)1 (Do) 1 (Do)} [ (D)]+ |1 (B3)]+ 1 (B3)
+[1(D)[+|1(Dgo)| +[1(Df)| +[1 (D, )]+ |1 (D3] +[1 (DL )| + |1 (D )|

[See Theorem 1.1] Of this equality we have:
||*(Q4)|:(2\Ze\_1).(3\14‘16\_2\14\26\).(4‘5\24‘_3‘5\24‘).4"(\5‘ (2\25\ 1 3\22\16\ 2\12\26\ (4‘0\22‘_3‘5\22‘).4‘“5‘
+(2\ze\_1),(3\21\%\_szl\ze\).(4\t‘>\zl\_3\5\11\)_4\X\D\ (2\25\ 1 3\24\25\ 2\z4\zs\ (4\D\z4\_3\5\z4\),4\><\6\
4 2\25\_1) )(4\0\23\_3\0\13\),4\X\D\ (2\25\ _1). 3\zz\zs\ 2\22\25\ (4\0\22\_3\0\22\),4\X\D\
) 34z _ szl\zsw) 4\5\21\_3\'5\21\).4\X\f'>\+(2\z4\_1).(3\22\24\_szz\u\).(‘ﬂmzﬂ_3\5\22\).4\X\ﬁ\
)
)

(2] (
(%) (
+(2\ZA\ _1) (3\21\14\ 2lZa\Z4| (4‘5\21‘ _3‘5\21‘).4"‘\5‘ +(2\Za\ _1).(3\21‘13\ _2\21\13\).(4"5\21‘ _3‘5\21‘).4"‘\5‘
(2%1-1)(
z

3%\Zs| _ 5l23\75|

+(2%1 -1
" 2\25\ —l) 3\24\25\ 2\24\25\ (4\22\24\ _3\22\24\ ) . 4\X\zz\ " (2\25\ —l)-(B‘Z“\ZE“ _ 2\24\25\ )X(4\zl\24\ _3\21\24\)
X4\X\Z1\ (2\ s| ) (3\23\25\ _2\23\25\),(4\21\23\ _3\21\23\),4\“21\ _,'_(2\26\ _1),(3\24\26\ _ 2\24\26\)

% (4\22\24\ _ 3\22\24\ ) « 4X\Z| (2\26\ _1) . (3\24\26\ _ l2a\Z4] ) . (4\21\24\ _ 3\21\24\ ) 4\

[See statement d) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.7. Let De,(X,8) and Z, =@ .If X is a finite set, then the number ||*(Q5)| may be calcu-
lated by the formula

|,*(Q5)| (2\26\ 1) (3\z4xzs\ zwza\zs\) (4\zz\z4\ 3\zz\24\) (5\5\22\ _ 4\5\22\). 50
+(2\zs\ 1) (3\z4\zs\ 2\z4\ze\) (4\z1\z4\_3\z1\z4\),(5\5\21\_4\'5\21\),5\X\5\
+(2\zsw ) (3\24\zs\ sza\zsw) (4\22\24\ _3\22\24\).(5\5\22\ _ 4\5\22\).5\X\D\
+ (27 1) (g0 g7 (420 _3\zl\z4\).(5\f>\21\ _ 4\5\21\),5\X\D\
+(2\zsw _1).(3@\25\ _Z\za\zsw).(4\z1\zgw _3\z1\z3\).(5\f>\21\ _ 40l ).5\X\D\

Proof. By definition of the given semilattice D we have

Q% ={{92,,2,,2,,0},{2.,2,,2,,2,,0}{©.2,,2,,2,, D},
(9.2,,2,,2,,0}.{2.,2,,2,,Z, D}}.
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-{.2,,2,,2,,0}, 0; ={@,2,,2,,2,,D}, D;={2,Z;,2,,Z,,D},
D, ={2.25,2,,2,,0}, D; ={@,2,,2,,2,,D}.
Then
||*(Q5)|:||(Dl')|+||(Dz’)|+||(D;)|+||(D;)|+||(D;)|
[See Theorem 1.1] Of this equality we have:
||»~( ( ol 1) 324\2| _ \zuzs\) 472\l _ \ZZ\zu).(S\B\Zz\_4\6\22\).5\X\5\

2\26\ 1) (3\24\26\ _2\24\26\ (4\21\24\ _3\z1\z4\)_(5\[3\z1\ _4\5\21\ )'S‘X\If)‘

i

(-3

+(2 1) (37 g%
1)

4\22\24\ _3\22\24\) 5\5\22\ _4\5\22\)'5\x\5\

(
)
(3% —g#%).
)
)

<4\z1\z4\ _3n\zy (5\5\21\ _4\5\21\).5@\5\

(2\25\ (3\23\25\ _ 2\23\25\ 4\21\23\ _3\21\23\) (S‘D\Zl‘ _ 4‘5\21‘ ).5‘)(\'5‘
[See statement €) of the Lemma 2.

1
Lemma is proved.
Lemma 2.8. Let DeX (X 8) and Z, = . If X is a finite set, then the number || (Q6)| may be calcu-

lated by the formula
|| e |:< \25\26\ _1).(2\26\25\ _1) ) 4\x\24\ +(2\z3\za\ _1)_(2\26\23\ _1)_4\x\zl\ +(2\z3\24\ _1).(2\z4\23\ _1>_4\x\zl\
i (2\23\22\ _1) . (2\22\23\ _1) . 4"“'5‘ 4 (2\21\22\ _1) . (2\22\21\ _1) . 4"(\'5‘
Proof. By definition of the given semilattice D we have
Q9 = {{@,ZZ,Zl, D}.{®,26,25,24},{@,ZG,ZS,Zl},{@,24,23,21},@{27,23,22, D}}
D/ ={2.2,,2,,D}, D;={,2,,2,,2,}, D;={2,2,,2,,2,}, D, ={2,2,,2,,2,}, D; ={@,Z,,Z,,D}
[17(Qo)] =1 (P +[1 (D) +[1 (D)1 (D7) +[1 (D5)
[See Theorem 1.1] Of this equality we have:
|| * (Qe )| _ (2\25\26\ _1),(2\26\25\ _1),4\X\Z4\ +(2\Zs\ze\ _1),(2\26\23\ _1),4\X\Zﬂ +(2\Zs\24\ _1),(2\24\23\ _1),4\X\21\
+(2\za\zz\ _1).(2\22\23\ _1)_4\X\|5\ +(2\zl\zz\ _1)_(2\22\21\ _1).4‘X\D‘

[See statement f) of the Lemma 2.2.]
Lemma is proved.
Lemma 2.9. Let DeX,(X,8) and Z,=@. If X is a finite set, then the number |I* (& )| may be calcu-

lated by the formula
||* (Q7 )| _ (2\26\ _1) . 2‘(21“22)\26‘ ,(3\21\22\ _ 2\21\22\) 3\22\21\ 2\22\21\) S‘X\D‘

(3\24\23\ _ 2\24\23\ )_5\><\z1\

(
)
\Zs\zz\ _2\23\22\) ( \22\23\ _2\22\23\)_5‘“5‘
)
)

2%l 1

2\(zsm24)\25\ _(3\23\24\ _ 2\23\24\

2\ Z30Z,)\Zs]

(2%-1)
(21 {2

+(2\Zs\ 1) ol(Znz2)\zs| (3\21\22\ 0l71\Z7|
(2-1) {

(3\22\21\ _ol7\z| ),5‘“'5‘
(

+ 2\24\ 1 2\ Z1nZp)\Zy) 3\21\22\ \21\22\ 3\22\21\_2\22\21\),5‘)(\5‘



G. Tavdgiridze et al.

Proof. By definition of the given semilattice D we have
Q9 ={{2.24,2,,2,,0},{8.2,,2,,2,,5}.{2. 2,,2,,2,, B},

(2,25,2,,2,,0}.{2,25,2,,2,.2,}}

-{@.2,,2,,2,,b}, D; ={@,2,.2,,2,,D}, D;={2,2;,2,,Z,,D},
={2,2,,2,,2,,0}, D, ={2,2,,2,,2,,2,}
[17(Qu)| =1 (D) +[1 (D) + 1 (D5)]+ |1 (D3)] |1 (D3)]
[See Theorem 1.1] Of this equality we have:
(@)= (sze\ _1) pl@nz2)zg ,(3\4\22\ _ 2\21\z2\) (
+(2\Zs\ _1).2\<Zsmz4>\25\ .(3\23\24\ 2\23\24\) (3\24\23\ _2\24\23\).5\X\21\

P2 ) 23 )
+(2% —1)-2Ermn (el _gu).
() 2o ),

[See statement g) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.10. Let DeX,(X,8) and Z, =
lated by the formula

1" (Q, )| - ( olze\zr| _ 1) , (3\z4\zs\ pA ) .3(@rz2)2, ( 42z _ gz ) , ( 4728l _ g2\ ) .g*0!
n (2\25\27\ _1) . (3\24\25\ _ 2\24\25\ ) . 3\(zlmzz)\z4\ _(4\21\22\ _ 3\21\22\ ) . (4\z2\zl\ _ 3\zz\z1\ ) ) G\X\D\

3\22\21\ 0|22\ ) . 5‘“5‘

z3mzz)\zs\ 322 _ ola\z| ( 322 _ 2\22\23\)'5%\6\
3\22\21\ _9lz\z| ) . 5‘X\'j‘
2\ 21nZy )\ 24| 3\21\22\ 2\21\22\

(
(3\22\21\ _olz\z| ) . 5‘X\D‘

I (Q8)| may be calcu-

Proof. By definition of the given semilattice D we have
Qu ={{2.2:,2,,2,,2,,0}.{2.,2,,2,,2,,2,, D}

-12,2,,2,,2,,2,,b}, 0; ={2,2,2,,2,,2,,D}

1 (Qu)| =1 ()| +[1 ()]
[See Theorem 1.1] Of this equality we have:
1 (Qg )| _ (2\26\ _1) . (3\24\26\ _ 2\24\25\ ) . 3\(Zlﬂzz)\z4\ ,(4\21\22\ _ 3\21\22\ ) . (4\22\21\ _ 3\22\21\ ) . 6‘X\D‘

n (2\25\ _1) . (3\24\25\ _ 2\24\25\ ) . 3\(zlmzz)\z4\ _(4\21\22\ _ 3\21\22\ ) . (4\22\21\ _ 3\zz\z1\ ) ) G\X\D\

[See statement h) of the Lemma 2.2.]

Lemma is proved.
Lemma 2.11. Let De%,(X,8) and Z, =@ . If X is a finite set, then the number ||* (Q )| may be calcu-

lated by the formula
I (Q9 )| _ (2\25\ _1) . 2\(23024)\25\ ,(3\23\24\ _ 2\23\24\ ) . (3\24\23\ _ 2\24\23\ ) . (6‘5\21‘ _ 5"5\21\ ) ) G\X\D\;

Proof. By definition of the given semilattice D we have Qu4,, = {{@ Z6,25,2,,2,,2,, f)}} .
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If the following equality is hold D} ={@,2,,2,,2,,Z,,2,,D} then [I(Q)|=|1 (D))
[See Theorem 1.1] Of this equality we have:

I (Qg )| _ (2\25\ _1) . 2\ Z3nZ4)\Zg| _(3\23\24\ _ 2\23\24\ ) . (3\24\23\ _ 2\24\23\ ) . (6‘5\21‘ _ 5"5\21\ ) ) G\X\D\;

[See statement i) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.12. Let DeX,(X,8) and Z,=0.
lated by the formula

"(Qy)| may be calcu-

2\25\26\

|I . (Q1 (2\25\25\ 5\D\24\ 4\D\z4\) S\X\D\

ol26\z 1. (2226l _q \D\zl\_4\5\zi\).5\x\5\

N 5\0\21\ 3 4\5\21\ ) . 5\x \D|

s
(
(5% — 472 g
(
(

+

(272 _q). (o252l _

)
)
)
1)
)

5\21\24\ 4\21\24\ ) . S\X\zl\

1)
1)
1)
1)
1)
) (ae-1)

2\23\24\

(2\24\23\ 5\D\zl\ 4\0\21\ ) 5\x \B|

Proof. By definition of the given semilattice D we have

Q109X,={{®,zs,z5,z4,|5}, (©.25,2,,2,,0},19.2,,2,,2,,D},
(2,26,25.24.2,), {2.26,25,24,2,)}

D/ ={@.,Z,,2,,2,,D}, D;={2,2,,2,,2,,0},0;={2,2,,Z,,2,,0},
D, ={9,2,,2,,2,,2,}, D, =12,Z,,2,,2,,Z,}

[17(Qu)| = |1 (D)|+[1 (D3)[+] 1 ()] +]1 (D5)] +[1 (D2))

[See Theorem 1.1] Of this equality we have:
1* (Qlo (2‘25\25‘ (2\25\25\ (B‘D\ZA‘ ‘5\24‘ ) ) S‘X\Iﬁ‘

4zl _ 1) olza\ze| _ 1) (5\0\21\_ 4\D\zl\)_5\x\5\

+

2lZ6\ze| _

(2\24\23\ _1). (2%l _q). S\D\zl\_4\|j\zl\).5\><\b\
o

(

()

1) (2555 -1)- (7% - 47228
1)-(2% )|

2\25\26\ 5\21\24\ _ 4\21\24\ ) . S\X\zl\

i 2\26\25\

[See statement j) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.13. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the number |I * (Q11)| may be calcu-
lated by the formula

" (Q11)| _ (2\26\25\ _1) ] (2\25\26\ _1) ) (5\22\24\ A ) _ (6\5\22\ _S\D\zz\ ) . G\X\D\

4 (2\25\25\ _1)'(2\25\26\ _1) ) (5\21\24\ B 4\z1\z4\ ) . (6\[‘)\21\ _S\D\zl\ ) ) 6\><\|5\
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Proof. By definition of the given semilattice D we have

Quiy ={{2.2,.2,,2,.2,,0}.{2.2,.2,,2,,2,, B}

D ={@.Z.25,2,,2,,0},D; ={@,2,,2,,2,,2,,D},

[1°(Qu)| =1 (D)) + 1 (D3))

[See Theorem 1.1] Of this equality we have:
B (Q11)| _ (2\26\25\ _1)'(2\25\25\ _1)'(5\22\24\ _4\22\24\)_(6@\22\ _5‘5\22‘).6‘X\|§‘

+ (2\26\25\ _1) . (2\25\26\ _1) ] (5\21\24\ _ 42l ) . (G\D\zl\ _S\D\zl\ ) ) 6‘X\D‘

[See statement k) of the Lemma 2.2.]

Lemma is proved.

Lemma 2.14. Let DeX,(X,8) and Z,=0@
lated by the formula

"(Qy)| may be calcu-

1°(Qu)| = (277 1) (2757 —1). (g% — g%l ). 6
(szsxzﬂ ) (2\ze\z3\ _ 1) : (3\22\z1\ _ ol ) .g*\ol
N ( olz\z2| 1) : (szuza\ _ 1) : (3\22\21\ _ gz ) .g*"0!
Proof. By definition of the given semilattice D we have
Quda ={{0.25.25.2,,2,,2,},{2,24,2,,2,,2,,0} ,{2,2,,2,,2,,2,,D},
D ={2,2.25.2,,2,,2,},0; ={@.,2,,2,,2,, 2,0} ,D; = {3,2,,2,,2,,2,, D}
[1°(Qa)[ = (B[ (D3)]+]1 (D)
[See Theorem 1.1] Of this equality we have:
1°(Qu)| = (273 1) (2% —1). (g% — g% ). 61
+ ( olz2\zs| _ 1) : (2\26\23\ _ 1) : (3\22\4\ _ 9222 ) .6\
N ( oz _ 1) : (2\24\23\ _ 1) : (3\22\21\ _ gz ) .g*"0!
[See statement I) of the Lemma 2.2.]
Lemma is proved.

Lemma 2.15. Let DeX,(X,8) and Z,=@
lated by the formula

|* (Q13 )| _ (2\25\ _1) ) 2\(zgmzz)\25\ .(3\z3\z4\ _ 2\23\z4\ ) ) (3\24\22\ _ 2\z4\zz\ )_(4\22\21\ _ 3\z2\zl\ ) . 7‘X\f)‘.

"(Qu)| may be calcu-

Proof. By definition of the given semilattice D we have Q,%,, = {{@,ZS, 2,,2,,2,,Z,, D}} If the following

equality is hold D[ ={,Z,,2,,2;,2,,Z,, D) 1" (Qu )| =1 (DY)
[See Theorem 1.1] Of this equality we have:

I* (le )| _ (2\25@\ _1) ) 2\(23nz2)\25\ '<3\z3\24\ _ 2\z3\z4\ ) ) (3\24\22\ _ 2\24\22\ ).(4\22\21\ _3\22\21\ ) ) 7\X\D\;

[See statement m) of the Lemma 2.2.]
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Lemma is proved.
Lemma 2.16. Let DeX,(X,8) and Z,=@.If X is a finite set, then the number
lated by the formula

* (Q14 )| _ (2\25\24\ _1),(2\25\25\ _1)'(3\24\23\ _ 2\24\23\ )'(7\5\21\ _G\D\zl\ ) _ 7‘X\D‘l

1" (Qu )| may be calcu-

Proof. By definition of the given semilattice D we have Q,9,, = {{@ Z5,2:5,2,,24,Z,, f)}} If the following

equality ishold D] ={@,Z,,Z,,2,,2,,2,,D} then [1"(Q,,)|=|1 (D))
[See Theorem 1.1] Of this equality we have:

B (Q14 )| _ (2\25\24\ _1) ' (2\26\25\ _1).(3\24\23\ _ oz ) ) (7\5\21\ 3 6\5\21\ ) ' 7\><\|5\;

[See statement n) of the Lemma 2.2).]

Lemma is proved.

Lemma 2.17. Let DeX,(X,8) and Z, = . If X is a finite set, then the number
lated by the formula

I (Q15 )| _ (2\25\26\ _1),(2\26\25\ _1),4\(21ﬁ22)\24\ ,(5\22\21\ _4\22\21\),(5\11\22\ _4\21\12\ ) . 7‘)(\5‘_

1" (Qs)| may be calcu-

Proof. By definition of the given semilattice D we have Q.4 = {{@ Z4,25,2,,2,,Z,, D}} . If the following

equality is hold D[ = {3, Z,,25,2,,2,,Z;,D} then [1"(Qg)[=|1 (D))
[See Theorem 1.1] Of this equality we have:

|* (le )| _ (2\25\26\ _1).(2\z6\25\ _1)_4\(21022)\24\ _(5\z2\zl\ _4\22\21\)'(5\21\22\ _4\21\22\).7\><\D\;

[See statement o) of the Lemma 2.2).]

Lemma is proved.

Lemma 2.18. Let DeX,(X,8) and Z,=@.If X is a finite set, then the number
lated by the formula

|* (QlG )| _ (2\26\23\ —l) ) 2\(z3mzz)\z4\ _(2\25\26\ _1) ) (3\23\22\ _ 2\23\22\ ) . (5\22\21\ _ 4\22\21\ ).S‘X\f)‘ '

1" (Q)| may be calcu-

Proof. By definition of the given semilattice D we have Q9 = {{27,26,25,24,23,22,21, D}} . If the fol-
lowing equality is hold D] = {27,26,25,24,23,22,21, [3} then [I° (Q16)| =[1(D)-

[See Theorem 1.1] Of this equality we have:
& (Q16 )| _ (2\26\23\ _1) ) 2\(23mzz)\z4\ .(2\25\z6\ _1).(3\23\@\ _ 2\z3\zz\).(5\zz\zﬂ —4‘22\21‘)-8‘“5‘ .

[See statement p) of the Lemma 2.2).]

Lemma is proved.

Theorem 2.2. Let DeX;(X,8) and Z,=@. If X is a finite set, then the number || (D)| may be calcu-
lated by the formula

1(D)|= I*(Q1)|+ I*(Q2)|+ I*(Q3)|+ I*(Q4)|+ I*(Q5)|+ I*(Q6)|+ I*(Q7)|+
1 (Q ) {17 (Quo)|+ 1 (Qu)| 17 (Qu ) +]1" (Qua)| + |1 (Qu)| +

Proof. This Theorem immediately follows from the Theorem 2.1.
Theorem is proved.

Example 2.1. Let X ={12,34}, D={1234}, Z,={23,4}, Z,={1,3,4}, Z,={2,4}, Z,={3,4},
Z,={4}, Z,=1{3}, Z,={2}, |I(D) =448

1(Qi)
I*(Q15)|+ I*(Q16)|

+
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