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Abstract

In this paper, using the tanh-function method, we introduce a new approach to solitary wave solutions for
solving nonlinear PDEs. The proposed method is based on adding integration constants to the resulting non-
linear ODEs from the nonlinear PDEs using the wave transformation. Also, we use a transformation related
to those integration constants. Some examples are considered to find their exact solutions such as KdV-
Burgers class and Fisher, Boussinesq and Klein-Gordon equations. Moreover, we discuss the geometric in-

terpretations of the resulting exact solutions.
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1. Introduction

The importance of nonlinear partial differential equations
(PDEs) appears in describing the nonlinear phenomena
in various fields of sciences. Many powerful methods
have been developed to find the exact solutions of non-
linear PDEs, among them inverse scattering method [1],
Hirota bilinear form [2], Painlevé analysis [3], direct
algebraic method [4], tanh-function method [5,6] and it’s
extensions [7-9] and the sine-cosine method [10,11].

Herman et al. [12] introduced a general physical
approach to solitary wave construction from linear
solutions and obtained many exact solution of nonlinear
PDEs using the direct algebraic method [4].

In this paper, we introduce a similar technique to [12]
using the tanh-function method to obtain exact solutions
for nonlinear evolution and wave equations. The first
step in the tanh-function method is using an independent
variable to turn the nonlinear PDEs into other nonlinear
ordinary differential equations (ODEs) which may or
may not be integrable and neglecting the integration con-
stants in case of integrable ODEs. Here, we add integra-
tion constants in the resulting integrable nonlinear ODEs.
Also, we use a new transformation in which we express
the solution function as a sum of another independent
function and a constant which are determined later. By
means of this modification, we get the exact solutions in
which a free constant appears which for some values
gives the solutions of the tanh-function method. When
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the resulting nonlinear ODEs is non integrable, we use
the transformation only to get the same exact solutions of
the tanh-function method.

2. Expanding the Tanh-Function Method for
Solving Nonlinear Equations

The tanh-function method, pioneered by Malfliet [5,6], is
a common powerful method for solving nonlinear equa-
tions. Here, we introduce a modification of the tanh-
function method through the following:

Consider the nonlinear evolution and wave equations
in the forms

P(u,ut,ux,u --)=0, P(u,u”,ux,uxx,--‘)=0, (1)

xx 2

respectively. Introducing the wave transformation

u(x,t):U(f),gK:k(x—a)t), 2)
to change (1) into a nonlinear ODE
o(u,u,u"u",--)=0, 3)

where k>0 1is the wave number and @ 1is the
travelling wave velocity.

Assuming (3) is integrated with respect to £ as many
times as possible without neglecting the integration
constants. For the evolution equations the maximum
number of integration is 1 and for the wave equations is
2. For reasons that will be explained below, we only
leave the integration constant of the last integration.
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To obtain the exact solitary wave solution, possibly
having a determined constant term ¢,, we introduce the
transformation

U=¢+c,. “)

Substituting (4) into (3) and setting the constant part
equals to zero in the resulting nonlinear ODE in ¢
assuming that the function ¢ and its derivatives have
the following asymptotic values,

¢(§)—>¢i as & — to, ®)]
and for n>1
" (&) > 0as & — o, (6)

where the superscripts denotes differentiation to the
order n, with respect to &, also we assume that ¢,
satisfies the algebraic equation in ¢, then we get the
values of ¢, .

Applying the tanh-function method by introducing the
new independent variable Y = tanh & which leads to the
change of derivatives in the forms

d_ (1- W)i’

d& dy

d’ d d’ @

=(1-7*)| 2r —+(1-7?)
de? dy dy?
and using the finite expansion
#(E)=5(Y)=Sa,r". ®
n=0

where m is a positive integer determined by the balan-
cing procedure in the resulting nonlinear ODE in S.
Thus, we have an algebraic system of equations from
which the constants k,@,a,(n=0,---,m) are obtained
and determine the function ¢, hence we get the exact
solutions of (1).

Now, we obtain exact solutions for some examples of
nonlinear evolution and wave equations using the
suggested method.

3. KdV-Burgers Class

Consider the KdV-Burgers class in the form

u +ouu +pu +yu =0, ©)

XXX

where «,f and y are real constants. The class (9)
gives the Burgers equation and the KdV equation at
y=0 and S =0 respectively.

3.1. Burgers Equation

Consider the Burgers equation in the form

u, +ouu_+ fu_ =0. (10)
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Using (2), for k=1, to change (10) into the following
nonlinear ODE

—oU'+aUU' + BU" = 0. (11)

Integrating (11) once to get a new nonlinear ODE in
the form

—a)U+%aU2+ﬂU’+ch:0, (12)

where ¢, C is the integration constant.
Introducing (4) into (12), we have

(aq —a))¢+%a¢2 + B4 +c (%acl +C—a)j =0. (13)

Using the conditions (5), (6) and that ¢, satisfies the
algebraic equation

(ac,—w)g, +%a¢f =0, (14)

then the constant term in (13) equals to zero,
¢ (%acﬁC—wj—O. (15)

Then we have the following two cases according to the
values of ¢, .

Case (1). ¢, =0:

Using (8), in this case we have

—a)S+%aSz+ﬂ<l—Y2)j—i:

0. (16)
Applying the tanh-function method by balancing the
nonlinear term S° with the derivative term %, we

get m =1, and using (8) we have
¢(§)=S(Y)=a0+a1Y. (17)
Substituting (17) into (16), we obtain

~o(a, +a,Y)+%a(a0 +aY) +pa (1-Y7)=0. (18)

Setting zero all the coefficients of Y” (n = 0,1,2) , We
get the algebraic system of equations

1
—a, +Eaa§ + fBa, =0,
—wa, +aaya, =0, (19)
1
Eaalz —fa, =0.

From which we have

.2,
o

a

a, 28 =B (0
[04

Using (4), we get the exact solutions of the tanh-
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function method in the form [13]

u, = i£+£tanh(x$2ﬂt), 1)
24 [94

these solutions represent 2-dimensional surfaces in the
Monge form as shown in Figure 1 for = f=1.

Case (2). ¢ zz(a)—C):
a

Using the same way as in Case (1), we obtain the
exact solutions in the form

U, =M+£tanh(x—(2ci 28)t). (22)
o o

These relations represent surfaces whose Gaussian
curvature K and mean curvature H are given by (23)

Thus the solutions (22) represent a family of parabolic
surfaces (K =0,H #0) , and a family of planes
(K=H=0) at x=(2CF2p)t as shown in Figure 2
for C=0,tl,a=p=1; when C=0, we get the
solutions (21).

3.2. KdV Equation

Consider the KdV equation in the form
u, +ouu, +yu. . =0. (24)

XXX

Using (2), for k=1, to change (24) into a nonlinear
ODE, then integrating once, we obtain

—a)U+%aU2 +yU"+¢,C =0, (25)

where ¢,C is the integration constant.
Introducing (4) into (25), we get

(ac —w)¢+%a¢2 +y9" +¢ (%acl +C—a)j =0. (26)

Using the conditions (5), (6) and (14), we get (15),
hence we obtain the following two cases according to the

values of ¢, .

Case (1). ¢, =0:

In this case, we get the exact solutions of the tanh-
function method in the forms [14]

4y 12
u, =—7——ytanh2(x+4}’t),
(24 a
12y 12 @7
uy ==L - Lt (x—4yt),
a a

these solutions represent 2-dimensional surfaces in the
Monge form as shown in Figure 3 for o =y =1.

Case (2). ¢, = z(a)—C) :
a

In this Case, we have the exact solutions in the forms

(28
u, :g—%tanhz(x—(2c+47)t).

These relations represent surfaces whose Gaussian
curvature K and mean curvature H are given by (29)

Thus the solutions (28) represent a family of parabolic
surfaces (K=0,H #0), and a family of planes
(K=H=0) at x=(2CF4)t+cosh'(2) as shown in
Figure 4 for C=0, l,a=y=1; when C=0, we get
the solutions (27).

3.3. KdV-Burgers Equation

Consider the KdV-Burgers equation in the form:
u, +ouu, + pu, +yu, =0. (30)

Using (2) to change (30) into a nonlinear ODE, then
integrating once

—U +%aU2 +BkU +yk°U +¢,C=0, (31)

K,, =0,
y —Zazﬁ(l+4C2—8Cﬁ+4ﬁ2)sech2(x—(2C$2ﬂ)t)tanh(x—(2C$2,B)t) -
12 = 3 >
(a2 +4f%(14+4C* ~8Cf + 4 ) sech’ (x—(2C$2ﬂ)t))2
K ,=H,=0atx=(2CF2p)t.
K, =0,
120 B(1+4C? ¢16C7/+1672)sech4(x—(2C$4;/)t)(—2+cosh(x—(2C$4;/)t )
H1,2 = Bl (29)
(o/ +576 (1+4C* $16Cy +16 )sech® (x—(2C$47)t)tanh(x—(2C$47)t))2
K ,=H,,=0atx=(2CF4)r+cosh'(2).
Copyright © 2011 SciRes. AM
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Figure 1. u; and u, in (21).

Figure 2. u; and u, in (22).

Figure 3. u; and u, in (27).

Figure 4. u; and u, in (28).
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where ¢,C is the integration constant.
Introducing (4) into (31) we have

(ac,—w)¢ +%a¢2 + pkg' + vk
1 (32)
+¢ (Eacl +C— a)) =0.

Using the conditions (5), (6) and (14), we get (15),
then we get the following two cases according to the
values of ¢, .

Case(1). ¢, =0:

In this case, we get the exact solutions of the tanh-
function method in the forms [13]

2
2 2
u =- 35 1—tanh £Ex+6ﬁ tj ,
25ay 10y 25y
2
2 2 2
uz=%— 35 1-tanh b x—6ﬂ t ,
25ay  25ay 10y 25y

these solutions represent 2-dimensional surfaces in the
Monge form as shown in Figure 5 for a ==y =1.

Case (2). zz(a)—C):
a

In this case, we have the exact solutions in the forms

u = £—ill— tanh[i[x—wt]ﬂ )

a 25ay 10y 25y
y 2 2C 128
o 25ay

nﬁiP%m%iib_ﬂiﬁﬂﬁqﬂ,
25ay 10y 25y
34)

These relations represent surfaces whose Gaussian
curvature K and mean curvature H are given by (35)
where a,a,,k and o are given in (34), thus the
solutions (34) represent a family of parabolic surfaces
(K =0,H # O) , and a family of planes (K =H= 0) at

x:wt+%sinh’l(—3/4) as shown in Figure 6 for

C=0,l,a=y=1; when C=0, we get the solutions
(33).

4. Fisher Equation
Consider the Fisher equation
u,—uxx—u(l—u)=0. (36)
Using (2) to change (36) into the nonlinear ODE
—0kU'-k*U"—u(1-u)=0.  (37)
Introducing (4) into (37), we get
—wkd' —k>¢" + (2c1 - 1)¢ +¢" +¢ (c1 - 1) =0. (38)

Using conditions (5), (6) and that ¢, satisfies the
algebraic equation

(20, -1). +2 =0, (39)
then the constant term in (38) equals to zero
¢ (¢ -1)=0. (40)

Then we have the following two cases according to the
values of ¢, .

Case (1). ¢, =0:

In this case, we get the exact solutions of the tanh-
function method in the form [14]

u , —%[litanh[%[xi%t)ﬂ ) (41)

these solutions are plotted as shown in Figure 7 for

a=p=1.
Case (2). ¢ =1:
In this case, we get the same exact solutions (41).

5. Boussinesq Equation

Consider the Boussinesq equation in the form

u, —u, + a(u2 )xx +pu,_.. =0. (42)

Using (2), for k =1, to change (42) into the nonlinear
ODE, we get

—K? (1 o )sech4 (k(x- a)t))(—4a2 +2a, cosh 2k (x - @t))+a, sinh (k(x - wt))) 35)
3o
2(1 R (1 g )sech6 (k(x—a)f))(a1 cosh(k(x—a)t))+ 2a, sinh(k(x—a)t)))z)z
K,,=H,, = 0atx = ot +isinh71(—3/4),
AM
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-0.1
u -0.2

Figure 5. u; and u, in (33).

Figure 6. u; and u, in (34).

1.0

u 0.5

Figure 7. u, and u, in (41).

(& 1)U +a(U?) +pUm=0.  (@43)

Integrating twice and leave the integration constant of
the last integration, we have

(m2 —1)U +aU+ BU"+¢,C=0.  (44)
Introducing (4) into (44), we obtain
(20(01 +o° —1)¢+a¢2 +p¢"+¢, (ozc1 +C+o’ —1) =0.

(45)
Using the conditions (5), (6) and that ¢, satisfies the
algebraic equation

20, + @ 1)@, +apl =0, (46)
( )

Copyright © 2011 SciRes.

then the constant term in (45) equals to zero
o (aq +C+a’ -1)=0. (47)

Then we have the following two cases according to the
values of ¢, .

Case(1). ¢, =0:

In this case, we get the exact solutions of the tanh-
function method in the forms [15]

U, Z%—%tanhz[xiﬂl+4ﬁt:|,

Usy = % 6b tanhz[xiﬂll —4,6’1},

a

(43)

these solutions represent 2-dimensional surfaces in the

AM
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Monge form as shown in Figure 8 for o =1, f==1.
Case (2). ¢, = i(1 -’ —c) :
a

In this case, we get the exact solutions in the forms

U, :C+—2'B—%tanh2(Xi\ll+4ﬂ—2Ct),

“ (49)
C+6 6
sy = s ——aﬁ tanhz(xi«/1—4ﬂ—2Ct).

These relations represent surfaces whose Gaussian
curvature K and mean curvature H are given by (50)(51).
then the solutions (49) represent a family of parabolic
surfaces (K =0,H #0), and a family of planes
(K=H=0) at

X = 141—4ﬁ—2ct+%cosh71(2) ,

x=TF1+4p5-2Ct +%cosh’l(2) as shown in Figure 9
for C=0,1 and a¢=1,=4=1; and when C=0, we
get the solutions (48).

6. Klein-Gordon Equation

Consider the Klein-Gordon equation in the form
u, —au_ +Bu+yu’ =0. (52)
Using(2) to change (52) into the nonlinear ODE
i (e —a)U"+,BU +yU=0.  (53)
Introducing (4) into (53)
K (0)2 —a)¢" +(ﬂ+3ycl2 )¢+3ycl¢2
+14 +c (ﬁ+ycf): 0.

Using the conditions (5), (6) and that ¢, satisfies the

(54

algebraic equation
(B+37¢l)p.+3rcid. +14. =0, (55)
then the constant term in (54) equals to zero
a(p+re)=0. (56)

Then we have the following two cases according to the
values of ¢, .

Case (1). ¢, =0:

In this case, we obtain the solutions of the tanh-
function method in the form [7]

U, =i\/ztanh( f#(x—wt)],
’ 4 0" -a)

L > (.

2(0)2— )
these solutions are plotted as shown in Figure 10 for
a=p=-y=1 and w=2.

Case (2). ¢, == /—ﬁ :
I

In this case, we get the same exact solutions (57).

(57

7. Conclusions

In this paper, we introduced a new technique, by adding
an integration constant and a new transformation (4) then
using the tanh-function method, to obtain exact solitary
wave solutions in case of the nonlinear evolution and
wave equations that turn into nonlinear integrable ODEs
using the wave transformation (2).

By this technique, we obtained exact solutions of the
Burgers equation in (22), the KdV equation in (28), the

126°5(2f+1-C) -2+ cosh (2 v T+ 45 -2t sech” (2(x2 T+ 45 -2C1)

o’ +11528 (1428~ C)sech (2(x$ ./1+4ﬁ-2c;))tanh2(2(x; ./1+4ﬁ-2Ct)))

, (50)

o | w

KLQ = H1,2 =0atx= 1m1‘+%cosh*1(2)’

K,,=0,

—1202B(2B -1+ C)(—2+cosh(2(xir Jl—4ﬁ—2Ct)))sech4 (2(xim/1—4ﬁ—2Ct)

~—

H,, =

o’ 111528 (1—2ﬂ+C)sech4(2(xi,/1—4/3—2Ct))tanh2(2<xi,/l—4,8—2Ct))

; &3]

~———
[SRE)

Ky=Hyy=0atx=% 1+4/’7—2Cf+%cosh71(2),

Copyright © 2011 SciRes.
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Figure 10. u; and u, in (57).

KdV-Burgers equation in (34) and the Boussinesq equation
in (49) which all give the exact solutions obtained before
by the tanh-function method as a special cases [13-15].
Moreover, we discussed the geometric interpretations of
the resulting exact solutions.

Also, we get the same exact solutions by using (4)
then using the tanh-function method. In case of the
nonlinear evolution and wave equations that turn into
nonlinear non integrable ODEs using (2), Fisher and
Klein-Gordon equations are considered to illustrate our
technique.

The presented technique can be applied to obtain exact
solutions for many nonlinear evolution and wave equa-

Copyright © 2011 SciRes.

tions.
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