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Abstract

In this paper, we prove some generalizations of results concerning the Enestrom-Kakeya theorem. The re-
sults obtained considerably improve the bounds by relaxing the hypothesis in some cases.
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1. Introduction and Statement of Results

The following result due to Enestrom and Kakeya [1] is
well known in the theory of distribution of the zeros of
polynomials.

Theorem A. If P(z):=3"_a

degree n such that

;2! is a polynomial of

a,>a,,;>a,,>--2>a 2a, 20,

then P(z) does notvanishin |z|>1

In the literature, [2-8], there exist extensions and ge-
neralizations of Enestrom-Kakeya theorem. Joyal, La-
belle and Rahman [9] extended this theorem to a poly-
nomial whose coefficients are monotonic but not neces-
sarily non negative by proving the following result.

Theorem B. Let P(z):=
of degree n such that
a,2a,,2a,,>2>3a >4a,,
then all the zeros of P(z) liein

2

Dewan and Bidkham [10] generalized Theorem B and
proved the following:

Theorem C. Let P(z):=

of degree n such that for some t>0 and 0<A4<n,
at"<a "t <..<ati>a, t"t>..>ta >a,,

then P(z) has all the zeros in the circle

t 2a 1
| (B-a e nl-a)}
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>" a.z' be a polynomial
j=0""] poly

—|al|{ — 2 +[ag}-

i .
Z, _,2;2" be a polynomial

By using Schwarz's Lemma, Aziz and Mohammad [11]
generalized Enestrom-Kakeya theorem in a different way
and proved the following:

Theorem D. Let P(z):=

of degree n with real positive coefficients. If t, >t, >0
can be found such that

al'tlt2+ar—1(t1_t2)_ar_2 ZO,fOr r 21,2'...,n+1
(a—l = a'n+l = O)a

>" a;z' be a polynomial
j=0 j p y

then all the zeros of P(z) liein |z|<t,

Aziz and Zargar [12] also relaxed the hypothesis of
Enestrom-Kakeya theorem in a different way and proved
the following result.

Theorem E. LetP(z):=
of degree n such that for some K >1,
, 22 2a,>0,
then all the zeros of P(z) liein
|7+ K -1 <K.

J .
Z, _2;2' be a polynomial

Ka,>a,,>a,

While studying Theorem E, a natural question arises
that what happens if we relax the hypothesis of Theorem
D in a similar way and only assume that

att,+a_(t,-t,)-a_,>0,for r=23,--n

In this paper, we study such a case and prove a more
general result from which many known results follow on
a fairly uniform procedure. Infact we prove:

Theorem 1. Let P(z)::Z?:Oajzj be a polynomial

of degree nsuch that «; =a; +ib; where a; and b;,
j=0,1.--,n are real numbers and if t >t, >0 can be
found such that for r =2,3,---,n
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artltz + ar—l (tl _tz ) - ar—Z 2 0,

btt, +b, ; (tl -1, ) -b,_, >0,
and for some K=>1,
Ka,(t, —t,)—a,_ 120
Kb, (t, -t,)-b,, >

then all the zeros of P(z) lie in |z+(K—1)(t1—t2)|
<R,
where

R= %{K(an b,)(t,—t,)+(a, +b, )1, _(a1+b1)t;21

—(3 +by)

N B

tZ
(e}

The following interesting result immediately follows
from Theorem 1, if we assume that all the coefficients of
the polynomial P(z) are real.

Corollary 1. Let P(z):=3"_a

of degree n with real coefficients. If t >t,>0 can be
found such that

art1t2 +a, (t1 _tz ) -
and for some K >1,
Ka, (t,

J' -
2’ be a polynomial

a,_,=20, for r=2,3,---,n

-t,)-a,, >0,

then all the zeros of P(z) lie in |z+(K-1)(t,~t,)

<R,

where
1

R'=—<Ka,(t,-t,)+a,t, -
et

t, 1
t1n -1 t1n -1

1 t
+latit, + 3 (4, —t, )|t1—n+|a0|t1—§}.

Remark 1. If we assume that all the coefficients of
P(z) are real and positive, then for K =1, Corollary 1
satisfies the statement of Theorem D and a simple calcu-
lation shows that in this case also all the zeros of P(z)
liein |z <t,.

Next, if in the Theorem 1, we take t, =0 and assume
that coefficients to be real, we get the following:

Corollary 2. Let P(z):= Z?zoajzj be a polynomial

of degree n with real coefficients. If for some t>0 and
K>1,
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ET AL.

Kat'>a ,t"">a t"?>...>at>a,,

Ll a0
t" tn

Remark 2. If we put t=1 in Corollary 2, we get the
result due to Aziz and Zargar [2] and for t=1, K =1,
Corollary 2 reduces to Theorem B.

We next prove the following more general result
which is of independent interest.

Theorem 2. LetP(z)::ZLOajzj be a polynomial

of

degree n such that «; =a;+ib; where a; and b,
j=012,---,n are real numbers. If t, >t,>0 can be
found such that for r=2,3,---,n+1

att,+a,_,(t-t,)-a
btt, +b,_, (t, —t,)-
and for some real numbersu and v,
ua, (t, -t,) -
vb, (t,—t,)=b

then all the zeros of P(z) liein

)|

then all the zeros of P(z) liein

|z+ K-1 t| [Ka
la|

20,
b,_,>0,

u>1lv=>1
>0,

nl—

>0,

n-1 =

ua, +ivb

n—-n _ 1]
an
where

R, :iﬁ(uan +vb, ) (t, -t,)+(a, +b,)t, —(a1+b1)t1:21

(89 +by )5+ (Jatit, +ag (& —t, )| +[bityt, +by (t, - t)|):

t
+(|ag| +|bo|) 2}
(12| |)t1

If in Theorem 2, we take
— an—l bn—l
Ca(t-t) b, (t,-t,)’
sothat u>1,v>1, we get the following:
Corollary 3. Let P(z):= ZJ _;2' be a polynomial

of degree n such that «; =a; +ib; where a; and b;,
j=012,---,n are real numbers. If t, >t,>0 can be
found such that

artltZ + ar—l (tl
att,+a ,( -t,)-a,_,<0,for r=n+l

btt,+b, ,(t -t,)-b, ,>0,for r=23,---)n

and v =

~t,)-a,,>0,for r=23,---,n
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btt,+b_,(t, —t,)—-b,_, <0, for r=n+1,
then all the zeros of P(z) liein

=2 - (4 -t <

(@, +b, )+ (3, +by))-

ol

245 (t -t <

n

Remark 3. A result of Shah and Liman [7, Theorem 1]

’ is a special case of Corollary 3, if we assume that all the
coefficients of P(z) are real.

where The following result also follows from Theorem 2, if

«_ 1 t, we assume that t, =0 and t, =1.]
R]_ = m{(an +bn)t2 +(an—1 +bn71)_(a1 +bl)t1nfl Coro”ary 4. Let P(Z): = Z?:oajzj be a pOIynomiaI

1 1 of degree n such that «; =a; +ib; where a; and b;,
—(a, +bo)F+|a1t1t2 +, (4~ 1, )|tl—n+|blt1t2 +hy (t,~t,)| j=0,1,2,---,n are real numbers. If for some u>1and
v>1,

tZ
el

ua,>a,, >--->a,20,
1 b, >0

vb, > b

In particular, if then all the zeros of P(z) liein
att,+a_(t,-t,)-a_,>0,for r=12.---,n

nl—

ua, +ivb, _4  a, +Vb,
an

att,+a_(t,—t,)—-a_,<0,for r=n+1, |

btt, +b.,(t ~t)=b,, 20, for r=12,n Many other known results and generalizations simi-
btt, +b,, (t —t,)—b,_, <0, for r=n+1, larly follows from Theorem 2 with suitable substitutions.

We leave this to the readers.
then

att, +a, (4, —t,)>0, 2. Proofs of the Theorems

biLt, +Dy (tl _tZ) =0 Proof of Theorem 1. Consider the polynomial
and we get in this case all the zeros of P(z) liein

f(z)=(t,+2)(t,—2)P(z)
= -0, 2" +(a, (t, ~t,)— @, ) 2" + (bt + @y (4 ) — @, ) 2"+

(aztlt +ay (4 —t,) =y ) 2% +(att, + o, (t, - 1,)) 2+ ot (1)
=, 2" ~(K=1)a, (t, 1) 2" +(Ka, (4 ~t,) =1 ) 2" + oty + ety (b —t) =t ) 2" 40

(aztit +a (t—t))—ay ) 22 + (et + a (f — 1)) 2+ atit, )
= —a,2"* - (K-1)a, (t, -t,) 2" +(Ka, (t, -t,)—a,, ) 2" +(att, +a,, (t —t,)-a,,) 2" +..

+(att, +a (4 —t,) =3, ) 2 + (At + 8y (t, —t,)) 2+ agtt, +i[ (Kb, (&, —t,) b, ;) 2" +

(it b,y (4 =1, )=, ) 2"+ (oytyt, +by (1 —t,) =1y)2” + (st +Dy (1, —t, )) Z+ bytt, |
This gives
|F(2) 2 |e] 4

n+1 n+1

2+(K-1)(t -t,)|—|Ka, (t, -t,)—a, ||7]"" ~[a.tt, +a,, (t, —t,)—a, ,[|7" -
—|a2t1t2+a1(t1—t2)—ao||z| _|alt1t2"'ao(ti_tz)HZ'_|a<3t1t2|_|:|Kbn(tl_tz)_bnfl|Zn+l
2+ (6 —t)=b |2+ + byt +y (1, - t,) b0||z|2+|blt1t2+b0(t1—t2)||z|+|b0t1t2|].
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o= ([Ka, (t-t,) -2 ~t,)=b,4[)~(

+|bnt1t2+bn71(t1_tz)_bn72|)i_"‘_(|azt1t2+al(t1_t2)_ao|+|bzt1t2+b1(t1 t,) |) 1
7 7

a‘ntltz + an—l (ti _tz ) —a,

= n”{ |z+ K -1)(

_(|alt1t2+ao(t1_t2)|+|b1t1tz+bo(t1 t |)| | (|a0t1t| |b Lt |)| |n+l }
For |z|>t,, we have by using hypothesis

[t e (<2
-

_(|azt1tz +ai(t1_t2)_ao|+|bzt1t2 +b1(t1_t2)_

(|Ka t-t,)-a

bn—l )

2+bn-1(t1_t2)_b -2
1

b|) =t
)H

(|a1t1t +a(t,-t,) | |blt1t +by (t,—t,) |)tlin—(|a0t1t2|+|b0t1t2|)ﬁ }>0,

antitz +an—1 (tl _tz)_an 2|t

if

|z+(K—1)( -

—t,)+ Kbn(g—t2)+ant2+bnt2—a1t:—2—b1t—2—i—b—°

(it + 2 bt )t s 1))l Pl

Therefore, for |z|>t,, |f(z)>0, if

1
- by )=
(a+ )t1

2+ (K -1)(t,~t,)| >ﬁ{K(an +b,)(t —t,)+(a, +b,)t, —(ai+bl)t;21

1 t
(|ait1t +3, (t —t,)| +[bitst, +by (8 —t, |)tl_n+(|ao|+|bo|)tl_i}_
Hence all the zeros of f (z) whose modulus is greater than t, lie in the circle

|z+<K—1><t1—tz>|s|jn|{K(an+bn)<t1—tz>+<an+bn)tz—<a1+bl)t1§i :

_ bO —
(a+ )t1

it (st -t ) )

Since all the zeros whose modulus is less than t, already lie in this circle, we conclude that all the zeros of f (z) and
therefore P(z) liesin

1 b op) L
|Z+(K—1)(t1—t2)|_|an|{K(an+bn)(t1—t2)+(an+bn)t2—(a1+bl)t1n1 (ao bO)tin—l

+(Jautt, +a (t,—t, )] +[bitt, +by (& -1, |)gi"+(|a°|+|b°|):1_§}'

This completes the proof of the Theorem 1.
Proof of Theorem 2. Consider the polynomial

Copyright © 2010 SciRes. AM
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f(z)=(t,+2)(t,—2)P(z)
= -, 2" +(a, (t, ~t,) — a4 ) 2" + (et + 2y (4 1) — @, ) 2" +...
(azﬁt +ay (4 -t,)- ao)z +(aatit, + e (4~ t))2+aot1t2
= -, 2" +(a, (t, -t,) -2, ) 2" +(a bt +a,, (L —t,)-a,, ) 2" +..+(att, +a (t, -t,) -3y ) 2*
(altit +3, (t,—t,)) Z+ Aty +i[ (b, (t —t,) =B, ) 2™ + (bt b, 4 (L —t,)=b, ;) 2" +---
(2t1t +b1(t1 tz) bo)z +(b1t1t2+b0(t1—t2))2+b0t1t2]
=—a,2"? —(u-1)a, (t -t,) 2" +(ua, (t, -t,)—a,, ) 2" +(att, +a,, (4 —t,)—a,,) 2"+
+(a,tt, +a, (t —t,)—ay ) 22 +(att, +3y (t, —t,)) 2+ a.tt, +|[ (v=1)b, (t, —t,) 2" +(vb, (t, -t,)—b, ) 2"
+(btyt, +b, (4 —t,) =, ) 2" +..+ (bytt, +by (1, —t,) —by ) 22 +(b1t1t2+b0(t1—t2))z+b0t1t2]
:—anz”*2+{—(uan+ivbn)+an}(t1—tz)z"*l+(uan(ti—tz)—anfl)z"“+(ant1t2+an71(t1—t2)—an72)z”+---
+(azt1t2+a1(t1_tz)_ao)zz+(ait1t2+ao(t1_t2))z+aot1tz+i[(Vbn(t1_t2)_bnfl)Zn+l+

(btit, +b,, (t,—t,)=b,, ) 2" +---+(bytit, + by (t, —t,) —by ) 2° +(bytt, +by (1, —tz))z+b0t1t2] :
This gives

|1 (2)] 2]a |7 z+(t1—t2)[ua” +Ivb, —1J ~Jua, (t, ~t,)—a, ||z ~|a.tt, +a. (t —t,)—a,||z"
—|a2t1t2+a1(t1—t2)—a0||z|2—|a1t1t2+a0(t1—t2)|| - ( - 2)_bn 1 |Z|n+1
12 +bn—1(t'1_t2)_bn—2 |Z|n _"'_|b2t1t2 +b1(t1_tz)_bo||z|2 _|b1t1tz +bo (ti_tz)||z|_|bot1t2|'
n+1 i b
:|z| {|an| z+(t1—t2)(ua" +ivb, _1J —(|Uan (tl_tz)_an71|+|Vbn (tl—tz)—bn,l)

1

B B

ant1t2+an—1(t1_t2)_an 2|t 2+bn71(t1_t2)_

bnfz )|_1-|_'”_(|a:lt'lt2 +a, (t'l _tz )| +|blt’lt2 +bo (ti _tz )|)
1
() |
For |z|>t,, we have

|f(Z)|2|Z|n+1{Z+ _tz)(uan;rlvb B J bnfl)

_(|ant1tz+a (L -t,) n2| |bt1t +b,_ (tl_tz)_bn—2|)%_“'_<|ait1tz+ao(t1_t2)|+|b1t1tz+b0(t1_t2)|)tlin

o, (|u,

ti t) n(tl_tZ)_

[l ) }

By using hypothesis, this gives

nel ua, +ivb,
[t (2)|= || {z+ tl—tz)( o J

Copyright © 2010 SciRes. AM
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_(|a1t1t2 + 3, (ti -1 )| +|b1t1t2 +D, (ti -t )|)t1in_(|ao|+|bo|)
if

24t _tz)[uan +ivb, _1J
a

n

o

t—i}>0,
4

> i{(uan +vb ) (4, —t,)+(a, +b,)t,

1
—(ao+bo)tn—_1
1

t2
_(a'l +b1)tln—1

+(|att, + 2 (t —t, )| +ott, +by (1, -t,) |)—+(|a0|+|b |)t1—2}

Hence all the zeros of f (z) whose modulus is greater than t, lie in the circle

24 (4 _tz)[uan +ivb, 1}
a

n

+(|atit, +ag (& —t, )|+ oty +by (t, -

" |{ (ua, +Vh )(tl—tz)+(an+bn)tz—(ai+b1)t;2_1

1
F

—(ay +1y)

1 t,
) e -

Since all the zeros whose modulus is less than t, already lie in this circle, we conclude that all the zeros of f(z) and

therefore P(z) liesin

+(t1—t2)[ua” +ivb, _1J <R,
an
where
1
= o)) () ()
n
t2
(al+ s -
This proves Theorem 2 completely.
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