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Abstract

A control problem containing support functions in the integrand of the objective of the functional
as well as in the inequality constraint function is considered. For this problem, Fritz John and Ka-
rush-Kuhn-Tucker type necessary optimality conditions are derived. Using Karush-Kuhn-Tucker
type optimality conditions, Wolfe type dual is formulated and usual duality theorems are estab-
lished under generalized convexity conditions. Special cases are generated. It is also shown that
our duality results have linkage with those of nonlinear programming problems involving support
functions.
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1. Introduction

Optimal control theory, which is an extension of calculus of variations is a mathematical optimization method
for deriving control policies. In essence, an optimal control is set of differential equations describing the path of
the control variables that minimize the cost functional. Mond and Hanson [1] were the first to formulate a con-
trol problem as a mathematical programming problem and studied Wolfe type duality for the same under con-
vexity of the function involved in the formulation. Subsequently a number of duality results for a control prob-
lem involving differentiable functions were obtained, for example, in the references [2]-[5]. There exist applica-
tions of optimal control with nondifferentiable terms which appear in the problem of friction. This motivated
Chandra et al. [2] to study optimality and duality for a class of nondifferentiable control problem containing the
square root of certain quadratic form in the integrand of the objective functional. The popularity of this type of
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mathematical programming problem seems to originate from the fact that even though the objective functions
and/or constraint functions are nonsmooth, a simple representation for the dual may be found. Non smooth ma-
thematical programming theory deals with much more general functions by means of generalized subdifferential
[6] and quasidifferential [7]. However, the square root of a positive semidefinite quadratic form and support
function are of the few cases of a nondifferentiable function for which subdifferentials can explicitly be written.

In this research we introduce a control problem with a support function in the integrand of the objective func-
tional and each inequality constraint function. Optimality conditions for this nondifferentiable control problem
are derived and Wolfe type duality is investigated under pseudoconvexity. Special cases are generated. The lin-
kage between our results and those of nonlinear programming problem containing support function is also indi-
cated.

2. Control Problem and Preliminaries

We introduce the following control problem involving support functions:
(CP): Minimize: j{f(t,x,u)+s(u(t)||<)}dt.
|

Subject to
x(a)=a, a(b)=4 @)
x(t)=h(t,x,u), tel @)
g’ (txu)+s(x(t)C')<0, tel, j=12--,m ®3)
where

1) x:1 —R" is a differentiable state vector function with its derivative x and u:l — R™ is a smooth
control vector function.

2) R" denotesan n-dimensional Euclidean space and | =[a,b] is a real interval, and

3) f:IxR"xR™ >R, g':IxR"xR™" >R, j=12,---,m and h:IxR"xR™ — R" are continuously
differentiable.

4) s(x(t)|K) and s(x(t)|cj),j:1,2,---,m are the support function of the compact set K and

C'(j=12,--,m) respectively.
Denote the partial derivativesof f by f, f and f ,
of of of of of of of
ftz_y X — _11_21”'1_ y Iy = _11_2!'“1_ ’
ot ox- OX ox" ou” ou ou™
where superscript denote the vector components. Further X represents the space of continuously differentiable
state functions x:1 — R" suchthat x(a)=0 and x(b)=0 and is equipped with the norm | x| =|x|_+|D,]. .

and U , the space of piecewise continuous control vector functions u: 1 — R™ having the uniform norm ||| .
b
The differential Equation (2) with initial conditions expressed as x(t) = x(a)+jh(s, X(s),y(s)ps tel may

be written as H, =H (x,y), where H:XxU — C(I,R"),C(I,R” being the space of continuous function
from 1 to R" definedas H(x,y)(t)=h(t,x(t),y(t)). In the derivation of these optimality condition, some
constraint qualification to make the equality constraint locally solvable [2] is needed for this and hence, the
Fréchet derivative of D, —H (x,u)=Q(x,u), (say) with respectto (x,u), namely

Q' =Q'(xu)=[D-H,(xu),-H, (x,ug] are required to be subjective. We review some well known facts
about a support function for easy reference. Let " be a compact convex set in R". Then the support function

of T denoted by s(x(t)|F) is defined as, s(x(t)|F) = Max{x(t)T v(t):v(t)el, te I}.
A support function, being convex and everywhere finite, has a subdifferential in the sense of convex analysis,
that is, there exists z suchthat s(y(t)[T') = s(x(t)|T)+z(t)" (y(t)-x(t)) forall x.
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As in [8] the subdifferential of s(x(t)|r) is given by s(x(t)|1“)={z(t)el":z(t)T x(t)=s(x(t)|F)}. Let
Ny (x(t)) benormal cone atapoint x(t)eI.Then y(t)eN.(x) ifand only if s(y(t)|F)=x(t)T y(t) or
equivalently, x(t) isin the subdifferential of s at y(t).

3. Optimality Conditions

In this section, we derive necessary optimality conditions of both Fritz John and Karush-Kuhn-Tucker type for
the control problem (CP) stated in the preceding section.

Theorem 1. (Fritz John Conditions): If (X,U) is an optimal solution of (CP) and the Fréchet derivative
Q' is surjective, then there exist Langrange multipliers o € R and piecewise smooth
Al >R™ u:l >R, z:1 >R™ and @':1 —R" such that

af (t,X,0)+ i AT(t)(9) (6X,0)+ 0 () +p(t) h, (LX,0)+4(t)=0, tel 4
af, (tX,0)+ A7 (1) g, (L X,T)+u(t) h (X,T)=0, tel )
if(t)(gg(t,m)HT(t)wi(t)):o, tel ©)

1T (H)z(t)=s(x(t)|K), tel @

x()o! (t)=s(x(t)|C’), j=12--,m, tel 8)

Z(t)eK, wj(t)eCj, j=12,---,m 9)

(a,A(t))=0, tel (10)

(a,A(t), u(t)) =0, tel. (11)

Proof: The problem (CP) may be expressed in its abstract version as
(ECD): Mi?irr)lize¢(x,u) =F(xu)+y(x)
subject to
D, =H(xu)
G(x,u)es
where F(x,u) J'f(t x,u), w(u )=js(u(t)|K)dt, G:(X xU)—)C(I,Rm) is given by (foralltel),
|

Gl (xu)(t)=g’ (t,x,u)+s(x( )c j),j=1,2,---,m and S:C+(I,Rm);thenonnegativeorthantof C(I,R“).

By the result of [9] it follows that there exist Langrange multipliers a R, peS* (the dual of S)and v
in the dual space of C+(I,R'”) satisfying

0eadp(X,0)+0(p"G(X,0))+dv" (DX—H (X,T)) (12)
p'G(X,U)=0, (13)

(a,p)20 (14)

(e, p,0)#0. (15)

The condition (12) reduces to
Oe{aF, (xu)} +{pTG)1( (x,u)} +0p'G? (x,u)+{uT (D-H, (YU))} (16)

()
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Oe{aF, (X,0)}+0(ay(u))+pG)(X,0)+{v"H, (X,0)}. 17)

Since f is continuously differentiable function of x and u, F(x,u) is Fréchet differentiable with re-

spectto (x,u). The partial derivatives of F with respectto X and u, denoted by F (X,U) and F, (X,T)
respectively, are given by

(Vpe X) F(xu)p=[f, (tx0)p(t)+ f (tX,T)p(t)dt (18)

(vae X) F,(xu)a=[f,(txu)q(t)dt. (19)

Similar results for g and h asfor f can be given. Assume now subject to later validation that, o e S”
can be represented by measurable function A:1 - R™ with 1= (/11,/12,~~-,/1m) satisfying

(veec(1,R")), (p.&)=[A(t) &(t)at. (20)
Define the convex function 7, :R" - R by 7, (u)= s(u(t)| K). From [2] its subdifferential,
on, (v)= {z|z eK, n(u)= uTz}.
Now Q(x)= [, (u)dt. From ([6], Theorem 3), we have

yedQ(U) < {(Vt el),o(t)eon (T).(y.v)= Ia(t)T u(t)dt} (21)

with o :1 — R" measurable, namely a(t)T =z(t), tel from (16).
Let £(t,x(t))= s(x(t)|C(')), where s(x(t |C(')) denotes the vector support function whose j" compo-

nent is s(x(t)|C“)).Then
pTE(X) = [A(1)" & (L x(t))t. (22)
I
Denoted by &, the Clarke generalized gradient [6] with respectto x. Then

. (A1) £(tx(v) %ac(ﬂi (0)(£ (tx(1) :ji_lw (V). (som (41 (1) € (t.x(1)))
:gw (t]san (27 (1)), (£ (t.x(1)))-

The above is possible by using the representation of o, (.) as the convex hull of limit of points of gradients
at smooth points near x.Here ) denotes the algebraic sum of sets. Since &' (t,.)= s((.)|Cj) is convex, we
have for each je{1,2,---,m},

(23)

0. ()" (tx(1)) = 08" (t.x(1) = {e’ (V] (1) e CL & (t,x(1) =X (D)@' (1), te . (24)
From [10], it implies that q ea(pT )(x) if and only if these exists a measurable function p:1 —R"
such that
(vtel), q(t)ed.£(tx(1)); (YpeX), (a,p(t))=[A(t)" o(t)p(t)dt.
Now

Consider,
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= [(#()" b+ () pott (usingue(a) =0= u(b)). »
Using (18), (25), (26), we hav;
J.{af (t.X, U)+Zm‘1/1] (t)(9) (LX,T)+ @’ (1))+u(t)"h, (t,Y,U)+p(t)}p(t)dt =0. (27)
Since the integral values for any v e X , by Lemma 2 ([11], p. 500), it follows that
af, (t,Y,U)+ilj (t)(9) (LX,0)+@' (1)) +u(t) h (tX,0)+i()=0 tel. (28)

j=1

The cited lemma assumes that the expression in the square bracket of (27) is piecewise continuous, but this
readily extends to measurable. This validates (4). On the basis of analysis needed to validate (28), we can easily
establish

f(LX,0)+2()+A(t) g, (LX,T)+u(t) h (1)=0, tel.

Also Zm:ﬁjGj(Y)zo along with x(t)" @' (t)=(x(t)|C’) of (24) yields
=

|-

ilﬁi ()] a' (tx().

j=1

(1)+X()" @ ) jo ()t =0

By the application of the above-cited lemma, this gives (6) i.e.
iﬁj(t)[gj(t,Y(t)li(t))W(t)Ta‘)" (t]=0. ter.
j=1

The remaining proof of the theorem easily follow on the lines of the proof of Theorem 4.1 of [2].

Hence the above analysis established the theorem fully.

Chandra et al. [2] pointed out if the optimal solution for (CP) is normal, then the Fritz John type optimal con-
ditions reduce to the following Karush-Kuhn-Tucker optimal conditions:

Theorem 2: If (X,T) is an optimal solution and is normal and Q' is surjective, there exist piecewise
smooth A':1 ->R™, j=12--m with A" =(4, 4, 4,), #:1>R", z:1 >R" and @’':1 >R",

j=12,---,m.
Such that
f, (t,Y,U)+%}Lj (O)(9) (LE.T)+ @' (1) + () h, (LX,T) = 1(t) (29)
f, (6 X,0)+ A7 (t)g, (LX,T)+u(t) h, (LX,T)=0, tel (30)
if(t)(gg(t,x,u)HT(t)wi(t)):o, tel (31)
u(t)Tz(t):s(x(t)|K) (32)
x(t) @ (t)=s(x(t]C’), j=12-m (33)
ANt)z0, tel, j=12,-,m (34)
2(t)eK, @' (t)eC’, j=12,---,m. (35)

(=)
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4. Wolfe Type Duality
We propose the following dual as the Wolfe type dual and validate duality results amongst (CP) and (WCD).
(WCD): Maximize

J{f(t,x,u)+u() 7(t)+ z "(1)(g (t,x,u)+x(t)ij(t))+y(t)T(h(t,x,u)—x(t))}dt

subject to
x(a)=0, a(b)=0 (36)
fx(t,x,u)+i/1i (1)(' (txu)+a’ (1))+a(t) h, (txu)+i(t)=0, tel 37)
j=1
f, (t,x,u)+A" (t)g(t,x,u)er(t)T h,(tx,u)=0, tel (38)
AHt)=0, tel, i=12m (39)
2(t)eK, o' (t)eC’, j=12,-m. (40)

Theorem 3 (Weak Duality): Assume that
1) (x,T) is feasibility for (CP)
2) (x,u,/l,u,z,a)l,a)z,-~~,wm) is feasible for (CD) and

3) for all feasible, (Y,U,x,u,/l,u,z,a)l,a)z,--~,w"‘)

Hf +%zi (O(9" () +() @ () + 4" (t)(h—)‘((t))}dt

is pseudo convex in (x,u) forall z(t)eR™ and '(t)eR", j=12,-m.
Then

inf (CP) > Sup(WCD).
Proof: Combining (37) and (38), we have

j{(Y—X)T{fX +jilzi (®)(g; + (1)) +u(t) (n, —,a(t))}+(tT—u){ f,+2(t)+A(1) g, +u(t) hu}:ldt -0,

By the pseudoconvexity hypothesis 3), this yields

j{f (tx,0)+x(t) z(t)+i/1j (1)(g' (t.x.0))+x (1) &' (t)+y(t)(h(t,Y,U)—?(t))}dt

(41)

I
Since (X,T) is feasible for (CP), we have

implying

(1) (h(t.X,0)-X(1))=0, tel
and

g'(tx,0)+s(X(t)|C!)<0, tel
implying
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= > 2(t)(9’ (tx,u)+s(x(1)[C))<0, tel, tel.
Since X(t)" @’ (t)<s(x(t)|C’), tel, we have
Zﬂ‘()( It 7U)+x(t)TwJ(t))£Zm:/li(t)(gj(t,Y,U))+s(7(t)|Cj)£0, tel.

From (41), we have

This implies
Ij{ f(t,X,0)+S(x(1)| K)}dt > Ij{f (t, x,u)+j§nj;/ij (t)(9’ (t.x,u))+x(t)" @’ (t)+u(t)(h(t,x.u)- X(t))}dt.
That is,

inf (CP) >Sup(CD).

Theorem 4 (Strong duality): If (X,T) is an optimal solution of (CP) and is normal, there exist piecewise
smooth A:1 —>R™ where (A=4,4,,4,), 2:1 >R", u:1>R" and &' :1 >R", (j=12,-
such that (Y,U,z,/l,ﬁ, @' 6"‘) is feasible for (WCD) and the optimal values of the problem (CP) and
(WCD) are equal. If also the hypotheses of Theorem1 hold, then (x u,z,A, 1,0, 5”‘) is an optimal solu-
tion of the problem (WCD).

Proof: Since (X, U) is an optimal solution of (CP) and is normal, by Theorem 1, it implies that there exist
piecewise smooth A':1 >R, j=12--m, u:l->R", z:1>R" and o':1 >R" (j=12,-
such that conditions (4)-(10) of the theorem are satlsfled The condltlons (4)-(6) together with (9) and (10) |mply
the feasibility of (x,u,z,/i o, ) for (WCD). The condition (6)-(8) yield the equality of objective
functionals of the two problem. In VIeW of this equality and the hypotheses of Theorem 3, the optimality of
(Y,U,f,l,ﬁ, @',---,@") for (WCD) is obtained.

Theorem 5: (Strict Converse Duality): Assume

(Hy): (X,T) isan optimal solution and is normal;

(Hy): ()‘( i,f,c&l,---,é)m,ﬁ) is an optimal solution;

(Hs): j{iii (t)(gj(t,.,.)-i-(.)T a)j(t))+0(t)(h(t,.,.):)?(t)):|dt is strictly pseudo convex.
1=t
then (X,0)=(X,d),i.e. G isan optimal solution of (CP).
Proof: Assume that (X,U)=(X,G). By Theorem 4, there exist piecewise smooth A:1—R" with,
Z(t)=(2'(t), A" (1)), Z(t)eK, tel, A(t)eR" and @' =a'(t), tel, j=12--,m such that

m

(x.0,4,0,Z,@',--,@") is an optimal to (CD) and

(=)
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Since ﬁ;ﬁ@xgwpfjj+x@faﬂ@»:o,mm %(t)" @(t)<s(x(t)|c!), this yields,
If[f (LX) +T (1) 2(t) ot >f[ X 0)+T(1) Z(t) ot

:>ju ()(t dt>ju(t (t)dt

:>J'( | )dt>j( |K)dt.

This is absurd. Hence (YU) is an optimal solution of (CP).

5. Converse Duality

The problem (WCD) can be written as the follows:
Maximize: y/(x,,u,z,/ll,--- Am,wl,---,a)m).
Subjectto x(a)=0, x(b)=0
O (tx(t)u(t), A (1), A" (1), (1), 0" (1), @ (1), 0" (1)) =0, tel.
o (tx(t)u(t),z(t), 4 (),---,/1”‘(t),y(t),a)l(t),a)z(t),---,a)m(t)):O, tel
z(t)eK, tel

a)j(t)eCj, tel, j=12,---,m
A(t)=0, tel, j=1,2,---,m

where

0 = 0% (t,x,0,2, 4, 11) = T, + 320 (6) (0 + 0! (1)) + u(t) b+ fn(t)

j=1

O =0%(t,x,u,z,A,u)=f,+z2+ 279, +u'h,

Consider Ql(x()u()i()a);()a)m (),u()) and &7 (t,x(.),u(.),A(.),z(-)u(.)) as defining a map-
pings Q" : X xux AxW!xW?x---xW™"xV — B and Q%: X xuxZxAxV — B? respectively where A is
the space of piecewise smooth A, V is space of piecewise smooth x, W' is the space of piecewise of

smooth W', j=1,2,---,m, B' and B? are Banach spaces. elz(x,u,/i,y,a)l,a)z,---,a)m and

6? =(x,u,/1,y,z) with 4 :(/11,~--,)J”). Here some restrictions are required on the equality constraints. For
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this it suffices that if the Fréchet derivatives

Q*=(6( ()0 ()0 ( )05 ()bl ()

and

Q% =(02( 1 (). ( )8 ). ()i (),

have weak * closed range.
Theorem 6. (Converse Duality): Assume
(Ay): f, g and h aretwice continuously differentiable.

(Ay): (x,u,/l,y, z,a)l,~--,a)m) is an optimal solution of (CP).

(As): Q" and Q® haveweak * closed range.

fot AT (1) +a(t) hy o+ A7 (1) gy + 4" (t)hy
foot AT (1) Gy + () Dy fiy + AT (1) gy + (1) By
Then X is an optimal solution of (CP) and the optimal values of (CP) and (WCD) are equal.

Proof: Since (x,u,/l,y,z,a)l,---,a)m) is an optimal solution of (WCD), by Theorem 1 there exists 4, €R,

(A4): The matrix is nonsingular.

and piecewise smooth functions #:1 - R™, ¢:1 - R™,and 7:1 — R™ such that

alf+ X2 (t)(g)+ o’ (t))+,u(t)T h, +u(t)}+0(t)T (fo+2(1) ga+u(t) 1y

+9(O( fu+ 27 (D) 90 + (1) ) =0, “

a(f,+2(t)+ A7 (1)g, + 4" ()h,)+0(t) (f +AT(t)g,, +&" (t)h,,) .
+9(t) (f, +A7 (1) g, + 2" (t)h,)=0, tel.

a(g’ +x(t) @' (1) +0(1) (9] +@' (1)) +4(t) ol +7’ (1) =0, tel. (44)

a(h-%(1))+0(t) h +4¢" ()h, +6(t)=0, tel (45)

add (t)+x(1)+0(t) 2 (1) e N (@ (1)), j=12--,m. (46)

ap(t)+¢(t) e Ny (2) (47)

n"(t)A(t)=0, tel (48)

(a.0(t).4(t).n(t))=0, tel (49)

(a.0(t).4(t).n(t))=0, tel. (50)

Using (36) and (37) in (42) and (43) respectively, we obtain
O(1) ((fo+ (1) G (1) D)+ B(0)( Fu + 247 (£) 0 + 22(1) ) =0,
o) (fu+A7 ()9, +Z" (t)h, )+¢(t)T (fu+A7(t) gy, + 2" (t)h, )=
The equations can be combined in the matrix form as,

fot AT (1) G+ (1) Dy o+ AT (1) 0y + 2" (), (1) 0 tel
=0, el.
fux +ﬂ’T (t)gux +/u(t)T hux fuu +ﬂ“T (t) guu +:u(t)T huu ¢

This, due to the hypothesis (A;) yields

()
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O(t)=0=4¢(t), tel. (51)

Let a=0, then (44) implies 7(t)=0, tel, consequently we get (a,7(t),0(t).4(t)=0),tel, contra-
dicting (50), hence « > 0.
The relations (44) together with (48) and (45) respectively imply

: . -nl(t
gJ+x(t)Ta)'(t)=n—(), tel (52)
(24
h'—x(t)=0, tel. (53)
From (52)and A'(t)>0, tel,we have

jﬁlzi(t)(gux(tf@i ()=0. te. (54)
From (53) along with x(t)>0, tel, we obtain
u(t)" (h-x(1))=0, tel. (55)
In view of (51) and definition of a normal cone (50) and (51), we have x(t)eN (a)j (t)) tel,
j=12--,m and u(t)e N, (z(t)) implying
XT(t)e' (t)=s(x(D)|C?). j=12-m

and
lT(t)T z2(t)= s(u (t)| K). (56)
From (52) together with (56) and
n' (t)20, tel, i=12,-,m (57)
imply
gj+s(x(t)|Cj)sO, tel. (58)

From (53) and (57), the feasibility of X for (CP) follows.
Consider

![ f (t,Y,U)+UTz+iZj (o) (txm)+x"@' )+ (1) (h(t,Y,U)—Y)jdt
=[(FExm)+T(R) Z(t))dt =] F (t.x,)+s(T(t)]K)dt

I |
(by using (54), (55) and (56).
This implies that the values of objective functionals of the problem are equal. Consequently in view of the
hypothesis of Theorem 1 it implies that (X,T) is an optimal solution of (CP).
6. Special Cases

Let for tel. B(t) and D’ (t), (j=12,--,m) be positive semidefinite matrics and continuous on 1 .
Then

where
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and
1

(x®" D (Ox(V))F =s(x(v|c?), j=12-m
where
¢l ={D (e’ (]! (1) D! (Yo' ()<L tel},

The control problems of the preceding section becomes as the following:
(WCDy): Maximize

| f(t,x,u)+u(t)TB(t)z(t)+i/1j(t)(gj(t,x,u)+x(t)TDj(t)a)j(t))+y(t)T(h(t,x,u)—X)}dt.

1 j=1

Subject to

x(a)=x(b)

f(txu)+> 2 (1)(g) (txu)+ D! ()’ (t))+u(t) h(txu)= (1), tel

=1
f(txu)+ B()z(t)+A(t) g, (t,x,u)+u(t) h, (t,x,u)=0, tel
AN(t)=0, tel, j=12-m
z(t)eKand @' (t)eC!, j=12,---,m.

1

If s(x|cj), j=12,---,m are deleted and s(u|K) is replaced by (u(t)T B(t)u(t))i, the problem (CP)
and (WCDy) reduce to those studied by Chandra et al. [2].

7. Related Nonlinear Programming Problems

If the functions appearing (CP) and (WCD) are independent, of t then these problems reduce to the following
nonlinear programming problem with support functions not reported explicitly in the literature.

(CPo): Minimize f (x,u)+s(u|K)
subjectto g’ (x,u)+s(x/C!)<0, j=12,--,m.

(WCDy): Maximize f (x,u)JruTz+i/lj (9’ (xu)+4@' )+ u"h(x.u)

j=1

subjectto f, (x,u)+i/1j (ng (xu)+@')+u'h (x,u)=0
j=1

f,(xu)+z+47g, (x,u)+u"h, (x,u)=0
A1>0, j=1,2,---,m
zeK, o' eC!, j=1,2,---,m.

If f(xu) and s(u|K) are replaced by f(x) and s(x|K) respectively, the above problem reduce to
the following problem studied by Husain et al. [12].

(NPy): Minimize f (x)+s(x K).
Subject to gj(x)+s(x|CJ)50, j=12---,m.

(WNP,): Maximize f (x)+ xTz+zm:/lj (gj (x)+x @' )+/JTh(x).

=1
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Subjectto f, (x)+z+§:ﬂj (9)(x)+@’)+u"h, =0

j=1
A1>0, j=12,---,m

zeK, o' eCl, j=12,---,m.

8. Conclusion

Fritz John and Karush-Kuhn-Tucker type necessary optimality conditions for class of nondifferentiable control
problems are derived. As an application of Karush-Kuhn-Tucker type necessary optimality conditions, Wolfe
type dual is formulated and various duality theorems under generalized convexity conditions are proved. The
linkage between our duality results and those of a nonlinear programming problem with support functions is in-
dicated.
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